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PREFACE TO SECOND EDITION 


To the Instructor 

Prior to 1932, electrical and me hanical engineering students in the University 
of California at Berkeley were together during the junior year in classes on elec¬ 
trical subject matter. Since that time they have had separate courses, the me¬ 
chanicals having been given their work substantially as in this book with the 
requirement that they receive the same depth of training as though they were 
electricals. These students take a full year of electrical engineering—three hours 
each week in class and an associated weekly laboratory of three hours. The aim 
of the course has been to give these students a strong minor in electrical engi¬ 
neering; hence the book has been written for the electrical as well as for the stu¬ 
dent in another engineering field. 

For the first few years, the general subject material in the book appeared in a 
200-page mimeographed syllabus. From 1941 to 1949 it was published in an ex¬ 
panded photolithed book, and since that time it has been in printed form. The 
revision has involved a survey of the entire book. Changes in the discussion of 
certain subject matter aim at a clearer and better presentation. A few sections 
have been added in appropriate places so as to bring the book technically up to 
date. An example is the inclusion of transistors and transducers. Probl ems have 
been added throughout the book with some of the older ones replaced or revised 
in view of experience. 

The revision adds particularly an equivalent chapter (Appendix I) on the 
magnetic circuit, a subject requested by other instructors. The presentation is 
appreciably advanced over that of elementary physics and includes a modem 
discussion of the magnetic circuit as well as the application. It also provides a 
basic introduction to field theory. Attention has been given in the revision to 
suggestions of other instructors outside the University of California who have 
used the book and the authors greatly appreciate their helpful comments. 

The general scope of the book includes the major subjects of circuits, machines, 
electronics, and instruments. The book has Jxwh organized so that a variety of 
presentations can be devised to meet the objectives of particular groups of stu¬ 
dents. Experience has shown more than sufficient subject material for a full- 
year course and the authors have never attempted to cover all sections. Depend¬ 
ing upon the goal of the instructor and the time available, some sections may be 
given merely as reading assignments and others omitted. Considerable stress is 
placed on single-phase circuit theory because it is fundamental to studies on 
polyphase circuits, electronics, machines, instrumentation, and also to problems 
on dynamics and vibration in other fields of engineering. 
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The authors normally conclude polyphase circuit theory by the end of the first 
semester. In the second semester it has been found optional whether the work 
start with machines or with electronics. The choice may depend upon the stress 
and amount of time the instructor wishes to give these components. Laboratory 
experiments have been easily regrouped to accompany the classroom work. 

In general both reading and problem assignments are given each class period 
for discussion in the subsequent meeting. Much of the classroom instruction is 
done through problems. In handling problems, strong emphasis is given the 
approach—the principle or principles to be applied, the character of the answer 
desired, where to start, and the selection of an appropriate pathway to the 
solution. 


To the Student 

The aim of this book is to present you with those few basic concepts that 
underlie electrical circuits, machines, and electronics, and to point the way to 
your use of them in practical problems. To this end the problems in the book 
have been taken from practice so far as possible and therefore are of the nature 
you may meet in the field after you leave college. The emphasis of the book is 
placed on the alternating-current circuit, particularly single-phase, because 
voltages and currents are variable far more than they are steady. The direct- 
current system and, in general, electronic circuits are but special cases of the 
single-phase circuit, the polyphase system is only an extension, and the electrical 
machine is merely an application. 

The student who masters the techniques of electric circuit analysis has ac¬ 
quired a more powerful tool than, at first, he might realize. These techniques 
are applicable directly to the solution of problems involving mechanical or acous¬ 
tical systems. The methods used today in the treatment of mechanical vibra¬ 
tion problems are exactly those that have been developed for alternating-current 
circuits. 

Very little, if any, subject matter in undergraduate engineering is complex, 
and electrical engineering is no exception. But a handful of physical principles 
underlie all fields, and you should approach each division with the thought that 
your study is a further means of viewing them all, and of seeing them at a dif¬ 
ferent angle. The stronger your grasp of the few general fundamental concepts 
of engineering, the less is your need for details and the less also is there any urge 
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for you to memorize. In engineering practice no two problems ever are exactly 
the same, not too often do they pertain to but one field, and seldom are they 
so simple as are required for illustrative examples in the first exposition of a 
subject. For these reasons, it is all the more important that you train yourself 
to see engineering broadly, to observe ideas and methods, and to realize that 
the things you learn in any of the various divisions have application to them all. 

You have learned by now that to obtain any lasting knowledge on any sub¬ 
ject you have to teach yourself to a great extent even though you have in¬ 
structors and textbooks to guiue you. Considerable responsibility for your 
college studies has been placed on your shoulders and you alone will have to 
carry it. In order to assist you, several suggestions are given here. In the first 
place, you must study any textbook, thinking as you go along. Merely read¬ 
ing a book is not sufficient because there is a distinct difference between read¬ 
ing and studying. While speed-reading of fiction and popular stories may be 
quite acceptable, use your own judgment on its application in studying tech¬ 
nical literature. For a new assignment by your instructor it is well to read the 
subject matter through somewhat rapidly for the over-all viewpoint, the man¬ 
ner of approach, new terminology, and general methods of calculation. But 
then start back and study the material as you read it over again. 

Take advantage of the opportunity to teach yourself by completing the de¬ 
tails of an analysis when intermediate steps have been omitted. Unless these 
small gaps are completely apparent, bridge them yourself, either by an in¬ 
dicated procedure accompanying the development or by your own methods. 

Extensions of various developments have been left purposely for you to ful¬ 
fill. This gives you opportunity to enlarge upon the treatment, to participate 
along with the authors, and to obtain a better understanding of the concepts 
involved. The greater vour scope of the work the simpler will be the assign¬ 
ments of your instructor. In the same way that corollaries to a geometric 
theorem serve to strengthen and to fix the theorem itself, so you will discover in 
expanding upon a subject that the many related ideas help to establish and 
make clearer the basic procedure. 

Whenever an example is given, make the actual calculations yourself in 
order to tie down the theory and the method of computation that is being il¬ 
lustrated. In addition, perhaps, carry through a parallel example with some¬ 
what different numbers or slight change of circuit. You then become your own 
instructor as well as student. In time you will gain assurance on the prac¬ 
ticality of a circuit you may devise, or representative magnitudes of its elements. 
In the meantime, your instructor will discuss with you questions on these items. 

Many of the phases of discussion on the main stems of subject matter in the 
book have been placed purposely in the problems so as to relieve the context 
of detail and to allow you the opportunity of extending the theoretical develop¬ 
ments. Again, some problems are given for your instructor to discuss with you 
and to expand upon in view of his experience. He will recognize these and take 
them into consideration in his assignments. 
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In solving any problem, view it first from the principles on which it rests 
not on the numbers that attend it. It cannot be overly stressed that under 
standing an idea and recognizing its application are of major concern in en 
gineering. Numerical accuracy always is presumed, of course. Divorce the 
problem from all so-called formulas and think it through in terms of its physica 
aspects. You should not start any problem solution for quantitative result, 
until you have done this. A few minutes on the qualitative analysis of a prob ¬ 
lem before you write down any equations with numbers usually will save you 
far more than that amount of time after you begin the numerical work. 

As questions arise on a statement in the textbook or on a problem, write each 
question out in words. You will find pleasantly surprising the extent to which 
the clarification required of you in stating the question properly forces your at¬ 
tention on the major points involved and, in a large number of instances, leads 
you to the answer. Further, writing out your question in order to fix the kernel 
of it in your mind, or to bring it to the instructor, or to raise it in class discussion, 
is training in orderly thinking. 

In general, there is more than one way to solve a problem, and consequently 
you usually have means of checking your results. A second approach should 
start from the beginning and not at some point part way through the solution 
after a false premise or a bad calculation has been introduced. Ability to 
recognize other forms of solution comes through training that you can give 
yourself. Observe the manner in which your instructor discusses the subject 
and the problems from different angles. 

At the end of any solution ask yourself whether the results appear reason¬ 
able in view of the initial data and the general character of the problem. This 
is a necessary part of good engineering, and since you cannot escape it in the 
field you should begin now to develop that ability to size up your final answer. 
Do not be content simply with some ultimate numbers. Also, after you have 
completed a problem summarize it in your mind to fix its principles and prc 
cedures. A few minutes of retrospection on one problem may be of greatc 
value than the time spent in carrying through another. 

Because of time, parts of the book may be omitted by your instructor, thes 
sections then to be viewed as reference material should you ever need then 
Again, it is not intended that you attempt every problem in the book. Man 
have duplicate features, and a judicious selection of one or two in a group of lik 
problems is sufficient. However, it is well to read the others to see the natur. 
of differences that may appear or to observe the character of the applicatior 
Understand that practice problems are the means by which you test yourse.i 
in applying knowledge of the subject matter. 

B. L. Robertson 
L. J. Black 

University of California 
January, 1957 
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CHAPTER I 


ELECTRICAL POWER 

1.1. Use of Electrical Power. Although electrical power does not exist in 
nature as a primary source, a large percentage of the total power used in the 
United States appears at some stage of its use in the electrical form. Ease of 
generation, ability to send it over long distances, high efficiency in transmission 
and in the operation of electrical devices, adaptability in its use, flexibility, and 
low cost are chiefly responsible for its wide application. Electric motors in 
industries in the United States, for example, represent approximately 45 per 
cent of the total installed horsepower. Further, the cost of the electrical energy 
required to drive these motors amounts to less than 25 per cent of the total cost 
of fuel and power consumed in the industries. 

Applications of electrical power lie at every hand. It is met in the home by 
way of lighting, heating, cooking, refrigeration, air conditioning, telephones, 
radios, small-appliance motors, etc. On the farm it has added services in water 
pumping, soil heating, dairy cooling, and the operation of many types of ma¬ 
chines. It is fundamental to communication systems and is essential in methods 
of transportation, as exhibited in the automobile and gas-electric busses, and in 
city, interurban, and main electric railways. 

Industrially, there are literally hundreds of applications, ranging from signal 
and control circuits taking but a fraction of a watt to installations of single ma¬ 
chines handling many thousand kilowatts. Treating but a few of the many in¬ 
dustrial classifications, electricity is found in the preparation and manufacture 
of foods; in plants involving metalworking and the manufacture of all types of 
articles and machines from metals; in the process, textile, and wood industries; 
and in quarrying, mining, and metal refining. A great number of miscellaneous 
fields include mercantile establishments, the motion picture industry, printing, 
publishing, ice and refrigeration plants, etc. The use of electricity is 
universal. 

1.2. Central Power Systems. The greatest amount of electrical power is gen¬ 
erated and distributed by the large power systems, whether private or public 
enterprises. Primary reasons favoring the large system lie in the economics of 
plant design, equipment, and system operation, and in the reliability of service. 
Each power utility company normally supplies broad areas within one distribu¬ 
tion system. Its generating plants are basically steam or hydroelectric installa¬ 
tions, the fuel for the steam stations being mainly coal, oil, or gas, with some 
of the more recent installations using nuclear reactors. 
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The initial cost of the generating equipment per unit of capacity and the cost 
of operation per unit of energy decrease appreciably as the size of the plant in¬ 
creases. Part of the latter is due to higher efficiencies obtainable from the larger 
units of apparatus. The ratio of the average load to the maximum load de¬ 
manded of the station also favors the larger plant. This ratio is called the load 
factor and, in general, increases as the number of customers increases. 

Engineering developments have been able to keep pace with the demand for 
larger units to the extent that 200,000-kva (160,000-kw) single-shaft steam- 
turbine-driven generators have been in operation for many years. 250,000-kw, 
3,600-rpm units have been built for the Tennessee Valley Authority. Turbo¬ 
generator sets in tandem, with the turbines taking steam at high, intermediate, 
and low pressures, can produce 300,000 kw total. The significance of this amount 
of power is better understood when it is realized that a city of 500,000 popula¬ 
tion with an average industrial load might be expected to require about 
250,000 kw. 

Waterwheel generators likewise have increased in size. At Hoover Dam, for 
example, the vertical-shaft generators have a rating of 82,500 kva. 

A group of much larger generators, each of 108,000-kva rating and driven by 
a 150,000-hp hydraulic turbine, are installed at Grand Coulee. In addition, 
the associated pumping plant has 65,000-hp synchronous motors which drive 
the pumps that lift water from 270 to 365 ft above Roosevelt Lake behind Grand 
Coulee Dam. This plant is but one of several in the Columbia River Project 
for power generation and for irrigation. For mechanical reasons, the speeds of 
steam turbines are relatively high, whereas those of water wheels and large 
pumps are greatly reduced. 

Small arc-light and Edison companies were the original central stations, com¬ 
petition being mainly for direct-current residence lighting. Starting about 
1890 the Edison groups won out in the central station field, the arc-light com¬ 
panies being absorbed by electrical manufacturing organizations which began 
their growth near this period. The name Edison remained associated with the 
central station industry as witnessed, for instance, by the Consolidated (New 
York), Detroit, Commonwealth (Chicago), Southern California, etc., Edison 
companies. In addition, of course, is the greater number of similar private 
power concerns bearing names indicative of their localities. Of more recent 
origin are the large government projects such as Tennessee Valley, Bonneville, 
and Grand Coulee. 

In the future we can expect a decided increase in the percentage of energy 
coming from nuclear power plants. The nuclear reactors in these plants, regard¬ 
less of type, will ultimately deliver their energy from electric generating equip¬ 
ment. Electrical power surpasses all other forms in its flexibility and ease of 
control. 

For economic reasons, private power companies are monopolies closely regu¬ 
lated by the State in which they exist. Each company serves a given geograph¬ 
ical district free of competition except perhaps for publicly owned concerns also 
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within the area. The regulation of the private companies is a function of the 
State, hence public utility commissions, set up by the legislatures, have juris¬ 
diction over the general financial structure, rates, kinds and character of service, 
and questions of safety as these problems affect the public. Such commissions 
regulate all forms of utilities including gas, light, power, and water; express 
companies, railroads, street railways, and all common carriers; telephone and 
telegraph systems; and many smaller groups of like nature but of lesser concern. 

A public utility commission has general authority over disputes between the 
utilities and its customers and 'lie public, and between utilities. It also has 
authority over financial and operational procedures of the utilities. It decides 
what shall be a fair rate of return on the investment of the company. The acts 
of the commission are usually final, subject only to review by the State Supreme 
Court on questions of authority. No commission, of course, of this kind has 
jurisdiction over publicly owned enterprises, nor can it in any way interfere with 
Federal regulations or State constitutional rights of organizations or individuals. 

1.3. Energy Flow. In nearly all of its applications electrical energy is an inter¬ 
mediate stage between the primary source of energy and the final desired form. 
The primary source may be coal, oil, gas, or water, while the final energy may 
be mechanical, heat, light, or sound. Between the two end-points the energy 
is changed in form several times. 


Pot. Energy High Voltage Low Voltage 

of Source to Substation Distribution 

-----v- 


Fields of Application 

-'i-S- V* 


t 


t 


♦ t 


♦ 


Station Losses in Substa. & General Lighting, Industrial, 

Losses Transmission Distr. Losses Railway, Agriculture, etc. 


Fig. 1.1. Power flow diagram of an electrical system. 


Figure 1.1 is a single-line, power flow diagram to show the elements of an 
electrical power system. The initial energy is potential in the fuel used for the 
prime mover or in water stored in reservoirs. This energy is converted to kinetic 
energy in the driving machines and is transformed from mechanical in the con¬ 
necting shafts to electrical at the terminals of the generators. Transmitted and 
distributed in the electrical form, the energy again is converted at the load, a 
great part of it directly to heat in heating and lighting loads. Another great 
part is changed first to mechanical energy in electrical motors that drive 
mechanical machines and thence passes to heat. 

Not all of the initial potential energy existing in the primary source is put to 
practical use. Some of it may not be available, and part of it may be converted 
to potential energy of heat and lost, for example, the heat in stack gases. An¬ 
other portion may be changed first to the kinetic form and left unclaimed, as is 
shown by the velocity of discharge of water wheels. Still another part is lost as 
heat in mechanical friction and in analogous electrical friction in conducting and 
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magnetic circuits that give rise to copper and iron losses. Hence, the quantity 
of energy in the flow decreases with distance from the source, as it does also with 
the number of conversions between the supply and the load. In large power 
systems perhaps 75 to 90 per cent of the energy available at the switchboards in 
the generating stations ultimately may be sold, 8 to 10 per cent being lost in the 
high-voltage transmission systems alone. Electrical energy is a commodity that 
cannot be stored but must be produced as required. As the load varies, the 
input to the prime movers must be increased or decreased in proportion to the 
demand. The flow of energy at all points of a system thus rises and falls in time 
and in direct ratio with load conditions. 

1.4. Costs and Efficiencies. Since the first commercial installations of power 
plants, the cost of converting the primary form of energy to electrical energy has 
decreased steadily. Mainly because of better methods in heat transfer developed 
by the mechanical engineer, boiler efficiencies have risen greatly. In the last 20 
years the cost of electrical energy in units of fuel per kwhr at the switchboard 
has been more than halved, and at present less than 1.5 lb of coal, or its equiv¬ 
alent in gas or oil, are required per kwhr. This figure applies, of course, to 
steam plants. Efficiencies have been improved, as well, in hydroelectric power 
generation but to a much less degree and are now practically at their peak. 

For a particular system, a diagram like that of Figure 1.1 could show at each 
step the kilowatt or percentage losses, or it could indicate the increasing cost of 
energy as one moves from the source to the load. In the latter case, the cost 
would include the fuel and all investments with their attendant charges and 
taxes for each component part of the system. 

Electrical energy can be produced at the switchboards of large modern steam 
or hydroelectric generating stations for a cost as low as 2 to 2.5 mils per kwhr. 
Depending upon many factors affecting the technical and economic aspects in 
the transmission, distribution, and desired reliability of electrical energy, and 
upon the locality, the initial cost increases to a value roughly between 3 and 10 
cents per kwhr for the energy alone delivered to the home. Plants that take 
large blocks of energy usually may obtain it at considerably reduced rates, per¬ 
haps from a little less than one cent per kwhr to a very few cents. The rates 
of private utilities are subject normally to approval of a regulatory body—a 
public utilities commission—acting for the state. Engineers also are found 
handling many of the general problems of such groups. 

High over-all efficiencies of systems have come about, to a great extent, by 
better utilization of materials in mechanical and electrical machines, and through 
engineering design which has raised the efficiency of each component of the sys¬ 
tem. For example, results achieved in striving for more efficient electrical ap¬ 
paratus show large transformers to have maximum efficiencies only a few tenths 
below 100 per cent—almost complete energy transformation. Rotating ma¬ 
chines in the larger sizes have losses of only 1 or 2 per cent of their ratings. Al¬ 
though increased efficiencies of apparatus have helped in lowering over-all costs 
of a power system, better methods of manufacture and a smaller price per unit 
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of apparatus because of quantity production also have played an important part. 
In addition, of course, principles of economics applied to system layout and in¬ 
stallation have aided greatly in cost reduction. 

1.5. Units and Dimensions. We shall use mainly the meter-kilogram-second 
(mks) system of units. This system is the standard generally accepted for 
electrical engineering work. 1 Actually, the majority of the units of the mks 
system are practically identical to the familiar practical units long used by 
electrical engineers and are more commonly used than the cgs electrostatic or 
cgs electromagnetic units. (The mks units are based on the absolute ohm and 
ampere, whereas the older practical units are based on the international ohm 
and ampere; the corresponding quantities, however, have nearly equal values.) 
Also, the sizes of the mks units are better suited to the majority of engineering 
work than are those of the cgs system. Except where expressly otherwise 
indicated, all derivations and basic relations will be in the rationalized mks sys¬ 
tem, which will be introduced through its use in the text. Rationalization means 
adopting the ampere-turn as the unit of magnetomotive force, and associating 
one line of electric flux with each unit of electric charge. This rationalization re¬ 
moves the factor 47r which would otherwise appear in many of the basic equa¬ 
tions and places it in the values assigned to the permeability and dielectric con¬ 
stant s of free space. 

In computations on electrical machines and in a large part of the literature, 
other units (such as the horsepower, the “line” of magnetic flux, and the gauss) 
are so well established that the student should be familiar with them and be able 
to make such conversions as are necessary. In recognition of this, many problems 
throughout the text are stated in units other than the mks. Conversion factors 
for the units more commonly used are given in Appendix I. 

Often, long and tedious developments can be checked dimensionally for cor¬ 
rectness. In addition, dimensional forms may be used at times as an aid in 
deriving physical laws. To establish a complete system of dimensions associated 
with electrical units, it is convenient to choose one electrical dimension as a 
fourth fundamental unit. Appendix I gives the dimensions of the majority of 
electrical quantities in terms of mass, length, time, and charge. 

1.6. Energy, Work, and Power. The energy of a body is the ability of that 
body to do work. If the energy is due to position or condition, for example, the 
energy in an elevated tank of water or in a mountain reservoir, or the heat energy 
of a body at high temperature, the energy is said to be potential in character. 
If the energy is due to motion, such as in a moving flywheel, it is said to be kinetic 
energy. Each form of energy has units by which it is expressed in quantity, 
for example, heat units such as calories and British thermal units; mechanical 
units such as joules, ergs, foot-pounds, and horsepower-seconds; and electrical 
units such as watt-seconds and kilowatt-hours. Since the several forms of energy 
are mutually convertible, and there are conversion factors relating the units one 

1 A. E. Kennelly, “I.E.C. Adopts MKS System of Units,” Elec. Eng., 54 (1935), 1373- 
1384. 
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to another, the units may not necessarily be peculiar to a particular form oi 
energy. 

Work is the result of motion against a resisting force, and generally it is given 
by the product of distance and the component of force along the path traversed. 
For a body in rotation, work is given by the product of torque and angle through 
which that torque is applied. Work and energy have the same units and, of 
course, the same conversion factors among the various units. 

Power is the time rate of doing work and is usually the work done in one second. 
It is expressed in terms both of units of work and of time. Power is stated in 
many ways, with conversion factors existing among the several units of power. 
If the unit of time is the same for two units of power which are to be compared, 
the conversion factor is the same for power as for the corresponding units of work 
or energy. 

In engineering, mechanical power is most frequently given by foot-pounds per 
second or per minute (ft-lb per sec or min), or in terms of horsepower (hp), a 
larger and more convenient unit. One horsepower is equal to 550 ft-lb of work 
per sec or 33,000 ft-lb per min, that is, 


foot-pounds per second foot-pounds per minute 

horsepower =--- (1.1) 

550 33,000 

While equation 1.1 is general, for rotating apparatus it usually is written 

torque X angular velocity 2-n-TN 


horsepower = 


33,000 


33,000 


( 1 . 2 ) 


where T is the torque in pound-feet and N is the speed in revolutions per minute 
(rpm). Equation 1.2 is the more useful form of the horsepower equation. 

In the mks system of units, mechanical power can be expressed either as new¬ 
ton-meters per second, or watts, the two being identical without any conversion 
factor, that is, 

1 watt = 1 newton-meter per second 


A newton is that force which, acting on a one-kilogram mass, will produce an 
acceleration of one meter per second per second. One newton is equal to 0.2248 
lb. 

1.7. Voltage, Potential Difference, and Electromotive Force. Because of 
flux cutting in a generator or of chemical action in an electric cell or battery, 
there is produced between the terminals of these sources of electrical energy a 
potential difference. This potential difference is expressed in volts, and voltage 
is defined as work per unit charge, that is, watt-second per coulomb. An equivalent 
statement defines the volt as the difference of potential between two points of a 
circuit carrying a constant current of one ampere when the power dissipated be¬ 
tween these points is equal to one watt. Passing through the energy source from 
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the negative to the positive terminal, which is the conventional direction of posi¬ 
tive current flow, there is a rise in potential. If the external circuit is closed so 
that current can flow, there exists a potential difference between any two points 
along the path. From the positive terminal of the source back to the negative 
terminal, the potential drop is equal to the net potential rise through the supply. 
The voltage, or potential difference, between any two points in a circuit carrying 
current is the work required to move one coulomb from one of those points to the 
other. 

Within the windings of a generator there is a force acting on any free electrons 
to move them toward the negative tciminal. Within the electrical cell a force 
exists to move the positive and negative ions in opposite directions through the 
solution. Again, if a source of electrical energy is placed across the electrodes of 
an electronic tube, the electric field between those electrodes produces a force on 
the electrons liberated at the cathode. The driving force in these instances is a 
true force and can be expressed in mechanical units if desired. 

In early studies on electricity, the electrical circuit was compared with the 
hydraulic system, and the assumption was made that there existed an electrical 
pressure analogous to the pressure created by a pump. From these associated 
physical ideas came the term electromotive force (emf) as that mechanism caus¬ 
ing current to flow, just as a pressure difference causes water to flow. In this 
sense, the force action discussed in the preceding paragraph could properly be 
called an electromotive force. 

The unit of electromotive force, however, also is called the volt. It should be 
recognized that when electromotive force is thought of as an electrical pressure, 
it is not synonymous with potential difference, which is a measure of the work 
done on a unit charge in its motion. When electromotive force is treated inter¬ 
changeably with potential difference, as is quite usual in practice, it then may be 
said to be the total work required to move one coulomb through the entire cir¬ 
cuit. The ideas underlying potential difference and electromotive force are based 
on different physical concepts. 

Voltage gradient is the ratio of work per coulomb to distance. In an electro¬ 
static field, for example, in a vacuum tube or in the space surrounding a trans- 
mission-line conductor, the gradient is expressed in terms of volts per inch or per 
meter. The gradient gives directly the intensity of the field and is a measure of 
the force on a unit charge at the point in question, that is, 

F — q& newtons (1.3) 

where S is the intensity of the electric field in volts per meter and q is the value of 
the charge in coulombs. 

1.8. Current, Charge, and Quantity. It will be recalled from physics that 
electrical current can be defined in terms of the force action between current ele¬ 
ments. This is the basis for defining the mks unit of current, the ampere, which 
is defined as the current which, flowing in two parallel conductors of infinite 
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length and separated by a distance of one meter, produces a force between these 
conductors of 2 X 10 -7 newtons per unit of length. The value of the ampere 
can be determined accurately by the Rayleigh current balance. 2 This balance 
consists of a movable coil placed between two fixed coils, all of them carrying the 
same current. The electromagnetic force (which can be calculated with a high 
degree of accuracy) on the movable coil is balanced by the gravitational force on 
a known mass placed on the pan of the balance to which the moving coil is at¬ 
tached. The mks ampere is sometimes referred to as the absolute ampere to dis¬ 
tinguish it from the long-used practical unit, the international ampere, which is 
defined by means of the silver voltameter. The difference between the values of 
the two amperes is too small to be of importance in engineering work, that is, 3 

1 mean international ampere = 0.999853 absolute ampere 

The word “mean” in the expression refers to the weighted average of several 
national laboratories. It is not necessary to use the prefix “absolute” when it is 
understood that the mks units are being used. 

Current exists in a circuit only when that circuit is closed and is acted upon by 
a voltage, either directly applied or induced by mutual action. As a result, cur¬ 
rent is conceived to be the flow of electricity, that is, charges, the flow being pos¬ 
sible because of the closed conducting path. The analogy is obtained from the 
flow of water through pipes. Similar to the definition for quantity of water as 
that amount which passes a given point in a given time, electrical quantity is the 
time integral of the current in a circuit. The practical unit of electrical quantity, 
the coulomb, is that quantity which is represented by a flow of one ampere for 
one second. One coulomb is one ampere-second. 

Symbolically, 

q = J'i dt coulombs, or ampere-seconds (1.4) 

from which 

dq 

i — — amperes (1.5) 

dt 

where q is the quantity of electricity, or charge, that gives rise to the current i 
because of its flow. Although the definition for q is fundamental, the expression 
for i does not indicate the initial manner of defining current, even though it often 
is given in terms of the time rate of flow of quantity. Since these relations are 
equivalent, the definition of only one unit is possible from them. 

In work on electronics, it is often more convenient to express current in terms 

2 H. L. Curtis, “Review of Recent Absolute Determinations of the Ohm and Ampere,” 
Jour, of Research of the Nat. Bur. of Stds. 33, No. 4, Oct. 1944, 235-254. This paper gives the 
methods used by the various national laboratories in determining the values of the electrical 
units. 
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of linear charge density and the velocity of the charges. Thus, equation 1.5 can 
be transformed as follows: 

i = limit — 

At — > o At 


p Ax 

— limit- 

At —► 0 At 


= pv amperes (1.6) 

where p is the linear charge density in coulombs per meter and v is the velocity of 
the charges in meters per second. 

1.9. Electrical Power and Energy. All forms of energy are mutually con¬ 
vertible, and electrical energy can be transformed to mechanical energy, as in 
the electric motor, or to heat energy, as in the resistor elements of an electric 
stove. Although by far the major part of electrical energy supplied a lamp ap¬ 
pears as heat, a small portion is converted to light energy. As observed in nature, 
all electrical energy is transformed ultimately into heat. 

Electrical power is the time rate at which electrical energy is transferred 
through a circuit, finally to be transformed to mechanical energy or to heat. 
From the preceding definitions of voltage and current, electrical power is ex¬ 
pressed as the product of these two quantities. Remembering that one joule of 
mechanical energy is equal to one watt-second of electrical energy, 


watt-second coulombs 

voltage X current =-X-= watts electrical power 

coulomb seconds 

In usual symbols, 

P (power) = e (volts) X i (amperes) = watts (1.7) 

Although the elementary unit of electrical power is the watt, a larger and more 
convenient unit used in practice is the kilowatt (kw), which is 1,000 watts. Cor¬ 
responding to the units for power, electrical energy is expressed in terms of watlr 
seconds or kilowatt-hows (kwhr) as the usual larger unit. 

The magnitudes of mechanical and electrical units are such that 


and 


1 horsepower = 746 watts (f kilowatt, approx.) 
horsepower X 0.746 = kilowatts (1.8) 


This relationship between these units of power is of concern when making cal¬ 
culations on motors and generators. 

It might properly be remarked at this point that the product of voltage and 
current for a circuit always is volt-amperes. At the same time, this product is 
also watts, if the instantaneous voltage and current are being considered, giving 
in this case instantaneous power. If the voltage and current do not vary with 
time over a certain time interval, as is generally true in direct-current systems, 
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the average power over this time interval is equal to the instantaneous power. 
In the alternating-current circuit, as we shall see later, because of phase relations 
between voltage and current (the current does not necessarily reach its maximum 
at the same time as does the voltage), and because of the particular definitions 
given the magnitudes of voltage and current, the number of watts of average 
power may not be equal to the number of volt-amperes. The ratio of watts 
active power, which is the average rate at which electrical energy is transferred 
through a circuit or is being transformed to other forms, to the volt-amperes of 
the circuit is called the power factor (pf). Power factor varies between the limits 
of zero and unity; that is, the number of watts in a circuit is never greater than 
the number of volt-amperes. 

1.10. Nameplate Information on Electrical Apparatus. Electrical power of 
commercial concern is produced through chemical action, for example, the dry 
cell and the storage battery, or by the electrical generator. Chemical action ac¬ 
counts for only a small fractional part of the electrical power generated. Most 
electrical power is obtained from generators driven by water wheels, steam tur¬ 
bines, or oil or gas engines. A generator may be designed mechanically to give 
a direct-current (d-c) voltage at its terminals, or an alternating-current (a-c) 
voltage. About 95 per f»ent of the electrical power is produced by a-c generators, 
or alternators, and this is almost wholly of 3-phase character. 

In general, electrical power is transformed at the generator terminals to a 
higher voltage and lower current, transmitted over long lines, and converted 
back to a lower voltage and higher current at load or distribution centers. This 
applies, of course, almost solely to a-c systems. A-c voltages vary over a wide 
range, from 115-230 volts for home circuits to 250,000 volts or more on long 
transmission lines. D-c voltages seldom reach beyond 3,000 volts, the greater 
part of d-c power being produced and consumed at voltages less than 550 volts. 

Each piece of electrical apparatus carries nameplate information specifying 
its operating voltage and power capacity, information of primary concern in the 
application of the device. Nameplates on rotating machines may be much more 
detailed. A d-c machine will have designated its rated voltage, rated load cur¬ 
rent in amperes, speed in revolutions per minute (rpm) at rated load, rated load 
in horsepower output for motors or rated kilowatt output for generators, temperature 
rise at normal load, the manner in which the machine is wound, and whether or 
not the duty is continuous, intermittent, etc. A-c machines carry similar in¬ 
formation and, in addition, the frequency and number of phases. One also may 
find the power factor and the excitation voltage and current, depending upon the 
type of machine. A-c generators—and some a-c motors—may be rated in terms 
of kilovolt-amperes (kva) rather than kilowatts (kw) because of the power factor 
for which the machine is designed. A kilovolt-ampere rating on a motor will 
refer to electrical input, the output always being given in terms of horsepower. 
For illustrations of nameplate data, see problems 7 and 15. 

Nameplate data give direct information on the conditions under which a ma¬ 
chine or piece of equipment is to be used and the ranges of instruments necessary 
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for making measurements. Specifically, nameplate data are for rated, or nor¬ 
mal, or 100 per cent values of voltage, current, etc. These all mean the same 
thing and state the conditions under which the apparatus can be kept in con¬ 
tinuous service without overheating or damage and with the performance char¬ 
acteristics for which it was designed. In using electrical apparatus, it is essential 
that reference be made to the nameplate, and that there be an understanding of 
the information it provides. 


Problems 

1. The force on an electron due to the electric field is given by the dimensional equa¬ 
tion : force = k X volts X coulombs. What must be the units of k? Interpret the terms 
in the equation. 

2. The force on an electron due to a magnetic field is given by the dimensional 
equation: force = k X webers per square meter X coulombs. Determine the units of 
k and interpret the various terms. 

3. Is the equation derived from the following statement dimensionally correct? The 
capacitance of a condenser formed by two concentric cylinders is equal to the product 
of the length of the cylinders and the dielectric constant of the separating medium divided 
by the difference of the two radii. 

4. What is the efficiency of an electric motor which does 335,000 newton-meters of 
work per min with an input of 6.5 kw? 

6. An electric motor has an output of 3,350,000 newton-meters of work in 3 min. 
What horsepower is it delivering? What kilowatt input is required if the motor efficiency 
is 88%? 

6. The total load of an electrically-driven elevator is 4,000 lb which is raised at a 
speed of 250 ft per min. If the efficiency of the hoisting mechanism is 75%, and that 
of the motor is 86%, what horsepower is required of the motor? What is its kilowatt 
input? What is the over-all efficiency of the drive? 

7. Each of the Hoover Dam generators is rated 82,500 kva; 16,500 volts; 180 rpm; 
60 cycles: 3 phase; 1.0 power factor. They are driven by 115,000-hp water turbines 
having a full-load efficiency of 92%. Calculate the rated delivered torque of one of these 
turbines, the generator efficiency, and the over-all efficiency of turbine and generator. 

8 . For an operating head of 500 ft, calculate the required flow’ in cubic feet of water 
per second for one of the Hoover Dam turbines referred to in problem 7. 

9. The storage pond for an electrical generating station holds 50,000 acre-feet of 
water. If the average height of the water above the water wheels is 750 ft, what potential 
energy in kilowatt-hours is stored in the reservoir? If the over-all efficiency of one of 
the generating units is 86.7%, how long could this single set run while delivering 25,000 
kw? 

10. A water wheel in the Pit No. 1 plant of the Pacific Gas and Electric Co. works under 
a head of 420 ft. If the wheel efficiency is 90%, and the generator efficiency is 96%, 
what is the kilowatt output of the generator for a flow of 900 cu ft of water per sec? 

11. The town of Grand Canyon, Arizona, on the Colorado River installed motor- 
driven pumps to raise water from springs 3,400 ft below the canyon rim. Two pumps 
operate in series with a lift of 1,700 ft each. Calculate the horsepower requirement of 
each motor for a flow of 85 gal of water per min, and a pump efficiency of 60%. 

12. In the Grand Coulee irrigation project, 12 pumps, each operated by a 65,000-hp 
motor, will lift 16,000 cu ft of water each second from the main dam 280 vertical ft to 
the irrigation reservoir. Assuming the motors will operate at rated output, calculate 
the efficiency of the pumps. 
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13. A coal car weighing 12,500 lb runs up an incline onto an 18-ft dumping platform 
which weighs 2 tons. If the car is stopped at the middle of the track on the platform, 
and one end of the platform is to be raised 8 ft in 15 sec, what horsepower is required of 
the hoisting motor? 

14. A d-c generator for marine service is rated 400 kw, 240 volts, 1,200 rpm. What 
is rated current for the machine? What torque is required to drive the generator if its 
efficiency is 93%? 

16. A d-c motor has a nameplate rating of 55 hp, 220 volts, 207 amp, 1,140 rpm, con¬ 
tinuous duty, 40°C temperature rise. What is the manufacturer’s guaranteed efficiency 
at full load? What is the delivered output torque of the motor at rated load? 

16. A 220-volt d-c motor draws 23.4 amp line current while running at 1,740 rpm and 
supplying a net force of 60 newtons at the end of a 0.4-meter brake arm. What is the 
motor efficiency for this load? 

17. The following data are obtained at one load point on a Frony-brake test of a d-c 
motor: 115 volts, 50.5 amp, 21 lb 7 oz scale weight, 1,155 rpm. Tare weight is 1 lb 13 oz, 
and the lever arm is 18 in. What is the motor efficiency at this load? 

18. A 230-volt d-c motor drives a 120-volt d-c generator at 850 rpm. The generator 
load is composed of fifteen 100-watt lamps, forty 60-watt lamps, and 4 kw of heating and 
appliance units. If the respective efficiencies are 89 and 91%, what are the line currents 
of each machine and what is the shaft torque? 

19. A 230-volt d-c motor drives a hoist through a gear box giving a 35 to 1 speed reduc¬ 
tion from motor to a 20-inch diameter hoisting drum. The motor efficiency is 88%, and 
that of the gear box and hoisting mechanism is 70%. If the hoisting load is 3,000 lb and 
is raised at a speed of 2 ft per sec, what is the motor speed, the shaft torque between 
motor and gear box, and the motor line current? 

20 . A 5-gallon hot water heater uses a 120-volt, 1,200-watt heater element. Inlet 
water temperature is 55°F, and outlet temperature is set at 140°F. Calculate the time 
required for the 85°F temperature rise. For a cost of 3.2 cents per kwhr, calculate the 
energy cost per gallon of hot water. 

21. A type 891 water-cooled tube has a plate dissipation of 10 kw and a filament heat¬ 
ing power of 1,320 watts, both of which must be dissipated by the cooling water. For a 
water flow of 4 gal per min between the anode and jacket, and an inlet temperature of 
25°C, calculate the outgoing temperature. 

22. A type 880 water-cooled tube is used as a radio-frequency amplifier with an output 
of 45 kw. The plate supply voltage and current are 10,000 volts and 6 amp. The fila¬ 
ment voltage and current are 12.6 volts and 320 amp. The cooling water must dissi¬ 
pate the plate loss and the filament heating power. Calculate the rate of water flow for 
a difference of 10°C between outlet and inlet water temperatures. 

23. A type 9C21 water-cooled tube is delivering 100 kw of radio-frequency power at a 
plate-circuit efficiency of 74.5%. The filament power is 8.1 kw. Calculate the tempera¬ 
ture rise of the cooling water, due to the plate loss and filament power, for a flow of 
15 gal per min. 

24. A 35,000-kw turbine-generator set was sold with a guaranteed heat consumption 
of 10,640 Btu per kwhr. The acceptance test showed an actual heat consumption of 
10,720 Btu per kwhr. If the set is to operate at full load 4,200 hours per year, and energy 
costs 38 cents per million Btu, what is the yearly cost of the differential in heat intake? 

26. A 25-hp motor, to run 4,500 hours per year, is given the following quotation by 
two manufacturers: (a) $475, 87% efficiency; (b) $550, 89% efficiency. If electrical 
energy is sold for 1.5 cents per kwhr to the customer, what would be the yearly difference 
in energy cost for the two motors? 

26. A 7§-hp motor has efficiencies of 65, 81.5, 86, 86, and 84% at quarter-load points 
from z to lz rated horsepower output. If it is to operate at full load for 2 hours each 
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day, at f load for 4 hours, and at § load for 2 hours, what will be the monthly energy 
charge for a cost of 1.2 cents per kwhr? 

27. A 220-volt, 1,140-rpm, 10-hp d-c motor has efficiencies of 70, 81, 85, 85, 83.5, and 
82% at the quarter-load points from j to 1§ times rated horsepower output. The motor 
has a linear speed drop of 8% of rated speed from no load to full load. On the same 
graph, plot the curves of kilowatt input, delivered torque, efficiency, and speed, all as a 
function of horsepower output. (This set of curves shows the performance characteristics 
of the motor.) 

28. Electrical energy is generated by a large power company at an average rate of 
250,000 kw for the year. What is the yearly output in kilowatt-hours? Assuming an 
annual charge of 12% on an investment of $110,000,000 for the plant, what is the cost of 
energy in mils per kilowatt-hour? 

29. If a barrel of oil contains 6,250,000 Btu, and the over-all efficiency of energy con¬ 
version is 24.6%, how many kilowatt-hours are realized at the switchboard per barrel of 
oil? If certain stand-by losses are represented by 1| barrels of oil per kw-yr, what is 
the plant economy in Btu per kwhr? 

30. What does it cost to operate five 25-watt lamps, four 60-watt lamps, and a 550- 
watt electric heating unit for 2 hours if electrical energy costs 4 cents per kwhr? 

31. The power bill for a home is $7.47 for a given month. The separate costs of the 
bill are 70 cents service charge, 4.4 cents per kwhr for the first 40 kwhr, 3.1 cents per 
kwhr for the next 60 kwhr, 2.5 cents per kwhr for the next 100 kwhr, and 1.2 cents per 
kwhr for all kwhrs in excess of 200. How many kwhrs of energy were consumed in this 
given month? 

32. The meter readings at the end of successive months for a home are 8,978 and 9,324 
kwhr. Calculate the power bill for the month using the rate schedule given in prob¬ 
lem 31. 

33. A home burned 14,600 cu ft of natural gas in one month for heating and cooking. 
The monthly charge was based on $1.12 for the first 200 cu ft, 5.85 cents per 100 cu ft 
for the next 2,300 cu ft, 5.55 cents per 100 cu ft for the next 17,500 cu ft, and 5.25 cents 
per 100 cu ft for the next 80,000 cu ft. What was the bill for gas for that month? If the 
gas contains 1,175 Btu per cu ft, how many pounds of coal containing 12,500 Btu per lb 
would have the same heat content? What would the bill have been if the total energy 
had been supplied by electricity at the rate of 1.2 cents per kwhr? 
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GENERATION OF ELECTRICAL POWER 

2.1. Historical. With every electrical circuit carrying current, no matter 
what the configuration of that circuit may be, there is an associated magnetic 
field. Conversely, with every magnetic field there will be found a related cur¬ 
rent (or currents) which gives rise to it. \_Even.in permanent magnets, physical 
theory supposes circulating currents in the poles_ or electron motion in their .re¬ 
spective orbits together with electron spin* these being productive of the mag- 
netismJ 

Although Oersted discovered in 1819 that a current in a wire deflected a mag¬ 
netic needle near it, Arago (1820) was the first to announce that a magnetic field 
surrounded a wire when it carried current. Arago, also, independently of Gay- 
Lussac and of Davy, discovered that a bar of steel could be magnetized if placed 
in a coil carrying current. In the same year, Ampere and Biot-Savart stated 
quantitatively the laws underlying the force action of one current-carrying con¬ 
ductor upon another. The fundamentals of electricity and magnetism were be¬ 
ing uncovered rapidly at this time. 

On Christmas, 1821, Faraday showed his wife the motion of a magnetic needle 
when near an electric current. In following up his argument that as a current- 
carrying circuit affects a magnet so a magnet should react upon a current-carrying 
circuit, he was led to the discovery of induced electric currents which he pub¬ 
lished in 1831, the year before Henry published the results of his investigations 
on the same phenomena. It should be remembered that electric currents in those 
times were produced by voltaic cells, voltage-producing machines as yet not be¬ 
ing in existence. 

2.2. Induction by Magnets. If a magnet is thrust into a coil of wire the ends 
of which are connected to a galvanometer, there will be a momentary deflection 
shown by the galvanometer needle. The phenomenon is an experimental fact 
which shows that with the magnet in motion with respect to the coil there is an 
induced electromotive force i n the wire givin g rise tp a current when the circuit 
is clos ed.) Removal of the magnet from the coil causes the galvanometer needle 
to deflect in the opposite direction, thus indicating a direction of induced emf 
(electromotive force) corresponding to the direction of motion of the magnet. 
Further experimentation will show that the rate of mot ion of the magnet into 
or out of the coil will influence the magnitude of the induced emf—the more 
quickly the magnet is moved, the greafef~THe~galvahbmeter deflection. The 
same effects are found if the magnet is held and the coil thrust over it. The 
magnitude of the deflection also is proportional to the pole strength. 

14 
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2.3. Induction by Currents. The magnet may be replaced by a coil of wire 
carrying a steady current, the thrust of this second coil near or into the first coil 
producing effects on the galvanometer the same as those mentioned above. The 
relative motion, in speed and direction, between the two coils gives rise to results 
of the same character as those exhibited by a magnet and a coil. 

If the coils are placed in close proximity to each other, and the current in 
either changed from one value to another, the needle of the galvanometer con¬ 
nected to the second coil will deflect momentarily. The direction of the change 
in magnitude of the controlled current in the first coil determines the direction 
of motion of the needle, and the rate at which the current is altered determines 
the magnitude of the needle deflection. ’A'current varying periodically in the 
first coil, with both coils fixed in position, will result in a to-and-fro motion of the 
galvanometer needle with the same periodicity as the varying current which is 
controlled. The first coil may be said to be the primary, and the coil in which 
the phenomena are observed then may be called the secondary. Together, with 
their mutual reactions, they constitute the essentials of the transformer. The 
voltage in the secondary is produced by mutual induction. 

As already stated, it is a physical fact that a magnetic field accompanies every 
current, the strength of the field increasing and decreasing as the current in¬ 
creases and decreases. If saturation does not exist, the relation between current 
and the flux it produces is linear. As the current in a coil or circ uit varies, t he 
flu x created by theycurrent, in builcfing up about that circuit and in collapsing 
upon it, induce^ a voltage in those conductors. This voltage is one of seff^ 
induction, usually treated as an effect distinct from the voltage of mutual in¬ 
duction discussed in the preceding paragraph. Self-induction, however, is but 
the mutual effects of the several turns of the same circuit upon each other and, 
hence, is but a special case of general mutual induction. 

A variation of the experiments described is to pass a conductor, the ends of 
which are connected to a galvanometer, through a magnetic field. The field may 
exist because of permanent magnetism or it may be produced eleetromagnet- 
icallv, that is, by a current flowing through a coil of wire. The direction of mo¬ 
tion of the conductor and its speed determine respectively the direction of de¬ 
flection of the galvanometer needle and the magnitude of that deflection. This 
experiment illustrates the principle of generator action which takes place in all 
electric generators and motors. It is, of course, immaterial in the generation of 
voltage whether the conductor or the flux, or both, move with respect to each 
other. 

2.4. Opposing Force Developed in a Generator. An electric generator con¬ 
verts mechanical energy into electrical energy by the electromagnetic induction 
resulting from the relative motion of conductors and a magnetic field. When 
electrical power is taken from such a machine, an electrical current flows in the 
conductors. The presence of this current develops a mechanical force on the 
conductors in a direction that opposes their motion. This reaction of the ma¬ 
chine makes it necessary to supply a mechanical force, and hence mechanical 
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energy, in order to maintain the conductors in motion. From the Law of the 
Conservation of Energy, the mechanical energy input must equal the electrical 
energy output in the ideal machine which has no losses. In all electrical gen¬ 
erators we are concerned with these two effects: 

1. The voltage generated by electromagnetic induction. 

2. The reaction of the machine, when the conductors are carrying current, 

resulting in a force opposing the motion. 

It follows that there must be two fundamental equations expressing the prin¬ 
ciples of the generator, that is, the voltage equation and the force equation. 

These same equations are also fundamental in expressing the principles of 
motors since the generator and the motor are essentially the same machine. 
Under load, the conductors of both machines are carrying current and are cutting 
lines of flux. By virtue of flux cutting, both machines have voltages induced 
within them. Further, because the current-carrying conductors are in a flux 
field, force action, hence torque, is produced in the air gaps of both machines. 

The voltage generated in a single conductor is given by the experimentally 
determined relation 

e = i3lv volts (2.1) 

where 8 is the flux density in webers per square meter (the weber is defined in 
Section 6), l is the conductor length in meters, and v is the conductor velocity in 
meters per second. Equation 2.1 is restricted to the condition that /3, l, and v are 
all mutually perpendicular. Under this condition, the right-hand side of equa¬ 
tion 2.1 expresses the rate at which the conductor is cutting flux, that is, 

e = filv volts 

81 Ax 

= limit of- 

At 

A# 

= limit of — 

At 

d$ 

= — volts (2.2) 

dt 

where <t> is the flux in webers and t is in seconds. This equation expresses the 
voltage induced in a conductor as the time rate at which that conductor is cutting 
flux. Equation 2.2 is not limited by the restrictions of equation 2.1 and in this 
respect might be considered as a more general statement of the latter equation. 
The direction of the induced voltage is best shown by considering the reaction 
when the conductor is carrying current, as is explained in this and the following 
section. 

As already stated, a conductor carrying current is surrounded by a magnetic 
field. The direction of this field may be determined easily by the right-hand rule 
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which may be stated thus: If a conductor is grasped by the right hand so that the 
fingers encircle the conductor in the direction of the lines of flux, the thumb will point 
in the direction of the current flow. Hence, known direction of current flow also 
will tell the direction of the flux encircling the conductor. In applying the right- 
hand rule to a coil, the thumb will point in the direction of the flux passing 
through the coil if the coil is grasped so that the fingers point in the direction of 
the current flow. It should be remarked that the right-hand rule is simply an 
arbitrary convention in general use which associates direction of current flow and 
direction of flux thereby created. Obviously, it rests upon our adopted con¬ 
ventions on polarity of magnetic fields and currents. This single rule will enable 
one to determine the direction of induced voltage and torque in either a gen¬ 
erator or a motor. This approach is preferable to depending upon memory for a 
different rule for each case. 

Figure 2.1a shows a conductor carrying current. The direction of current 
flow is out of the paper, as indicated by the dot within the conductor which rep- 



fa) (b) (c) 

Fig. 2.1. Force acting on a conductor. 


resents an arrowhead. Figure 2.1b shows a uniform field. When the current- 
carrying conductor is placed in the flux field, the resultant field produced by the 
combination of the main field and that due to the current in the conductor is as 
shown in Figure 2.1c. The fields add below the conductor and subtract above 
the conductor with the result that there is a stronger field below and a weaker 
field above. The force acting on the conductor will tend to move it from the 
stronger toward the weaker field. This direction of motion would tend to 
straighten the lines of flux. It is evident that a reversal of either the direction of 
flux or the direction of current would reverse the direction of the force. 

The force F tending to move the conductor has been found experimentally to 
be given by the equation 

F = (Hi sin a newtons (2.3) 

where /3 is the flux density in webers per square meter, l is the length of the 
conductor in meters, i is the current in amperes, and a is the angle between 
l and /3. 

It is, perhaps, well to digress at this point and show how the force exerted on 
free charges moving in a magnetic field, such as in a cathode-ray oscillograph, 
can be obtained from equation 2.3 and equation 1.6 of Chapter I. Substituting 
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the definition of current as given by equation 1.6 in equation 2.3, the force ex¬ 
erted on an elemental length, Ax, of moving charges of density p is 


F = l3 A xpu sin a newtons 
= j 8qv sin a newtons 


(2.4) 


where q is the charge in coulombs, v is the velocity of the charge in meters per 
second, and a is the angle between the magnetic flux and the velocity of the 
charge. 

2.5. Fundamentals of the Elementary Generator. The simplest type of 
generator consists of a straight conductor cutting a magnetic field, as shown in 
Figure 2.2. The lines of flux are out from the paper, as indicated by the arrow¬ 
heads. The conductor lias a voltage generated in it, as given by equation 2.1. 




(i l ) End View of 
Conductor 


Fig. 2.2. Voltage induced in a single conductor and the reaction of the field on the conductor. 


When the switch s is open, no current flows and the reaction of the field on the 
conductor is zero. Since there is no force opposing the motion, no external 
mechanical force is required to maintain this motion. Stated in another way, 
this merely means that with the switch open no mechanical work is required to 
generate the voltage, but, at the same time, the generator is delivering no elec¬ 
trical output. 

"When the sw'itch is closed, a current, t, flows in the conductor and the gener¬ 
ator delivers electrical energy to the load resistance R. The field reacts w ith the 
current in the conductor to develop a force', F, opposing the motion. An external 
mechanical force, Fm, equal and opposite to F, must be applied in order to main¬ 
tain the motion. The mechanical work done on the conductor is given by the 
relation 

mechanical work = Fm Ax newton-meters, or w att-seconds 

where Fm is the applied force in newdons, and Ax is the distance in meters through 
which the force is exerted. 

The power (rate of doing work) can be expressed as 

Ax 

P = Fm — = Fmv watts 
M 
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From the Law of Conservation of Energy, the mechanical power input must 
equal the electrical power output. Expressing this in equation form, 

P = ( F M )(P ) 




ei watts 


Equation 2.5 is a very important and general equation in the solution of elec¬ 
trical circuit problems. The relation may be stated as follows: The instan¬ 
taneous power in watts is equal to the product of the instantaneous voltage in 
volts and the instantaneous current in amperes. If the magnitudes of neither 
current nor voltage vary with time, the average power is equal to the instanta¬ 
neous power. The direction of the induced voltage is taken as the direction it 
drives the current through the load. The direction of current flow' must be such 
that a force is developed between the conductor and the main field that opposes 
the applied force F_m . This necessitates a current flow, as indicated by the ar¬ 
rows. The end view of the conductor, Figure 2.1c, is helpful in determining this 
direction of current flow. Since, by convention, the positive (plus) terminal of a 
voltage source is the terminal by which the current leaves the source, the B ter¬ 
minal is positive for the generator shown in Figure 2.2. 

2.6. Expressions for Induced Voltage. Although the expression for the volt¬ 
age induced in a circuit, as given by equation 2.2, i- quite general, other math¬ 
ematical statements and physical interpretations of the law of induction are often 
more convenient to use. Reference to Figure 2.2a shows that A<t> = (31 Ax, as 
given in equation 2.2, is the change of flux linking the circuit because of the con¬ 
ductor moving a distance Ax. Equation 2.2, therefore, can be interpreted as 
expressing the voltage induced in a single 
turn or loop of a circuit as the time rate 0 

of change of the flux passing through the -• _ - -> 

turn. In Figure 2.2a the loop is formed R 

by the conductor and its connections to j_j C-, > 

the load resistance It. Figure 2.3a, which ^-f 

is equivalent, shows the conductor bent ( a ) (&) 

into a single-loop circuit. The induced Fig. 2.3. Voltage induced in a coil, 
voltage is the time rate of change of flux 

enclosed by the turn. If the flux threads A” loops of a circuit (a coil of A* turns), 
Figure 2.3b, the symbolic statement of the voltage induced is 


e = N ■ 


d(A<f>) 


volts per coil 
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The product N$ is called the flux linkages of the circuit. Equation 2.6 serves 
as the definition of unit magnetic flux. The weber is the magnetic flux which, 
traversing a circuit of a single turn, will induce an electromagnetic force of one 
volt when reduced to zero at a uniform rate in one second. 

It should be remembered from physics that the induced voltage in a circuit is 
in such a direction that the current it causes to flow will produce effects opposing 
the action which induced the voltage. This physical observation is known as 
Lenz’s law. Thus, in Figure 2.2 the motion of the conductor decreases the main 
body of flux linking the conductor. The current which flows because of the in¬ 
duced voltage has such a direction that its flux adds to that within the loop, 
thereby tending to maintain the initial flux linking the circuit. Expressions for 
induced voltages often are preceded by a negative sign in order to indicate this 
opposing action. However, with the understanding that the associated phenom¬ 
ena are to be recognized, the algebraic sign has been omitted from equations for 
induced voltages in this and subsequent discussions. 

In the sense that a body in motion tends to maintain its momentum, which is 
one of Newton’s Laws of Motion, so a closed electrical circuit tends to maintain 
constant the number of lines of flux interlinking that circuit. These are analogous 
physical observations, the second leading to the principle of Constant Flux Link¬ 
ages. The electromagnetic field exhibits the property of electromagnetic inertia, 
and energy is required to overcome this inertia and change the initial magnetic 
relations of the circuit. The energy may be measured by the mechanical work 
required to move the conductor or by the electrical energy which appears in the 
coil. Essentially, the process is the transformation of mechanical energy into 
electrical energy. 

The flux which finks the turns of a coil may be produced either by current car¬ 
ried by that coil or by current in a neighboring circuit. Not all the flux, however, 
will fink all the turns, as is implied by equation 2.6. For many circuits, for ex¬ 
ample, a coil compactly wound, this may be practically true, but for others, a 
long solenoid for instance, calculations based on such an assumption may be far 
from correct. Some of the flux does fink all the turns, but some flux finks fewer 
turns, and still fewer turns are finked by less flux. These partial linkages, if they 
may be called that, contribute their share to the total induced voltage just as do 
the others; consequently, a broader definition for induced voltage is to state it 
as the time rate of change of the total flux interlinkages of the circuit. Prac¬ 
tically, the total interlinkages may be given as the product of the actual number 
of turns and an equivalent flux which is assumed to fink them all, that is, 

total interlinkages = 0 = = N$ e 

That part of the total flux which does not fink all the turns is a leakage flux 
with respect to that part which is enclosed by all the turns. In the same sense, 
the total flux produced by one of two neighboring circuits may be thought to 
have two components. The first component links with the turns of the second 
circuit and is called a mutual flux. The other part does not link the second cir- 
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cuit in any way and is called a leakage flux of the first circuit with respect to the 
second. In a generator, the mutual flux of each field coil with respect to the 
armature winding is the air-gap, or useful, flux since it leads to the generated volt¬ 
age. The leakage flux of the field coils usually is expressed as a percentage of the 
useful flux. 

Change of interlinkages may be due to change in position of the circuit with 
respect to the flux, change of current in the circuit, change of current in a near-by 
circuit, change in configuration of the magnetic path, or change in permeability 
of the magnetic circuit. The induced voltage is variable when the time rate of 
change of the flux linkages is variable. The preceding equations give the in¬ 
stantaneous induced voltage if instantaneous values of 0, v, and d$/dt are used 
in the expressions. 

The average voltage induced in a circuit may be written from equation 2.6 in 
the form 


C l <At> A 


1 

II 

1 

-I d<*> 

/ 0 dt i 

\ J* i 


A T [<J> 2 - A t $ 2 - N$i 
t ~ t 


(2.7) 


net change in flux linkages 

-;-volts per coil 

time for change of linkages 


For a single conductor moving across a field of flux the expression for the average 
induced voltage becomes 


<t> 

Cavg = — volts per conductor 


( 2 . 8 ) 


where <t> is the flux in webers cut by that conductor in i seconds. For a coil of N 
turns the average induced voltage is 


<f> 

c avg = N — volts per coil 


(2.9) 


where $ is the equivalent flux change through the coil in t seconds. In general, 
either of these two equations, with proper interpretation, can be used for a specific 
problem. 

2.7. The Elementary Generator. A simple type of generator, and one which 
comprises the essential elements of the modern electrical machine, is the single 
loop of wire rotated through a magnetic field produced by two poles, as shown 
in Figure 2.4a. The loop is placed in slots on a laminated iron rotor and moves 
with uniform velocity about an axis at right angles to the magnetic field and in 
the plane of the loop. As the sides of the coil sweep past the pole faces, they cut 
the flux crossing the air gap from the pole faces to the rotor, and a voltage is pro¬ 
duced between the collector rings to which the coil ends are fastened. Sliding 



22 


ELECTRIC CIRCUITS AND MACHINES 


contacts, called brushes, allow this voltage to be carried to an external circuit 
where it is utilized. Mechanical energy required to drive the coil is transformed 
into electrical energy. 

It will be observed from Figure 2.4a that the coil sides are always cutting flux 
in opposite directions and that their small voltages are additive around the loop. 
Further, by following the coil during one revolution, it will be seen that the 
polarity of the leads changes. This type of generator produces a voltage wave 



H-{jSS}-> 

(a) Single Coil ( b ) Two Coils in Series 

Fig. 2.4. Elements of the 2-pole a-c generator (alternator). 

which is alternating in character at the machine terminals, and it means that 
current will flow through the coil one way half of the time and in the reverse 
direction the other half of the time. Because the voltage and current are 
alternating at the machine terminals, the a-c generator also is called an 
alternator. 

Figure 2.4b shows the connections for a 2-coil circuit, the instantaneous volt¬ 
ages for each coil, shown dotted, and the resultant voltage of the combination. 
Because of mechanical displacement of corresponding coil sides in adjacent slots, 
there is consequently an angular difference in time between the individual coil 
voltages. It should be understood that each coil may have many turns, and that 
a practical machine has all the armature slots filled with coils arranged in the 
general manner shown in Figure 2.4b. 

2.8. Equation for the Alternating Voltage. A-e wave shapes are sinusoidal 
at generator terminals so far as is practicable. This result can be accomplished 
by proper shaping of the faces of the field poles. In commercial alternators, how- 
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ever, the sinusoidal wave form results not only from the flux distribution, but 
also from the use of a large number of coils properly distributed among the slots 
of the armature. Sinusoidal voltages are produced through the mechanical de¬ 
sign of the machine, and quantities relating to them yield readily to mathe¬ 
matical analyses and to computations. In addition, sine waves incur less losses 
in power transmission than do other w ave forms. The harmonic content of pow er 
system voltages is very low. Sine-wave generators for testing purposes have 
been built with only the third harmonic detectable, and of magnitude one-third 
of one per cent of the fundamental. 

It is of note that electrically oscillatory systems containing inductance and 
capacitance, and mechanically oscillatory systems containing inertia and restor¬ 
ing force, give rise to sinusoidal vibi itions when left to themselves. In fact, the 
majority of physical phenomena of oscillatoiv character follow sine-wave vari¬ 
ations. A discussion on sinusoidal motions and wave shapes is in no way pe¬ 
culiar to the electrical machine. 

If the flux density in the air gap is sinusoidal over the pole pitch of 180 de¬ 
grees, it can be expressed as 

0 = »in 0 

whoie /3„, is the flux density per unit aiea at the pole center. The instantaneous 
\ oltagc generated m a conductor of length l moving at a uniform velocity v is 

e — p m h bin 0 volts per conductor (2.10) 

The coil \ oltage is the Mim of the \oltages of each conductor in the coil. If the 
coil has but one turn, and the coil sides are spaced 180 electrical degrees apart, 
the instantaneous a oltage is 

c = 2 i3 m lv sin 0 

= E, n sin a 4 'volts per turn (2.11) 

w here 

E m = 2 3jv (2.12) 

The angle 0 varies with time t as the coil rotates and may be written in the 
form 

0 = 2i r - = 2irft — wt electrical radians (2.13) 

By definition, T is the time in seconds to complete one ct/clc (two alternations) 
of the voltage wave (one re\olution for a 2-pole machine) and is called the period, 
of the wave; / — 1/T is the number of cycles completed in one second and is 
called the frequency of the generated voltage; and w = 2 irf is the angular velocity 
of the wave in electrical radians per second. 

Although the development is based on the simple construction shown, wherein 
a coil is rotated through a field of flux, the same result also is achieved in modem 
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a-c generators in which the field of flux is moved past conductors placed in slots 
on a stationary armature, called the stator (see Figure 9.1b). It makes no dif¬ 
ference electrically whether, by mechanical construction, the coil or the flux field 
is in motion, the other being fixed in position. 

2.9. Multipolar Machines. The coil of the generator of Figure 2.4a has 
passed through one cycle, or 2 alternations, when it has made one complete 
revolution and is in position to repeat the form of the generated voltage wave. 





(a) Coils 1 and 2 in Series (6) Coils 1 and 2 in Parallel 


Fig. 2.5. Simplified circuits for the 4-pole machine. 


The coil has swept out 360 mechanical degrees and each coil side has passed 2 
poles of opposite polarity. The great majority of machines have 4, 6, or more 
poles, and many large motors and generators have been built having more than 
100 poles. The armature coils are so placed in the slots that both sides of every 
turn cut flux, and the span of the coil is never more than the distance betw een 
centers of adjacent poles, that is, one pole pitch. The fundamentals of the 4- 
pole machine are illustrated in Figure 2.5. Although in an actual machine the 
armature, which may be the rotor or the stator, would have many slots to ac¬ 
commodate the many armature coils (see Figure 9.1), only 4 slots and 2 coils 
(4 coil sides) are shown in order to simplify the fundamental ideas. The 2 coils 
can be connected in series (single circuit), in which case the terminal voltage of 
the machine would be twice the coil voltage. With this connection, the current 
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rating of the machine would be equal to the current rating of a coil, since each 
coil must carry the load current. If the 2 coils are connected in parallel (2 cir¬ 
cuits), the terminal voltage would be that generated in one coil. However, for 
this latter connection, the current rating of the machine would be twice that of 
one coil, inasmuch as the load current would divide equally through the two 
parallel paths. It should be noted that for any manner of connecting the coils 
properly the volt-ampere rating of the machine will be the same. The coil ar¬ 
rangement for other multipolar machines follows that for the 4-pole generator of 
Figure 2.5. 

In a machine having 4 poles, consecutive poles being of opposite polarity (this 
is true for all machines), each coil side, in making one revolution of 360 mechan¬ 
ical degrees, generates 2 cycles of the induced voltage tvave because the second 
pair of poles acts exactly as does the first pair. By definition, one cycle of emf 
is 860 electrical degrees; hence, any conductor on a 4-pole machine sweeps out 720 
electrical degrees, or 2 cycles, in one complete revolution. A 6-pole machine gives 
rise to 3 cycles per revolution, etc. The number of electrical degrees, therefore, 
is equal to the product of the number of mechanical degrees passed over and the 
number of pairs of poles: 


number of electrical degrees = number of mechanical degrees X — (2.14) 


Since the number of cycles per revolution is equal to the number of pairs of 
poles, it follows that the frequency increases directly with the speed. Hence, 
frequency in cycles per second is 


frequency = number of pairs of poles X revolutions per second 


P rpm 

= — X-cveles per second 

2 60 " 


(2.15) 


Commercial frequencies in this country are mainly 60, 25, and 50 cycles per 
second, with a few odd frequencies found occasionally. For an a-c machine, the 
speed in equation 2.15 is called the synchronous speed. 

2.10. Average Values. On any machine, the average flux density in the air 
gap over a pole pitch of 180 electrical degrees is 

1 F 

8a.vg “ | 6 69 

ir J 0 

where 6 is measured in electrical radians, and 0 = 0 midway between poles. If 
the flux distribution is sinusoidal, then 

1 f* 2 

- I 8m am e de = - 8m 

7r Jq 7r 


$avg — 


( 2 . 16 ) 
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The total useful flu v per pole is the product of the average density and the area 
along the air gap over one pole pitch. In terms of 

2 27 IT 

<i> = - p m - 1 webers per pole (2.17) 

7T P 

where r is the radius of the air gap, and l is the axial length of the pole body. 

Selecting one pole pitch as the unit of distance, the linear velocity of a con¬ 
ductor on the rotor of a P-pole machine, or the corresponding relative velocity 
between a stationary armature conductor and a moving field pole, is 

distance one pole pitch 2irr/P 

time time for J cycle 1/(2/) 

Substituting B m from equation 2.17, and the above expression for velocity, in 
the first of equations 2.11, the instantaneous generated voltage can be expressed 
also as 

e = 00$ sin cot 


= L m sin ut volts per turn 


(2.18) 


For a sine wave, the average value is fixed with respect to the maximum value; 
that is, 

2 


= -E n 


(2.19) 


Over a complete cycle, the average value is, of course, zero: hence, this ratio is 
restricted in its application to but one alternation (half cycle"). From equation 
2.18, for a single-turn coil of 2 conductors, 

2 

c aV g = - a><t> = 4/<t> volts per turn (2.20) 

7r 

The average voltage generated in one conductor is 

< 1 > 

c ave = 2/<f> =-volts per conductor (2.21) 

1/(2/) 

Equation 2.21 is but a special case of equation 2.8. <f> is now the total air gap, 
or useful, flux per pole of a machine, and 1/(2/) is the time in seconds for a con¬ 
ductor to pass one pole. For a 2-conductor coil, the time required for the coil to 
move from that position in which it encloses maximum pole flux to that position 
at which it encloses zero flux is T /4 = 1/(4/) seconds, or 90 electrical degrees. 
This statement leads directly to equation 2.20. Equations 2.20 and 2.21 apply 
to all machines, a-c or d-c, regardless of the number of poles. They are the most 
useful expressions for the calculation of induced voltages. Equation 2.20 ap¬ 
plies also to a transformer in which 3> is the maximum flux in the iron core during 
the cycle. 
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2.11. The Direct-current Machine. To show the elements of the direct- 
current machine, let the collector rings in Figure 2.4 be replaced by insulated 
segments, as shown in Figure 2.6. The stationary brushes now are so placed 
that they exchange contact with the segments just as the coil ends fastened to 
them are midway between poles and are cutting no flux. The voltage wave, in 
following through one revolution of the coil, now will be as illustrated in Figure 
2 . 6 . 

The segments are called comma tat or bars, and the assemblage of bars, in¬ 
sulation, clamping rings, spider, etc., forms the complete commutator. The 



Fig. 2.0. Elements of the 2-pole d-c generator. 

commutator is really a mechanical switch which automat ically, regardless of 
speed, always connects the external circuit to coil ends having a given polarity. 
Modern machines, of course, generally are multipolar and have many coils on 
the armature (rotor) connected in various arrangements so as to produce re¬ 
quired voltages. Many coils also lead to a smoother voltage wave. Further, 
the pole faces usually are concentric with the armature, thereby leading to flat- 
topped waves and a consequent decrease in voltage ripple at the machine ter¬ 
minals. 

All coils in a d-c machine generate an alternating voltage, and at a frequency 
dependent upon the number of poles and the speed, as is the case with the a-c 
machine. The action of the commutator is to reverse every negative alternation 
of the voltage wave, as indicated in Figure 2.6. It is only at the terminals of the 
generator, and by virtue of the commutator, that a true direct or continuous 
voltage is obtained. The conductor, turn, or terminal voltages of the d-c ma¬ 
chine are calculated exactly as are the average voltages for the a-c machine. 

2.12. Effective Values. The practical magnitude of a sine wave is based 
upon its effective value rather than upon its average or maximum value. The 
effective ampere , for example, is defined as that current which, flowing through a 
pure resistance, will produce heat at the same average rate as a direct-current 
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ampere. The a-c and d-c amperes, therefore, are equal in their abilities to con¬ 
vert electrical energy into heat energy. Since electrical energy is transformed 
into heat at the instantaneous rate of i 1 2 r , the effective value I of current i = I m 
sin c ot must be defined by the relation 


rH j 

II 

hr 

i 2 R d(cot) 

2ir Jq 


i r 

>7T 

= — 1 

I m 2 R sin 2 <o/ d(cd) 

2 tt Jq 

IJR 



2 


The effective value of a pure sine wave of current, therefore, is related to the max¬ 
imum value as given by the expression 


I 



(2.22a) 


Similarly, for a sine wave of voltage e = E m sin a )t, the effective value E of the 
voltage is 


E = 


E m 

V- 


(2.22b) 


Alternating-current voltmeters and ammeters are calibrated to indicate the ef¬ 
fective values of voltage and current and generally will do so for non-sinusoidal 
waves as well as for those which are sinusoidal. 

Observe that in the above steps the ordinates of the initial current wave over 
a complete cycle were squared, and the area under the squared curve obtained 
by integration. Dividing this area by the interval 2 tt for the cycle, there results 
the average, or mean, height of the squared curve. The square root of this aver¬ 
age ordinate therefore becomes the effective current. In other words, 

effective value = square root of the average square 
= root-mean-square (rms) 

and is true for any type of wave shape. 

2.13. Application of Rms Values. Although the development has been for 
sine waves only, the effective value for any complex current or voltage wave 
shape can be found by similar steps. If the wave is a repeating function, the 
analysis is carried out over one cycle. The abscissae of the wave may be ex¬ 
pressed in radians, degrees, or seconds. The following steps show the procedure 
in calculating the rms (effective) value: 

1. Select a convenient cycle for the wave. 

2. Square the ordinates of the wave over the cycle. 
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3. Obtain the area under the squared curve. 

4. Obtain the average height of the squared curve. 

5. Extract the square root of this average ordinate—it is the effective value of 

the initial wave. 

For waves which do not repeat, the procedure is the same and is carried out over 
the time interval desired. Depending upon the nature of the problem, the work 
may be performed in some cases by integral calculus, in others by graphics or 
graphical approximations. 

Effective, or rms, values apply not only to currents and voltages, but to other 
quantities as well, for example, to duty cycles for electrical and mechanical ma¬ 
chines. The ordinates may be torque, horsepower, etc., the abscissae usually 
time in seconds. The horsepower rating of an electric motor required to drive a 
mechanical machine is obtained from the rms of the horsepower duty cycle for 
that mechanical system. Such applications are very frequent and form a good 
part of application work in practice. Calculations of rms values for duty cycles 
are perhaps more frequently met by the engineer in industry than are computa¬ 
tions on effective values of current and voltage. The general steps in any of these 
calculations are those given above. 

In calculating the rms horsepower required of a motor for a duty cycle, it must 
be remembered that the rating is to be based on the heat produced in the motor 
by way of the I 2 R in its w indings, and the ability of the machine to dissipate that 
heat during the cycle. In a motor having constant flux, for example, the de¬ 
veloped torque and the current are directly proportional to each other, and the 
rms of either the torque or current cycles is then representative of the other. 
The direct product of the torque and speed curves for the cycle gives the de¬ 
veloped horsepower for the motor. The rms rating, however, must be based on 
the equivalent horsepower cycle which has the same shape as the torque and 
current curves and which assumes constant normal running speed over the 
complete cycle. The difference between the developed and delivered horse¬ 
power represents the change in stored energy of the motor and its connected 
load during the periods of acceleration and retardation. Very high torque peaks 
in a cycle may be of far greater concern in determining the motor rating than 
calculations on rms values. 

Since a motor cannot dissipate heat so well during acceleration or retardation 
or at rest as it can when running at normal speed, the rms horsepow er calculated 
from the equivalent horsepower cycle must be increased. This may be done by 
raising the rating a given percentage, 20 per cent for example, or as indicated by 
experience and judgment. Again, the final rating may be calculated from the 
equivalent horsepower cycle with the time intervals modified. During accelera¬ 
tion and retardation, a motor may be able to dissipate heat only about one-half 
as fast as at full speed and, while at rest, only about one-third as fast. These 
factors will vary with the type of enclosure for the motor and are obtained from 
experience. The corresponding time intervals for such periods of the cycle then 
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are decreased by thisse factors so as to give a reduced over-all time for the cycle. 
It is an equivalent time during which the motor could dissipate the heat pro¬ 
duced were it to run at full speed throughout. For example, consider the duty 



cycle shown in Figure 2.7. The average rate of heating during this cycle is 
proportional to 

(hpi) 2 <! + (hp 2 ) 2 < 2 

u + 1 2 


To accommodate safely this heating, a motor must be chosen which has been 
designed to have an average rate of cooling equal to this average rate of heating. 
These statements expressed in equation form become 

(hp rating) 2 ^, + t 2 ) _ (hpi) 2 /i + (hp2)% 

(h + t 2 ) (/i + t 2 ) 

or 

. /(hPiA + (hp 2 ) 2 /2 ... 

hp rating = V- (2.23) 

kti "j- t 2 

where k is a factor, less than unity, which takes into account the decrease in motor 
ventilation at the lower speed. 

2.14. Form Factors. The ratio of the effective value of any cycle to the 
average value is called the form factor of the wave and simply is a number by 
which the average is multiplied to give the effective value. For sine waves, the 
form factor is 1.11, a number which will be used later in studies on machines. 
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For waves which are nonsinusoidal, the form factor is an index to its general 
shape. Form factors greater than 1.11 imply peaked waves, and factors less than 
1.11 indicate flat-topped waves. 

Referring to equation 2.20, the effective value of voltage for an A-tum coil 
now can be given as 

E = 4.44 f$N volts effective (2.24) 

Equation 2.24 applies to coils on a transformer as well as to those on machines. 
<f> is the maximum flux which threads the coil. 

2.15. Example. The effective voltage for a 5-turn coil on a 6-pole generator 
is 10.6 volts. The flux per pole is 0.00795 weber. Calculate the frequency and 
the speed of the machine, and write the equation for the voltage per coil assuming 
it to be sinusoidal. 


Solution : 

The average voltage per conductor is 


10 6 1 0 00795 

=-X-=-volts per conductor 

K 5X2 1.11 t 

t = 0 00833 second per half cycle 


/ = — = 60 cycles per second 


Therefore, 

and 


6 rpm 
~ 2~60~ 

speed = 1,200 rpm 

e = 10.6V2 sin 2ir60< 
= 15 sin 377 1 volts 


If the average voltage per turn is used, the time taken to change the flux through 
the loop from maximum to zero is 0.00417 sec, corresponding to - J- cycle. Whereas 
one conductor moves one pole pitch of 180 electrical degrees in cutting the flux 
of one pole, the coil (of two conductors) need move only 90 electrical degrees to 
cut the same flux. 

An alternate method of solution is to use the expression for the maximum volt¬ 
age generated. The maximum voltage generated in a coil of N turns is 

Eninx = A 

Vi(10.6) = 5 X 2^/(0.00795) 

15 

f — -= 60 cycles per second 

0.25 



32 


ELECTRIC CIRCUITS AND MACHINES 


Problems 

1. What is the action of a compass (a) placed on a conductor carrying direct current 
(b) placed within a coil carrying current, the axis of the coil being in the plane of the 
compass needle? 

2. A coil carrying direct current is wound around one leg of a horseshoe magnet. 
What is the action on the needle of a galvanometer in the electrical circuit if the armature 
of the magnet is pulled away suddenly? 

3 . Two coils are placed closely parallel to each other, one of them carrying direct 
current and the other closed through a galvanometer. What is the direction of swing 
of the galvanometer needle when the coils are separated suddenly compared with the 
direction of needle swing when the current in the first coil is suddenly established? 

4 . An armature conductor cuts 0.01 weber of flux in of a second. What is the 
average induced voltage in the conductor? 

5 . A circular coil of one turn and 3 ft in circumference is rotated about a diameter 
in a magnetic field of uniform strength and of density 1.5 webers per square meter. If 
the axis of rotation is perpendicular to the magnetic field, derive an expression for the 
generated voltage in terms of the velocity of rotation (rpm). Determine the average 
voltage for 1,200 rpm. 

6 . A wire 2 ft in length and bent in a semicircle is moved normal to the plane of its 
arc through a uniform magnetic field of density 56,000 lines per sq in. at a velocity of 
15 ft per sec. The plane of the semicircle is parallel to ihe magnetic field, and a line 
joining the ends of the curved section of wire is normal to the field. What is the voltage 
induced in the 2-ft length of wire? 

7. The flux per pole of a 6-pole, 600-rpm generator is 0.02 weber. What voltage is 
produced at the terminals of the machine if the individual voltages of 516 conductors on 
the armature are directly additive? 

8. The average flux density of a 6-pole, 1,200-rpm generator is 0.7 weber per square 
meter over a pole pitch of 180°. The length of an armature conductor is 4.2 in. and the 
conductor is 10 in. from the center of the shaft. What average voltage is induced in the 
conductor? 

9. A test coil of 15 turns is wrapped around the stator of an alternator (only one side 
of the coil passes through the air gap, parallel with the shaft). If the rotor has 4 poles, 
each carrying 600,000 lines of flux, and rotates at 1,800 rpm, what voltage is induced in 
the test coil? 

10 . The generated voltage per conductor of a 4-pole d-c generator is 2.5 volts. If the 
average flux density over the pole pitch is 0.65 weber i>er square meter, and the armature 
revolves at 1,750 rpm, what is the lateral area of the armature? 

11. The maximum flux through a 200-turn transformer winding is 0.005 weber. If 
the flux variation is at 60 cycles per second, what average voltage is induced in the wind¬ 
ing? What is the maximum voltage? What is the ratio of the average voltage to the 
maximum voltage? (Leakage flux is considered negligible.) 

12. A coil of 80 turns produces a flux of 110,000 lines. Part of this flux links a second 
coil of 35 turns. When the current in the first coil is reduced to zero in 0.1 sec, the average 
voltage induced in the second coil is 0.3 volt. Calculate the percentage of the flux that 
is mutual. 

. 13 . A sinusoidally varying flux of 35,000 lines maximum completely links 2 coils placed 
side by side. If the coils are connected in series, a maximum voltage of 30 volts is gen¬ 
erated within them, whereas with one coil reversed in connection, the maximum induced 
voltage is 15 volts. How many turns are in each coil if the frequency of flux variation is 
60 cycles per second? 
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14 . The voltage generated in a 4-turn armature coil on a 6-pole machine is given by 
the expression: e = 8.4 sin 251 1 volts. What is the flux per pole? Write the equation 
for the induced voltage of the coil if thb speed is increased 50%. 

15 . A single-phase generator built for spark-gap radio transmitters has 24 poles and 
runs at a normal speed of 2,500 rpm. What is the flux per pole if an armature conductor 
has a maximum induced voltage of 2.83 volts at 1,000 rpm? What is the maximum rate 
of change of voltage at a speed of 2,500 rpm? Assume a sine wave of voltage. 

16 . The machine of problem 8 has 100 conductors. Calculate the torque developed 
when each conductor is carrying 10 amp. Calculate both the mechanical power input 
and the electrical power output and compare these values. (Neglect losses.) 

17 . A 26,700-kw alternator runs at 300 rpm. Calculate the input torque. If the arma¬ 
ture diameter is 124 in. and the effective conductor length is 96 in., what is the force per 
square inch of armature surface? Assume an efficiency of 92%. 

18 . The voice coil of a loudspeaker has 20 turns and a diameter of 2 in. The flux 
density is one veber per square meter. Write the expression for the force for a current 
of 0.6 sin 2,510/ amps. If the unit is used as a microphone and develops a voltage e = 
0.001 sin 2,510/ volts, write the expression for the velocity of the voice coil. 

19 . For frequencies of 25 and 60 cycles per second, tabulate the corresponding speeds 
of machines for numbers of poles from 2 to 36. 

20. A 24-pole alternator generates a 500-cycle voltage. At what speed does it run? 
What is the angular velocity of the voltage w T ave in electrical radians per second? How 
many mechanical degrees does one pole span? 

21 . An early 10-pole generator had stamped on its nameplate, “7,200 Alternations per 
Minute.” What was its speed? How many electrical degrees were passed over in one 
revolution of the rotor? 

22 . A d-c motor having 6 poles runs at 750 rpm. What is the frequency of the induced 
voltage in the armature conductors? What is the frequency of induced emf in a 2-pole 
small-appliance motor running at 9,000 rpm? 

23 . How many electrical degrees are contained in one revolution of a 12-pole machine? 
What is the time for one alternation if the speed is 500 rpm? 

24 . W hat is the speed of a 10-pole machine that generates a voltage wave e = 
625 sin 314/? 

25 . An alternator produces a terminal voltage of 14,000 volts effective at 25 cycles. 
Write the equation for the instantaneous voltage. Determine the maximum time rate 
of change of voltage. Measured from the beginning of a cycle, what time elapses until 
the voltage is half maximum? 

26 . What will lx* the effective value of an alternating current which contains a promi¬ 
nent 3rd harmonic and is given by the equation i = 25 sin cot + 10 sin 3 oj/? 

27 . A current is given by i = 15 — 10 sin c ot. What is its effective value? 

28 . Determine the effective values of the following a-c wave forms, where in each 
case the maximum value is 10 amp: {&) rectangular; (b) semicircular; (c) triangular 
(any form of this); and (d) trapezoidal in which the base is twice the parallel side. 

29 . What is the maximum value of the equivalent sine wave which wall give the same 
effective voltage as a triangular voltage wave of 100 volts maximum? 

30 . A vacuum-tube rectifier produces a half-sine wave of 100 ma peak value. Com¬ 
pute the average and effective values of this current. 

31 . The starting current of a motor is 80 amp which decreases exponentially to 5 amp 
in 10 sec. Calculate the rms value during this interval. 

32 . The equivalent horsepower duty cycle for a constant-speed motor is as follows: 
90 hp for 6 sec, linear decrease from 60 hp at 6 sec to 20 hp at 24 sec, 10 hp from 24 sec to 
30 sec, no load from 30 sec to 40 sec. Compute the required horsepower rating for the 
motor. 
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33. A mill motor has the following duty cycle: 120 hp equivalent over the first 15-eec 
interval while accelerating; 90 hp for the next 30 sec while running at constant speed; 
zero hp for the next 8-sec interval while being brought to rest; and a rest period of 30 sec. 
If the motor can dissipate heat 60% as well when accelerating and retarding as it can 
when running at normal speed, and 35% as well when at rest, calculate the required 
horsepower rating of the motor for this application. 

34. A hoist motor for mine sendee is to have the following duty cycle: the torque is 
constant at 240 lb-ft over the first 10 sec during acceleration; from 10 sec to 60 sec, under 
normal speed, the torque decreases linearly from 160 lb-ft at the rate of 4 lb-ft per sec; 
from 60 sec to 68 sec the torque is constant at -80 lb-ft per sec while retarding; and from 
68 sec to 80 sec the power is shut off while the motor is at rest. The ratio of torque to 
current is 5 lb-ft per amp. Plot the torque and current cycles for the motor and calcu¬ 
late the rms current. Assuming a normal running speed of 850 rpm, plot the curves of 
developed and equivalent horsepower for the motor. Calculate the required rating of the 
machine on the assi”' ''(ion that the motor can dissipate its heat 70% as well when 
accelerating and retarding as it can at full speed, and 50% as well when at standstill. 

35. Show that the form factor of a sine wave is 1.11. 

36. Determine the form factor of (a) a rectangular wave, (h) a triangular wave. 

37. Sketch the waveform of i = sin cot — 0.3 sin Scot. Determine the form factor. 

38. Repeat problem 37 for a current nt i = sin cot — 0.3 sin 3 cot. 

39. Compare the effective Mil .e? ol the currents of problems 37 and 38. 
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CIRCUIT CONSTANTS 

3.1. The Circuit Constants. From the elementary study of mechanics in 
physics, it will be remembered that the motion of a body always is opposed in 
part by frictional forces. Furthermore, physical bodies possess the property of 
mans or inertia which tends to maintain the initial conditions of motion, the posi¬ 
tion of rest being but a limiting case. At the same time, all bodies possess elas¬ 
ticity, or spring action, such that, when deformed, forces exist tending to restore 
them to their unstrained positions. These phenomena all are directly taken into 
account in physical laws in mechanics. The first two are included in the first 
two laws of motion stated by Xewton, and the third is fundamental to Hooke’s 
law. These three circuit parameters for the mechanical system relate completely 
the component reactive forces, manner of motion, and power and energy, to given 
applied forces. 

Electrical circuits possess properties analogous to those of the mechanical 
system. Electrical resistance takes the place of mechanical friction, inductance 
which portrays electrical inertia plays the counterpart of mechanical inertia, and 
capacitance indicates the measure of electrical displacement with the applied 
electromotive force. Resistance, R, is a property of the conducting circuit, and 
its effects are observable only when currents are flowing. Electric charges in 
motion constitute an electric current, and associated with the current there is a 
magnetic field to which is ascribed the phenomena taking place in the medium 
surrounding the current, and the reactive effects upon this current or upon other 
currents. Inductance, M (mutual) and L (self-), is a coefficient expressed in 
terms of these effects and which serves to characterize the magnetic field. Re¬ 
actions of the magnetic field are observed only while it is changing, that is, while 
the current producing it is varying, and, consequently, inductance is of prime 
concern in all a-c circuits. Surrounding electric charges, either at rest or in 
motion, is also an associated electric field, differing from the magnetic field. The 
greater the voltage between two separated conducting plates, for example, the 
greater is the accompanying charge on the plates and the intensity of the electric 
field of force they produce about them. Capacitance, C, is a measure of the 
charge stored to the corresponding voltage, and serves to characterize the electric 
field and its effects. These parameters of the electric circuit determine completely 
component reactive voltages, the manner of current variation, and power and 
energy, for the voltage impressed on the circuit. 

It should be remarked at the outset that more than being merely representative 
of circuit properties which simply may influence the flow of current or the mag- 
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nitude of voltage, they characterize methods of energy transference or trans¬ 
formation. Resistance always is associated with the dissipation of electrical 
energy in heat (Joule’s law). Inductance, both self- and mutual, connotes the 
storage of electrical energy as kinetic energy in magnetic fields. Capacitance 
gives a measure of electrical energy stored as potential energy in electrostatic 
fields. These last points of view are the broadest and most fundamental winch 
may be given the circuit constants. 

Although referred to as constants, these quantities are not strictly constant 
in the sense that their magnitudes may be invariable. All will vary somewhat 
in any circuit, but the variations may be so small that in the great majority of 
problems the differences may be quite properly ignored. This is the general 
reasoning behind the terminology constant. Strictly speaking, circuit constants 
are only constants so-i ailed. 

The constants may be lumped or distributed. Actually, all constants are 
distributed throughout the circuit, but they may be given lumped values when 
analysis allows their total effects in a branch to be considered at a fixed point. 
For example, the total resistance of a short loop of wire in general may be treated 
by assigning it a single value which may be thought to exist at any point along 
the loop, but the resistance of a long transmission line must, in general, be treated 
per unit length of line. Again, high frequencies may require analysis by way of 
the distributed effects of resistance. It should be apparent that the method of 
employing lumped constants, whenever legitimate, leads to simpler mathe¬ 
matical analyses. 

3.2. Resistance and Resistors. Resistance is a property of a conductor or 
conducting path which opposes the flow of current; also it is that property by 
virtue of which electrical energy is transformed into heat. This second char¬ 
acteristic leads to a better and more general understanding of resistance, because 
inductance and capacitance also have effects on the magnitude and manner of 
current flow but do not possess the property of converting electrical energy into 
heat. All materials have resistance, although in widely varying magnitudes. 
Some, such as metals and many chemical solutions, conduct electricity readily 
and are said to have low values of resistance. Others, such as glass, polystyrene, 
bakelite, mica, etc., are practically nonconducting and are called insulators. 
There is no material, however, which is either a perfect conductor having zero 
resistance or a perfect insulator having infinite resistance. 

Circuit elements in which the residual inductance and capacitance are negli¬ 
gible at low frequencies (every resistor has a certain amount of inductance and 
capacitance associated with it), are called resistors, and they may have fixed or 
variable magnitudes of resistance. Fixed resistors may be built to have but a 
few millionths of an ohm, others to have a resistance of many million ohms. 
Variable resistors, called rheostats, may be single resistors or a group of resistors 
so arranged that the over-all resistance can be varied, either by moving an arm 
or by switches. The variations usually are in steps. Water rheostats give a 
uniformly smooth gradation in current. Wire-wound resistors usually are alloys 
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of copper, nickel, manganese, chromium, iron, etc., having high specific resist¬ 
ances. Molded resistors, widely used in electronic circuits, are of the character 
of a baked mixture of powdered carbon and a ceramic material. These resistors 
also are usually much smaller in size and much higher in resistance than those 
used in power circuits. The magnitudes of their resistances are given by a color 
code, with perhaps a second designation indicating tolerance. 

There is no material which does not possess the property of resistance, and, 
although resistance may be undesirable in some circuits, it is purposely used to a 
very great extent as a means of control. Its applications lie in limiting the mag¬ 
nitude of current and in adjusting current to a given value in a circuit or in an 
associated branch by permitting control of that current over a chosen range or 
in a desired manner. Also, resistance has a specific application in heating, for 
example, electric furnaces, baking ovens, dryers, heating pads, and a great vari¬ 
ety of uses by wav of small low-power units. For load tests on some generators 
the resistance between electrodes immersed in a tank of water (water rheostat) 
is used to vary the current and to dissipate the output of the machine. 

3.3. The Ohm. Experiment shows that for a given d-c circuit the potential 
difference required to force current through the circuit is directly proportional 
to the magnitude of the current. The constant of proportionality is the circuit 
resistance, and in practical units is given by the relation 


R (ohms) 


E (volts) 

I (amperes) 


(3.1) 


This expression, in any arrangement of the terms, is Ohm’s law, derived initially 
for direct current, although applicable with modification to a-c circuits as well. 
Experiment also show s that for all electrical circuits 


H (heat energy) 



r T: cr 2 c Tl 

I — dt — I i 2 R dt watt-seconds or joules (3.2) 
Jr, R Jt\ 


where cr = iR and is that component of the impressed voltage consumed in 
driving the instantaneous current i through the circuit resistance R. The above 
expression, showing the equivalence of electrical and heat energies, is known as 
Joule’s law. 

The ohm may be defined in any one of several ways, all of which are essentially 
equivalent. One ohm is the ratio of one volt to one ampere. It also is the 
proportionality constant in Joule’s law and is that resistance in which one watt- 
second of heat energy is produced by one ampere flowing for one second. This 
latter statement defines the mks ohm. In high-frequency circuits it is customary 
to consider the effective resistance to be defined and calculated as the ratio of 
power transferred to the square of the current, a definition very closely allied to 
that obtained from Joule’s law. 
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The international ohm, as established in 1893, was defined by the resistance 
of a specified column of mercury. Each national standards laboratory main¬ 
tains wire resistance standards which have extreme permanency and the values 
of which were originally determined by comparison with the mercury standard. 
With the adoption of the mks system of units, it became necessary to evaluate 
these resistance standards in terms of the absolute ohm. In the method em¬ 
ployed by the Bureau of Standards, 1 the inductance of a self-inductor in inter¬ 
national henries is compared with its value in absolute henries. The ratio of 
these values of inductance is the same as the ratio of a resistance in international 
ohms to its value in absolute ohms. The value in international henries was 
determined by bridge measurements which involve the mean solar second and 
the international ofrn. The inductance in absolute henries was calculated from 
physical dimensions ,*ith a probable error of less than 4 parts per million. With 
the high accuracy that can be obtained in determining the value of the absolute 
ohm, there is no longer any need of making measurements on the mercury ohm. 
Commercial resistance standards are available that can be certified by the 
Bureau of Standards to within a few parts in a million. 

3.4. The Circular-mil-foot. The resistance of any conductor is found by 
experiment to vary directly with length and inversely with cross-sectional 
area. Further, for a given length and area of conductor, resistance do|>ends upon 
the kind of material used and upon the temperature. These experimental re¬ 
sults are expressed by the relation 


l 

R = K — ohms 

.4 


(3.3) 


where K is a characteristic constant of the material at a given temperature and is 
called the specific resistance or resistivity. It is the resistance of a piece of ma¬ 
terial of unit length and unit area at a specified temperature. Specific resistance 
is given in ohms per meter cube, in which case the calculation of resistance from 
the above equation requires that / and A be in meter units. The specific resist¬ 
ance of the internationally recognized annealed-copper standard (corresponding 
to 100 per cent conductivity) at 20°C is 1.7250 X 10 -8 ohm-meter, (’upper of 
other quality and other conductors are conveniently expressed in terms of their 
conductivity (the reciprocal of resistivity) relative to this standard. Commercial 
copper conductors have a conductivity varying from approximately 100 per cent 

for annealed copper to 97 per cent for hard- 
drawn copper. Aluminum has a conductivity 
of approximately 05 per cent. 

In practice, it is found more convenient to 
Fig. 3.1. The circular-mil-foot. express the specific resistance of conductors 

in ohms per circular-mil-foot, at a given 
temperature. The foot is the adopted unit of length, and the circular mil the 
unit of area; hence, resistivity is resistance of one foot of material having a 
*H. L. Curtis, lor., cit. 
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cross-sectional area of one circular mil and at a stated temperature, Figure 3.1. 
For example, at 0°C the resistance of a copper conductor (100 per cent conduc¬ 
tivity) one foot long and one circular mil in area is 9.56 ohms; at 20°C it is 
10.38 ohms; and at 60°C it is 12 ohms. 

The circular mil, Figure 3.2, is a unit of area and is used in practice to state 
and to compare conveniently the areas of conductors, 
particularly wires and cables. The circular mil is an 
area equal to the area of a circle one mil, or one 
thousandth of an inch, in diameter. The number of 
circular mils in a circular conductor therefore is equal 
to the square of the diameter in mils. The square mil 
is an area equal to the area of a square one mil on each 
side. The square mil thus is the larger unit, and 4/ir 
circular mils are contained in one square mil. The 
number of circular mils in a conductor having any 
cross-sectional shape therefore is equal to 1.273 X 10 6 times the area of that 
conductor in square inches. 

3.5. Effect of Temperature on Resistance. Resistance also is a function of 
temperature, and for mot materials it increases with the temperature. The 
practical empirical relation expressing the temperature effect is 

Rt = Ro (1 + a 0 T) (3.4) 

Rt is the desired resistance at temperature T in degrees centigrade, R 0 is the 
resistance at ()°t\ and a 0 is the temperature coefficient of resistance based on 
0°C. More general yet, 

R 2 = Ri[l + ai(r 2 - TO] (3.5) 

In this last expression, 7? 2 is the resistance at temperature T 2 °C, Ri is the known 
resistance at Ti°C, and aj is the temperature coefficient based on temperature 
7V The coefficient varies with the initial temperature T x . For copper, it has 
values of 0.00127, 0.00393, and 0.00364 based on initial temperatures of 0°C, 
20°C, and 40°C, respectively. For example, the resistance at 60°C of a con¬ 
ductor having a resistance of 10 ohms at 20°C is 

R 60 = 10[1 + 0.00393(60 - 20)] 

= 11.57 ohms 

Since the specific resistance of copper is 12 ohms at 60°C, which is the normal 
operating temperature for much electrical apparatus, very conveniently, 

length in feet 

2?eo — 12--- 

area in circ. mils 

length in inches 
—-ohms 



Fig. 3.2. Relation of the 
circular mil to the square 
mil. 


area in circ. mils 


(3.6) 
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Wire Tables * 


STANDARD ANNEALED CIRCULAR COPPER WIRE 
AMERICAN WIRE GAGE (b. & S.) 


Gage 

Number 

Mils 

Diam. 

Cire. Mil. 
Area 

Abs. Ohms per 
20 °C 

1,000 ft t 

75 °C 

Pounds per 
1,000 ft 

0000 

460 

212,000 

0.0490 

0 0596 

641 

000 

410 

' 168,000 

0.0618 

0.0752 

508 

00 

365 

. 133,000 

0.07S0 

0.0948 

403 

0 

325 

' 106,000 

I 

0.0983 

0.120 

320 

1 

289 

83,700 

0.124 

0.151 

253 

2 

258 

66.400 

0.156 

0.190 

201 

3 

229 

52.600 

0.197 

0.240 

159 

4 

204 

41.700 

0.249 

0.302 

126 

5 

182 

! 33,100 

0.314 

0.381 

100 

6 

162 

1 26.300 

I 0.395 

0.481 

| 79.5 

7 

144 

20,800 

1 0.498 

- 0.606 

63.0 

8 

129 

l 16,500 

j 0.629 

0.764 

1 50 0 

9 

114 

, 13.100 

0 703 

0 964 

1 30 6 

10 

102 

| 10,400 

, 0.999 

1 

i 1-22 

j 

, 31.4 

11 

90.7 

| 8,230 

I 1.26 

, 1.53 

i 24.9 

12 

80.8 

6.530 

i 1 59 

1 1 93 

1 19.8 

13 

72.0 

5.180 

1 2.00 

' 2 44 

1 15.7 

14 

64.1 

4.110 

1 2.53 

3 07 

12.4 

15 

57.1 

3,260 

1 3.19 

3.88 

i 9.86 

16 

50.8 

I 2,580 

4.02 

' 4.89 

| 7.82 

17 

45.3 

2.050 

5.07 

' 6 16 

6.20 

18 

40.3 

1.620 

6.39 

7.77 

4 92 

19 

35.9 

1.290 j 

8.06 

9 80 

3.90 

20 

32.0 

1,020 

10 2 

12.4 

3.09 

21 

28.5 

810 i 

i 12.8 

15 6 

2.45 

22 

25.4 

642 

i 16.2 

19.6 

1.95 

23 

22.6 

510 

20.4 

. 24.8 

1.54 

24 

20.1 

404 

25.7 

1 31.2 

1 1.22 

25 

17.9 , 

320 

32.4 

39.4 

0.970 

26 

15.9 

254 1 

40.8 

, 49.7 , 

0 769 

27 

! 14.2 , 

202 

51.5 

62.6 

0.610 

28 

12.6 , 

160 

64.9 

79.0 

0 4S4 

29 

11.3 » 

127 

81.9 

1 99.6 - 

0.384 

30 

10.0 

101 

103 

126 j 

0 304 

31 

8.93 

79.7 

130 

158 ! 

0.241 

32 

7.95 

63.2 

164 

200 

0.191 

33 

7.08 

50.1 

207 

252 t 

0.152 

34 

6.31 

39.8 

261 

318 

0.120 

35 

5.62 

31.5 

329 

400 

0.0954 

36 

5.00 

25.0 

415 

505 

0.0757 

37 

4.45 

19.8 

523 

637 

0.0600 

38 

3.97 

15.7 ' 

660 

803 

0.0476 

39 

3.53 

12.5 

832 

1,010 

0.0377 

40 

l 

3.15 

9.89 

,050 

1,280 

0.0299 


* Based on a table published by V. S. Bureau of Standards. 

T Kesistance at the stated temperature of a wire whose- length is 1,000 ft at 20°C. 
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3.6. Wire Tables. Most of the in formation needed on conductors for use in 
calculations on resistance is contained in wire tables. Such tables show wire 
diameters and areas, resistances per 1,000 feet or per mile at given temperatures, 
and weights per 1,000 feet or per mile. Many tables, particularly those pub¬ 
lished by wire and cable manufacturers, also show wire diameters inclusive of 
various insulating coverings as well as diameters for the bare wire. It should not 
be inferred that cylindrical wires only are drawn. A very great many are not of 
that shape, and practically any desired form of cross section can be obtained. 

The most common type of electrical conductor, though, is standard annealed 
copper wire of circular cross section. The size of the wire is usually designated 
bv a gage number. The American Wire Gage, formerly called Brown and 
Sharpe, is the most widely used and is based on a constant ratio between cross 
sections of successive gage numbers. Likewise, the resistances of successive 
gage numbers are in constant ratio. This ratio of resistances is 1.261. Since the 
cube of this value is 2.005. it follows that the resistance approximately doubles 
every 3 gage sizes. Also, for every 10 gage numbers the resistance increases ap¬ 
proximately by the factor 10. The approximate constants for any gage number 
can readily be obtained without reference to the wire table by using these rela¬ 
tions and Xo. 10 gage wire as a reference. Xo. 10 gage wire has the following 
approximate relations that are relatively easy to remember: diameter of 0.1 in., 
resistance of 1 ohm per 1.000 ft, and a weight of 10ir lb per 1,000 ft. 

3.7. A-c, or Effective, Resistance. All currents produce magnetic fields which 
vary in strength with the magnitudes of those currents. In a conducting ma¬ 
terial, the changing magnetic field created by a varying current gives rise to 
circulating, or eddy, currents in that conductor and in neighboring circuits. In 
the case of armature conductors in machines, eddy currents, caused by the con¬ 
ductor currentare developed in the adjacent iron as well. Armature cores are 
laminated primarily to reduce the magnitudes of eddy currents, howsoever they 
may be produced. 

Eddy currents exist because of transformer action, and their presence means 
a conversion of electrical energy to heat. This additional energy is taken into 
account through an a-c, or effective, resistance such that the square of the meas¬ 
ured line current times this effective resistance will equal the total power loss, 
the rate at which electrical energy for the entire system is being transformed into 
heat. The effective resistance of a machine, for example, may be from 5 to 15 
per cent greater than the d-c resistance. It is difficult to calculate this equiv¬ 
alent resistance for even very simple cases, but it often can be measured. In 
such instances, it is obtained as the ratio of power to the square of the 
current. 

At high frequencies, the current is not uniformly distributed over the cross 
section of the conductor but tends to be concentrated near the surface, thereby 
leading to an increased current density at the surface, an equivalent decrease in 
conductor area, and a corresponding increase in resistance. This phenomenon, 
called skin effect, is due to the emf induced by the magnetic flux within the con- 
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ductor, that is, the internal inductance of the conductor. If the conductor be 
considered as a group of parallel current filaments, the current filaments near the 
center have the greatest amount of magnetic flux surrounding them and hence 
the greatest inductive reactance. The current division through the filaments 
will obey the usual laws of parallel circuits and, as a result, the filaments having 
the highest reactance will carry the least current. This effect increases with the 
cross-sectional dimension of the conductor and with the frequency and may give 
rise to an a-c resistance many times the d-c resistance of the conductor. The 
table gives the ratio of the a-c resistance to the d-c resistance for several copper 


Ratio of A-c to D-c Resistance 


Frequency 

i 

l^for #0000 AWG 

tide 

for * 10 

tide 

^ for #30 

tide 

60 

1.004 

1.000 

1.000 

1,000 

1.64 

1.003 

1.000 

10,000 

4.68 

1.245 

1.000 

100.000 

14.20 

3 34 

1.003 

1,000,000 

45.0 

10.0 

1.248 


conductors. The figures of the table indicate that, at power frequencies, the ef¬ 
fect is only of importance for the larger conductors, whereas, at radio frequencies, 
it is a major factor and special stranded conductors are commonly employed. 
Hollow tubing is also used since the central part of a solid conductor is not ef¬ 
fective in carrying current under high frequency. The effective resistance of a 
coil at radio frequencies may be many times the d-c resistance because of skin 
effect in the conductor of each turn and also because of the proximity effect of 
adjacent turns which produces an additional non-uniformity in the current dis¬ 
tribution over the cross section of the conductor. Losses in dielectrics and metal 
objects in the vicinity of the coil also increase its effective a-c resistance. Ef¬ 
fective resistance in capacity circuits may take into account dielectric losses as 
well as those due to the main conducting currents. 

3.8. Measurement of Resistance. Resistance is measured in several ways 
in practice. Common methods employ any one of several forms of bridge cir¬ 
cuit, for example, the Wheatstone bridge, or the Kelvin bridge, or variations of 
these circuits. Other methods employ the voltmeter and ammeter on a d-c test, 
the wattmeter and ammeter on an a-c test, comparison with a known resistance, 
the ohmmeter, the megger, and—for radio-frequency resistance—special shielded 
bridges, a substitution test, or the calorimeter. These methods vary widely and 
may be greatly restricted in use. The particular one chosen will depend upon 
the magnitude of the resistance to be measured, the conditions under which it is 
to be measured, and the accuracy desired. The bridge circuit, when applicable, 
is the most accurate of all. 
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3.9. Examples. The field coils of a 6-pole a-c motor have 330 turns each of 
No. 7 wire. The mean length of turn (MLT) is 46.5 in. What is the 60-degree 
resistance of the field coils, and what is the weight of the copper they contain? 


6 X 330 X 46.5 

resistance of coils = 4.43 ohms total 

20,800 


6 X 330 X 46.5 


X 0.577 = 4.43 ohms 


12 X 1,000 

(0.577 ohm = resistance per 1,000 ft of No. 7 wire at 60°C) 


6 X 330 X 46.5 

weight of copper --63 = 483 pounds 

12 X 1,000 


An armature winding of an a-c generator contains 108 6-tum coils arranged 
in 3 groups of 36 coils each, and each group consists of 2 parallel paths of 18 coils 
each. All coils have a mean length of turn of 62 in., and a cross-sectional copper 
area of 0.200 X 0.080 in. Calculate the 60-degree resistance of one group of 
coils and the weight of copper in the entire winding. (Copper weighs 0.32 lb 
per cu in.) 

62 

resistance per coil = 6-- = 0.01824 ohm 

0.200 X 0.080 X 1.273 X 10 6 


18 coils are in series in each path, and the over-all resistance of 2 parallel paths is 
half that of either path, hence 

resistance per group = 0.01824 X 18 X ^ = 0.164 ohm 
total weight of copper = 108 X 6 X 62 X 0.200 X 0.080 X 0.32 = 206 pounds 

3.10. Mutual and Self-induction. If two circuits are in close proximity to 
each other, the current in either one will produce flux which links both circuits. 
These flux linkages are mutual link¬ 
ages and the circuits are said to be 
coupled by way of the flux, Figure 
3.3. An alternating current in one 
circuit will induce a voltage in the 
second circuit because of the accom¬ 
panying change in flux linkages, the 
voltage being the voltage of mutual 
induction. Such a phenomenon is 
voltage generation by transformer 
action, already discussed. Many 
circuits may be coupled to each other, each one inducing mutual voltages in all 
its neighboring circuits when it undergoes any change in current. Each induced 
voltage has its own direction which must be recognized. 



Fia. 3.3. Mutual flux in a coupled circuit. The 
voltage of mutual induction is « 2 . 
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All flux which any circuit creates must, of necessity, link that circuit regard¬ 
less of the fact that some of the flux also may link with other circuits. As the 
current varies, the c hang ing magnetic field in being built up about the circuit 
which produces it cuts those conductors and induces a voltage in them by self- 
action, Figure 3.4. This induced voltage is the voltage of self-induction. 

The voltages of mutual and self-induction exist only when current and its as¬ 
sociated flux are changing, and these voltages inherently are in opposition to 
that changing current and flux. With a rising current and consequent increase 
in flux linkages the induced voltages are in such directions that the currents they 
would cause to flow r in their respective circuits would tend to prevent the estab¬ 
lishment of those flux linkages. Decreasing linkages 
induced by falling currents produce effects tending to 
maintain the existing flux linkages. Electrical circuits 
hence exhibit the characteristics of electrical inertia 
because changes of current induce voltages vhich op¬ 
pose those changes of current. 

It should be apparent that mutual induction is the 
general physical observation, and that self-induction is 
but the special case wherein only a single circuit is con¬ 
sidered. Although these two types of induction often 
are treated distinctly from each other, because of the 
manner of their use in the analysis of electrical circuits 
and apparatus, the fundamental principle is that of induction. The discussion 
of inductive effects in one circuit, or in two circuits, etc., then becomes but a 
specific application of the general principle. Obviously, self-induction always is 
present with changing flux linkages whether or not mutual induction takes place 
between distinct circuits. Also, the total self-inductive effects of a coil really 
take into account, although not stated as such, the mutual reactions among 
its many turns. 

3.11. Coefficients of Induction. All induced voltages are directly propor¬ 
tional to the time rate of change of flux linkages. Consequently, where flux is a 
Unear function of the current which produces it, the voltage induced in a circuit 
because of a current changing in a neighboring circuit is directly proportional to 
the time rate of change of that current. This is an experimental fact. The volt¬ 
age of mutual induction is expressed symbolically by the relations 



Fig. 3.4. Self-induced flux 
in a single coil. In magni¬ 
tude, e is both the applied 
voltage and the voltage of 
self-induction. 


di\ 

e 2 = M 12 — volts 
dt 


di‘2 

e\ = M 21 — volts 
dt 


(3.7) 


where M X2 = M 2X = M and only two circuits are considered. 

The factor of proportionality M is the coefficient of mutual induction, or 
simply the mutual inductance of the one circuit with respect to the other. In the 
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order of the subscripts, M 12 denotes the effect of the current in circuit 1 in in¬ 
ducing a voltage in circuit 2. Since action and reaction are equal between two 
circuits, the coefficients have the same magnitude. The advantage of retaining 
the subscripts is apparent only when more than two circuits are taken into ac¬ 
count. Because of the reciprocal actions taking place between any two circuits, 
the same time rate of change of current in either will induce a voltage of the same 
magnitude in the other. 

Mutual inductance is defined as the ratio of the voltage produced in the second 
circuit to the time rate of change of current in the first. The henry is the practical 
unit of inductance, and mutual inductance has a magnitude of one henry when 
the current in a circuit changing at the rate of one ampere per second induces one 
volt in the second circuit. 

For a single circuit in which the effects of self-induction are considered, the 
voltage of self-induction is 

di 

e = L — volts (3.8) 

dt 

where the factor of proportionality L is the coefficient of self-induction, or simply 
the self-inductance of the circuit. Self-inductance is defined as the ratio of the 
self-induced voltage to the time rate of change of current which produces that 
voltage. Self-inductance has a value of one henry when current changing at the 
rate of one ampere per second induces one volt. 

As with resistance, inductance is a proportionality factor. It is a derived unit 
relating the more fundamental units of voltage, current, and time. Since the 
coefficients of induction characterize the behavior of circuits under the influence 
of varying currents, their use is indispensable in the analysis of alternating- 
current systems. 

3.12. Relation of Self-inductance to Magnetic Circuit. Because the magni¬ 
tudes of induced voltages depend upon the total flux produced by a given cur¬ 
rent, as well as upon the time rate of change of that flux, it follows that the con¬ 
figurations of the electrical circuits and the magnetic paths influence the self- 
and mutual inductances. From the results of Ampere’s experiments and the 
extension of the basic ideas by Maxwell, the relation between the magnetic field 
and the electric circuit can be expressed by 


and 


§ 


Hi dl = i amperes 


(3.9) 


/3 = nII webers per square meter (3.10) 


The student should realize that these relations and other basic equations are but 
mathematical formulations of physical phenomena that express the results of 
experimental investigations. The line integral in equation 3.9 is to be taken 
around a closed path. Hi is the component of the magnetic field intensity meas¬ 
ured in the direction of dl and is expressed in ampere turns per meter (or simply 
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amperes per meter), dl is in meter units, and i is the total current (conduction 
and displacement) which is linked by the path of integration. Equation 3.9 may 
be stated as follows: The work required to carry a unit magnetic pole around any 
closed path is equal to the total current linked by that path. 

The permeability n in equation 3.10 is defined by the relation 

n = n r no henry per meter (3.11) 

where n r is the permeability relative to free space (a numeric), and mo = 4* X 
10 -7 henry per meter is the permeability of free space. 



Fig. 3.5. An iron-core inductance. 


For a coil of n turns carrying i amperes and surrounding a magnetic circuit 
of length l and cross section A, Figure 3.5, the magnetic flux can be obtained 
from equations 3.9 and 3.10 as follows: 

ni . 

H — — ampere turns per meter (3.12) 


(i — n — webers per square meter (3.13) 


ni ni 

= Au— - -webers 

l l/nA 


— — webers (3.14) 

<R 


magnetomotive force 

--webers 

reluctance 

Equation 3.14 is sometimes called the expression for Ohm’s law of the magnetic 
circuit because of its similarity to his law for the electrical circuit. 2 

* A more complete treatment of the magnetic circuit is presented in Appendix I. 
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The voltage of self-induction for a coil is 


whence 


di d<b d$ di n 2 di 

dt di di dt (R dt 

d# n 2 

L — n — = — henries 
di (R 


(3.15) 


(3.16) 


From this last relation, it is observed that the self-inductance of a coil varies 
directly as the square of the number of turns, and inversely as the reluctance of 
the magnetic circuit. The coefficient of self-induction therefore is a function of 
the geometry of the magnetic circuit and physically is representative of the con¬ 
figurations of the electric and magnetic systems. This is true also for mutual 
inductance. It is by equations developed from elementary expressions of the 
above type that inductance is calculated. Inductance formulas are available in 
the various engineering handbooks for the accurate calculation of both mutual 
and self-inductance of various configurations. The value of an inductance can 
be readily determined in the laboratory either from a-c bridge measurements or 
by measuring the rate of rise of current when the circuit is connected to a 
d-c voltage source, as is described in Section 3.18. 

3.13. Example on Inductance Cal- 


"1 Meter- 


culation from Circuit Dimensions. A Q — m > 

transmission line consists of 2 parallel ^ |r d=*o cm 

cylinders, each having a diameter of ** _ 1 cm 

0.2 cm and separated 40 cm between V < j j 

centers, as is indicated in Figure 3.6. H 1 Meter H 

Calculate the inductance per meter Fig. 3.6. Inductance of a transmission line, 
length of line. 

The value of H at a distance r from a single conductor carrying a current I 
can be determined from equation 3.9, that is, 

2-irrII = I 


Fig. 3.6. Inductance of a transmission line. 


amperes per meter 


(3.17) 


(8 = p — webers per square meter 
2ir r 


(3.18) 


The total flux between the two conductors per meter length of line due to the 
current in one conductor is 

C 4 ill dr 


Jr c 2lf Jr c 


nl d 

= -log e - 
2ir r. 


(3.19) 


where r c is the radius of the conductors and d is their separation between centers. 
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The total flux linking the circuit due to currents in both conductors is double 
this value and the inductance is given by the equation 

L = - log e — henries (3.20) 

ir r c 

Substituting the values of the problem 

4t X 10 -7 

L — -log e 400 

7r 

= 2.39 X 10~ 6 henries per meter 
= 2.39 microhenries per meter 

3.14. Inductance as Flux Linkages per Ampere. From equation 3.16, self- 
inductance may be given as 

L = n — henries (3.21) 

di 

where now it is shown to be a function of the magnetization characteristic of the 
circuit, Figure 3.7. This is merely part of the B-H curve discussed earlier in 

physics where now the ordinate is total flux 
linkage rather than flux density, and the 
abscissa is the corresponding magnetizing 
current rather than the magnetizing force. 
Consequently, the rate of change of flux with 
respect to current is the slope of the mag¬ 
netization curve, and inductance may be 
highly variable. 

From the origin of Figure 3.7 to the point 
at which saturation becomes evident, that 
is, where the curve begins to deviate from 
a straight line, inductance has a constant 
value. In any magnetic circuit one may 
use inductance as a single constant only 
when the current and its associated flux 
linkages are linearly related. Beyond this 
region inductance decreases, and very rapidly 
for many magnetic systems. Below the 
region of saturation, inductance may be given as the ratio of flux linkages to 
current, for example, 

n4> 

L = — henries (3.22) 

i 



Fig. 3.7. Characteristic magnetiza- 
tion, or saturation, curve for a mag¬ 
netic circuit. 
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Equation 3.22 is not a general relation but does serve to characterize induct¬ 
ance in terms of flux linkages per ampere. It is a concept useful to a degree, but 
it is not a fundamental definition. It must also be remembered that this ex¬ 
pression implies, first, that all of the flux links all of the turns, and, second, that 
there is no saturation. If the limitations surrounding any particularized ex¬ 
pression are well understood, then one may be justified in using it even though 
it is not exact. One then is content with an approximate result, knows the ex¬ 
tent of error, and makes proper allowance in using the calculated value of the 
constant. 

3.15. Relation Between Self- and Mutual Inductances. The voltage of 
mutual induction in the second of two coupled circuits is 


whence 


dii 

C 2 — .1/12- “ A’ i Tl 9 

dt 


(M> i 

Hi 


M 


12 


d ( t>i »2 

-= A'x — Li henries 

dh ni 


Similarly, if circuit 2 is carrying current and producing a mutual flux, 


(3.23) 

(3.24) 


d$ 2 n i 

.1/ 21 = A 2 /ii -= k 2 — L 2 henries 

di 2 n 2 


(3.25) 


Note that the mutual inductances involve the magnetization characteristics of 
the individual magnetic circuits. 

It can be shown that the mutual inductance is the same no matter which cir¬ 
cuit produces the flux. Hence 


and 


M 2 = M 12 M 2i = kik 3 LiL 2 

M = AV L\L 2 henries (3.26) 


The term A = VA]A 2 is called the coefficient of coupling and expresses the ex¬ 
tent to which two circuits are coupled. The maximum value the coefficient of 
coupling can have is unity and would be obtained if the flux completely linked 
both circuits. 

Also, with the same qualifications as just stated for self-inductance, mutual 
inductance may be given as the ratio of the mutual flux linkages in a circuit to 
the current in the neighboring circuit which is producing that mutual flux. 



n 2 $i 

ji/ 10 = _-- 

=-hennes 

h 

h 

«i(A 2 $ 2 ) 

ni<*> 2 . 

M 2l = - ; - 

=-hennes 

*2 

J 2 


(3.27) 

(3.28) 
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ki is that percentage of the total flux created by the current ii which links the 
turns « 2 , and consequently is a mutual flux. 4>2 7 is defined similarly. 

The differences of the total and mutual fluxes, that is, <J>j — f^ 7 and <t >2 — 4> 2 / > 
are called leakage fluxes. The leakage flux of one circuit with respect to a second 
is simply that part of the total flux produced by the first which is not mutual to 
the two circuits, as is indicated in Figure 3.8. The partial linkages of a single 




Fig. 3.8. Mutual and leakage flues in a coupled circuit viith one coil carrying current. 


coil, for example, exist by virtue of leakage fluxes which do not enclose all the 
turns. It should be pointed out that, although the mutual coefficients Af 12 and 
Afoj are equal for two coils, the number of turns and the total and mutual fluxes 
may be quite different. Also, in general, k x and k 2 are not equal. 

3.16. Example on Inductance as Relating to Flux Linkages. Four coils of 

500 turns each are in series ad¬ 
dition on the same magnetic 
circuit, as is indicated in Figure 
3.9. Each coil produces 0.03 
weber of flux while carrying 
10 amp, and 85 per cent of the 
flux of any coil will link each of 
the other coils. Calculate the 
self-inductance of each coil, the mutual inductance between any two coils, and 
the over-all inductance of the entire circuit. 






500 Turns Each 


Fig. 3.9. Calculations of components of inductance, 
and overall inductance, of coils in series. 


Solution: 

1. Self-induced flux = 0.03 weber per coil. 

2. Mutual flux per pair of coils = 0.85 X 0.03 = 0.0255 weber. 

3. Leakage flux per coil = 0.15 X 0.03 = 0.0045 weber. 

4. Total flux per coil = 0.03 + 3 X 0.85 X 0.03 = 0.10G5 weber, 

5. Flux common to all coils = 4 X 0.85 X 0.03 = 0.102 weber. 


6. Self-inductance per coil = ^ ^ 

10 

7. Mutual inductance per pair of coils = 


= 1.5 henries. 

500 X 0.85 X 0.03 
_ 


1.275 henries 


8. Over-all inductance = 4 self + 12 mutual = 6 + 15.3 = 21.3 henries. 
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In this special case, ki = 0.85 = k 2 — k a = k±, and the coefficient of coupling 
between any two coils is also 85 per cent. 

3.17. Losses in Inductances. All inductances have losses associated with 
them which at audio and radio frequencies often set the limit of performance of 
a circuit. On steady direct current, the only loss is that due to the d-c resistance 
of the winding. On alternating current, except at very low frequencies, the 
equivalent series resistance of an air-core coil is very much greater than the d-c 
resistance. The increase in resistance is due to the skin and proximity effects dis¬ 
cussed in Section 3.7, hysteresis losses in dielectrics—the coil form for example— 
and eddy-current losses in metallic objects such as the chassis and supports in the 
vicinity of the coil. All these losses increase with frequency. If a core of mag¬ 
netic material is used, the losses are further increased as a result of the eddy- 
current and hysteresis losses in the magnetic material. The eddy-current losses 
can be kept reasonably low by using thin laminations of the magnetic material. 
Laminations as thin as 0.002 in. have been used in inductances that have a fairly 
low loss at frequencies up to 1,000,000 cycles. Powdered magnetic cores have 
usable qualities at frequencies somew'hat above a hundred megacycles. These 
consist of a fine powder (powder diameters as small as 10 microns are in com¬ 
mercial use) molded into form with an insulating binder. The molded cores are 
used to a considerable extent at all communication frequencies, both audio and 
radio, and have mainly displaced the laminated cores at frequencies where the 
use of very thin laminations was necessary. 

The effective series resistance IE of a coil generally takes into account all the 
losses, its value being such that when multiplied by the square of the line cur¬ 
rent the product is equal to the total losses. The figure of merit of a coil is gen¬ 
erally expressed by the ratio of the reactance (to be discussed later) to the re¬ 
sistance. This ratio is known as the Q of the coil, that is, 


ojL 



(3.29) 


The Q of a coil at first increases with frequency, reaches a broad maximum, and 
then decreases as the frequency is further increased. A coil can generally be 
designed so that the maximum value of its Q occurs in the intended working 
frequency range of the coil. The Q of radio-frequency coils is usually in the range 
of from 100 to 300. 

3.18. Energy Storage in Magnetic Fields. A pure inductance does not con¬ 
sume energy from an electrical system but stores the energy in its magnetic field. 
Energy is required to establish the magnetic field but not to maintain it. The 
energy stored in the field is similar to the kinetic energy stored in a freely moving 
body. It requires energy to put such a body in motion but none to maintain the 
motion if there are no frictional forces present. Since the field is present only 
when currents are flowing, the energy is directly associated with the flow of cur¬ 
rent and hence this form of energy is termed kinetic. 
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The expression for the energy stored in a magnetic field can be obtained by con¬ 
sidering the energy absorbed by an inductance coil when it is connected to a d-c 
voltage source. Since any physical inductance coil will have resistance in the 
conductor, we should also consider the energy dissipated as heat in the copper of 
the winding. This energy lost as heat is in no way related to the energy of the 
magnetic field. On closing the switch s of the circuit shown in Figure 3.10a, a 
current will flow. There will be voltage drops across both the resistance and the 



inductance of the circuit. The summation of these voltage drops must equal the 
voltage of the supply. Expressing this relation in equation form 

di 

E = e R + c L = Ri + L- (3.30) 

dt 

In Chapter II, it was shown that the instantaneous rate of flow of energy 
(power) from a power source is given by the equation 

P = Ei watts 


It follows that the energy taken from the supply, in t seconds after closing the 
switch, is expressed as 


W 


=- f Eidt 
Jo 

-t[ af+u ^* 

= I Ri 2 dt + \Li 2 watt-seconds 

•A) 


(3.31) 


The first term of this last equation is the energy dissipated as heat in the re¬ 
sistance of the conductor. The second term is the energy stored in the magnetic 
field of the inductance and exists only while current is flowing. The energy stored 
in the mapietic field also can be expressed in terms of the field quantities /3 and 
H, and this treatment also leads to the expression given in equation 3.31. Basic 
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considerations in electromagnetic theory show the energy stored per unit volume 
by a magnetic field is given by the expression 


W per unit volume 



(3.32) 


When the relation between p and H is linear, equation 3.32 becomes 

W per unit volume = ^PH watt-seconds (3.33) 

For a magnetic circuit of the type discussed in Section 3.12, the total energy 
stored in the volume is equal to 

W = ^(Ap)(Hi) watt-seconds 

— £(<i>)(ra') watt-seconds 

= ^Li 2 w att-seconds (3.34) 

where ni has been substituted for HI from equation 3.12, and Li has been sub¬ 
stituted for n4> from equation 3.22. 

With the exception of equation 3.32, it should be emphasized that the fore¬ 
going expressions for energy assume a constant permeability and that the in¬ 
ductance is not a function of current or flux. WTien the relation of P to H is 
non-linear, the energy stored in the magnetic system is given by either 


or 



watt-seconds 


r l 

H dp watt-seconds 


(3.35) 

(3.36) 


The integrals of equations 3.35 and 3.36 are the expressions for the shaded areas 
of Figures 3.11a and 3.11b, respectively. 




Fig. 3.11. Typical magnetization curves. 

When the switch is opened, all this energy must be out of the field by the time 
the current reaches zero. The energy stored in the field clearly manifests itself 
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by arcing at the switch contacts when the current in a large inductance is in¬ 
terrupted. 

As a practical example of the phenomena of an inductive circuit, the energy 
stored in the magnetic fields of machines may be several hundred, or a few thou¬ 
sand, foot-pounds. Upon opening the field circuit, a very high voltage, dangerous 
to life and damaging to the insulation of the coils, may be induced. The switch 
also may be injured because of arcing between the blades and clips. These are 
the reasons that a resistance, called a discharge resistor, often is connected across 
the field terminals of a machine just before the field supply switch is opened. 
The stored energy thus is dissipated as heat in the discharge resistor and the 
coils and does not appear in arcing at the switch. 

The solution of equation 3.30, for the initial condition that i = 0 at t = 0, is 


E /1 -(R'L)t, 

i = — (1 — e ) amperes 


(3.37) 


This equation is plotted in Figure 3.10b. The quantity L/R is called the “time 
constant” of the circuit. It has a magnitude equal to the time in seconds re¬ 
quired for the current to reach 63.2 per cent of its final value. "When the current 
has reached its final value, the voltage drop across the inductance element is 
zero and the applied voltage is equal to the iR drop in the circuit. Although 
equation 3.37 indicates an infinite time for the current to reach its steady state 
value, actually, in any circuit this state is reached in a very short time, at most, 
a matter of seconds. 

3.19. Importance of Inductance. Inductance has very important uses. In 
terms of these circuit constants are expressed the self- and mutual flux linkages 
of circuits, the self- and mutual induced voltages, and the energy stored in the 
magnetic fields. These uses are apparent from the discussions on the derivations 
of these quantities. In alternating-current work, a knowledge of inductance is 
vital to the solutions of such problems because of the associated reactances which 
are derived from the inductances. The performance of electrical machines is 
described almost wholly in terms of inductive, or reactive, coefficients, and a 
thorough understanding of the physical relations surrounding inductance readily 
will permit a good grasp of the principles of operation of electrical apparatus. 
Practically all problems involving varying currents require information at the 
start on the circuit inductance before calculations can be made. Mutual and 
self-inductances are indispensable circuit elements in radio-frequency trans¬ 
mitters and receivers. Inductances have important applications as “choke coils” 
in suppressing undesired a-c components from rectifiers supplying d-c power. 
They are inserted in communication cable lines, generally referred to as loading 
coils, to neutralize the effect of the inherent capacity of the cable and thereby 
make possible effective communication over greater distances. These are but a 
few of the many applications. 

3.20. Capacitance of a Condenser. An electrical condenser is composed of 
two conducting materials separated by a nonconducting medium, or dielectric. 
A condenser possesses the property of storing charges and therefore may accumu- 
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late a quantity of electricity. The simplest type of condenser, and one quite 
familiar, is made of parallel plates of copper, aluminum, tin foil, etc., separated 
by air, mica, glass, paper, etc. Alternate layers of conducting and non-conduct¬ 
ing material may be built up to form a multi-plate condenser, every other con¬ 
ductor connected to one terminal, and the alternate conductors to a second ter¬ 
minal. Although condensers perhaps are usually thought of as special devices 
constructed purposely for the storage of charge, all electrical systems exhibit 
condensive effects. The conductors of transmission lines, the turns of coils, 
the windings of machines, in fact, the wires of any circuit become plates of con¬ 
densers. 

When a voltage is applied to a condenser, a current will flow and a charge will 
be given the condenser plates. The quantity cf electricity stored is in direct 
proportion to the applied voltage. Converse^, a charged condenser shows a 
potential difference between its terminals in direct ratio to the charge which it 
carries, this voltage being exactly equal to the voltage required in the storing 
process. The relation between the quantity q of the stored electricity and the 


voltage e is 


q — Ce coulombs 


(3.38) 


where C is the factor of proportionally and is called the capacitance of the con¬ 
denser. 

Capacitance is the ratio of the charge to the voltage required to store that 
charge, or the ratio of the charge on the condenser to the potential difference ap¬ 
pearing between its terminals. It also may be defined as the quantity of elec¬ 
tricity required to raise the potential of the condenser a given amount. In the 
mks system the unit of capacitance is the farad, and an electrical system has a 
capacitance of one farad when one coulomb is necessary to raise the potential 
one volt. Because the farad is a very large unit, the microfarad (10 e farad) or 
the micromicrofarad (10 12 farad) is used in practice. 

The derivation of capacitance is analogous to the derivation of the spring con¬ 
stant given in the symbolic statement of Hooke’s law. The force required to 
elongate a spring is directly proportional to the elongation, the factor of pro¬ 
portionality being the spring constant. This constant, obtained from mechanics, 
and capacitance, an electrical circuit constant, bear analogous reciprocal rela¬ 
tions to each other. 

3.21. Geometric Properties of Capacitance. The basic problem in capaci¬ 
tance calculations is to determine the electric field distribution in the region of 
the conducting plates. "When the field distribution can be determined by in¬ 
spection of the geometry, the capacitance can be readily calculated with the aid 
of the following fundamental relations: 


f: 


D n ds = q coulombs 

D = eS coulombs per square meter 


£ = 


dE 


— volts per meter 
dx 


(3.39) 

(3.40) 

(3.41) 
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The surface integral is to be taken over a closed surface, D n is the component of 
electric flux normal to the element of area ds, and q is the quantity of charge en¬ 
closed by the area. Equation 3.39 states that the electric flux diverging from a 
charge q is equal in magnitude to q. 

The dielectric constant e in equation 3.40 is defined by the relation 

t = € r to farads per meter (3.42) 

where e T is the dimensionless dielectric constant of the insulating material rel¬ 
ative to free space and e 0 is the dielectric constant of free space. In the ration¬ 
alized mks system, « 0 is given by 

e 0 = 8.854 X 10“ 12 — —X 10~ 9 farad per meter 

36ir 

Equation 3.41 states that the electric field intensity (the force in newtons on a 
unit charge) is equal to the negative of the potential gradient. 

As an example of the use of these relations, consider the capacitance of a 
parallel-plate condenser, shown in Figure 3.12, in which the fringing of the 
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Fig. 3.12. Capacity of a parallel-plate condenser. 


electric flux lines in the vicinity of the edges can be neglected. Under this ap¬ 
proximation, the flux, due to a charge q, will be uniformly distributed over the 
plate area A, that is, 

q 

D = — coulombs per square meter 

and 

1 

8 = - D volts per meter 
€ 

“ eA 

Since the flux density is uniform, and hence the potential gradient 8 is constant 
between the plates, the voltage between the plates is given by the relation 

E = sS 


s 

= — q volts 
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where s is the plate separation in meters. The capacitance is 



E 


= « — farads (3.43) 

s 

all quantities being in mks units. Equations of capacitance, derived in a similar 
manner, for the more common configurations are available in the various engi¬ 
neering handbooks. 

The capacitance of a condenser is measured most accurately by bridge meth¬ 
ods, usually at a fixed frequency, for example, 1,000 cycles per second. Capac¬ 
itance also may be calculated from capacitive reactance measurements at a 
known frequency, or it may be found by a d-c comparison test with a ballistic 
galvanometer. 

Practically, all condensers have some energy loss in their use, although this 
loss may be extremely small and, in a good many cases, negligible. Whereas it 
is generally necessary to consider the losses in all practical inductors, condensers 
can be designed that approach so closely the ideal that the losses can be deter¬ 
mined only by most careful and accurate measurements. The lead wires and the 
plates themselves, especially if the plates are long, possess resistance. Further, 
on an a-c voltage, dielectric hysteresis accompanies the reversals of voltage, and 
heating of the dielectric results, this being the main loss in a condenser at radio 
frequencies. Heating decreases the dielectric strength of the insulating material, 
and, if too great, may lead to breakdown of the dielectric. Losses usually are 
taken into account by assuming a resistance, either in parallel or in series with 
the condenser, of such magnitude that the copper loss in it equals the total energy 
loss of the condenser. 

3.22. Condensers in Combination. When condensers are placed in parallel, 
the charge stored on each depends upon the applied voltage and is in no way af¬ 
fected by the adjacent condensers. Consequently, the total capacitance of the 
group in parallel is the sum of the capacitances of the serveral condensers. With 
condensers in series, and if leakage current can be neglected, the same amount 
of charge, but of opposite sign, is placed on each set of positive and negative 
plates of all condensers. Since no charge can flow through the insulation, the 
net charge on the inner plates of two consecutive condensers is zero, and only 
the outer plates carry a resultant charge. The voltage across the condensers 
varies inversely as the separate capacitances, and the over-all capacitance of 
the combination is calculated from the relation 



where C eq is the equivalent capacitance of the group in series. 


(3.44) 
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3.23. Energy Storage in Electric Fields. A condenser is similar in one respect 
to a pure inductance, in that it can store energy but does not consume it. When 
energy is stored in the electric field of a condenser, a voltage exists between the 
positive and negative plates, as given by equation 3.38. The energy in the elec¬ 
tric field is always associated "with charges on the plates and is in the form of 
potential energy. In this respect it is similar to the energy stored in a suspended 
weight. 

In calculating the energy stored in a condenser, the same general method as 
was used in treating the inductance coil can be applied. The circuit arrangement 



t 


(a) (6) 

Fig. 3.13. Condenser charging current in an R-C circuit. 


for resistance and capacitance is shown in Figure 3.13a. The summation of the 
voltage drops across the resistance and across the condenser must equal the ap¬ 
plied voltage, hence 

E = eR + ec = iR + — volts (3.45) 

C 

The energy taken from the supply is given by the expression 


W = f Ei dt 




Ri 2 dt 4-watt-seconds 

2 C 


(3.46) 


The similarity between equations 3.46 and 3.31 is evident. The second term of 
equation 3.46 is the energy absorbed by the condenser. This energy relation also 

may be written „ 

1 g 2 1 1 

energy =- = - qe = - Ce 2 watt-seconds (3.47) 

2 C 2 2 


As is true of the energy stored in inductors, the energy stored in a condenser 
can be expressed in terms of the electric field. Experimental evidence indicates 
the energy stored by the electric field per unit volume is 

W per unit volume = rt&D watt-seconds 


(3.48) 
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The total energy stored is, therefore, 

W = \ f &D dv watt-seconds (3.49) 

Jo 

where the integration is to be carried out over the region occupied by the field. 
For the case of the parallel-plate condenser, the field is uniform, and the ex¬ 
pression for the stored energy becomes 

W = %(s&)(AD) watt-seconds 

which is equal to 

W = %eq watt-seconds 

The solution of equation 3.45, for the initial condition that q = 0 (or i 
when t = 0, is 

-t/RC 

i — — e 

R 

which is plotted in Figure 3.13b. The time constant for the circuit is RC and 
has the same interpretation as L/R of the R-L circuit. 

In any actual circuit, the current reaches zero after a few seconds. At this 
time, the applied voltage exists wholly across the condenser. The capacitive 
circuit differs from that of the inductive circuit in that the energy remains stored 
in the condenser after the switch is opened. The existence of energy is shown 
by a spark when the condenser is discharged by short-circuiting its plates. 
The electrical energy stored in a condenser, although disconnected from any cir¬ 
cuit, may be sufficient to endanger life. For this reason, it is always advisable 
to discharge a condenser after it has been in use. 

Problems 

1. No. 20 copper wire has a diameter of 32 mils. Calculate the resistance of 1,000 ft 
of this wire, assuming K = 12 ohms per circ.-mil ft, and compare your result with that 
obtained from an interpolation of the wire table for a 60°C resistance. 

2. The 275-kv transmission line between Hoover Dam and the city of Los Angeles is 
270 miles long. The copper conductors are in the general form of cylinders having an 
outside diameter of 1.400 in. and a wall thickness of approximately 0.09 in. Determine 
the resistance of one conductor at 20°C. For an assumed current density of 500 amp per 
sq in., determine the power loss in the conductor. 

3. A heat test is taken on a coil. The initial current is 0.80 amp with a coil voltage 
of 49 volts. Fifteen minutes later the current is 0.68 amp with a coil voltage of 58 volts. 
What has been the average temperature rise through the coil? The initial temperature 
is 20°C. By what percentage has the resistance increased if, at the end of 7 min, the 
average temperature rise is 70°C? 

4. A coil of given dimensions is designed for No. 9 wire. If the design is changed to 
call for No. 12 wire, the over-all dimensions remaining the same, what is the approximate 
ratio of resistances of the 2 coils? 

6 . The field coils of a shunt motor take 1.22 amp with 68 volts across them at an 
initial temperature of 20°C, and 1.08 amp with a drop of 70.5 volts after a load run. If 


(3.50) 

(3.51) 
= E/R) 

(3.52) 
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115 volts are applied to the total field circuit, what resistance is in the control rheostat? 
If the rheostat setting has not changed during the test, what is the final average tempera¬ 
ture rise of the windings? 

6 . A 230-volt heating unit consists of two elements in parallel, each without taps. 
Maximum power input to the unit is 2,000 watts. What connections can be used for 
reduced heating, and what is the corresponding power input to the unit? 

7. A test on a 50-watt, 120-volt tungsten-filament lamp shows a resistance of approx¬ 
imately 18 ohms at 20°C. What is the apparent current the lamp will draw just as 
120 volts are applied to it? What is the percentage increase in resistance at normal 
operating temperature? Repeat the solution but for a 16-candlepower, 110-volt carbon- 
filament lamp which has a resistance of 485 ohms at 20°C and which takes a normal 
current of 0.413 amp at 110 volts. 

8 . What series resistance is required for a 25% reduction in the power taken by a 
120-volt, 500-watt heating element? Assume that the resistance of the element does not 
change appreciably with temperature. WTiat decrease in voltage would give the same 
decrease in power taken by the element? 

9 . A multi-conductor cable has 40 strands of No. 3 copper wire insulated from each 
other. What is the resistance at 55°C of 2,500 ft of cable if (a) all strands are connected 
in series, (b) all strands are in parallel, (c) all conductors are arranged in 5 equal and 
parallel paths? 

10. The complete armature winding of a machine is composed of 504 coils arranged in 
12 parallel paths. Each coil has one turn and is composed of 3 strands of rectangular 
copper placed side by side. The dimensions of a strand are 0.05 by 0.55 in. and the mean 
length of turn is 90 in. Calculate the over-all resistance of the winding at 60°C, and the 
weight of copper. 

11. The armature winding of a machine is composed of 864 coils arranged in 18 parallel 
paths. Each coil has one turn of 0.135 by 0.55 in. conductor section and a mean length 
of turn of 96 in. Calculate the 60° resistance of the winding and the weight of copper. 

12. In testing for the insulation resistance of a generator armature, one terminal of a 
238-volt power supply is connected to the frame of the machine. The other power termi¬ 
nal is connected through a voltmeter to the armature winding. The voltmeter indicates 

28.5 volts on the 300-volt range and has a resistance of 300,000 ohms. What is the insu¬ 
lation resistance of the armature winding? 

13. An aluminum cable, steel reinforced, contains 30 circular conductors of aluminum 
of 0.1456 in. diameter, and 19 circular strands of steel conductor of 0.0874 in. diameter. 
Calculate the over-all resistance per mile of cable. K = 17 ohms per circ. mil ft for 
aluminum, and 95 for steel. By what percentage does the presence of the steel wire alter 
the resistance had the cable contained only 30 aluminum conductors? 

14. A spool has the following net dimensions for a coil: 2 in. inner diameter, 6 in. outer 
diameter, 4 in. height. No. 27 copper wire is used which has a diameter of 0.0192 in. 
including insulation. On 230 volts, what will be the ampere-turns of the coil? What will 
be the heat dissipation in watts per square inch of total outside area of the coil? 

15. A coil of 9,425 turns is wound with No. 28 copper wire. The coil dimensions are: 

1.5 in. inner diameter, 4.18 in. outer diameter, and 3 in. height. What is the approximate 
diameter of the wire including insulation? If the maximum heat dissipation is 0.4 watts 
per sq in. of total outside area of the coil, what is the maximum voltage that may be 
applied? How many ampere-turns does the coil have on 115 volts d-c? 

16. A face-plate rheostat has a rating of 125 volts, 300 ohms, 1.4-0.33 amp. What 
minimum resistance must be in series with this device so as not to exceed these values of 
current? 

17. A rheostat for the field circuit of a machine has a rating of 125 volts, 250 ohms, 
10-0.5 amp. Under what condition can the rheostat be placed directly across a 125-volt 
power supply? What minimum resistance should be in series with the rheostat so that 
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it will not be damaged, regardless of the position of the movable arm? Over what range 
will the rheostat control the voltage of a 70-ohm field circuit if the supply voltage is 
115 volts? For what maximum supply voltage can this rheostat be used as a potential 
divider? What mechanical change is required in the rheostat for this use? Sketch the 
circuit showing the device both as a rheostat and as a potential divider. 

18. A d-c motor to drive a pump on board ship requires a feeder circuit of 200 ft, one 
way, from the main 240-volt bus. What size of copper wire should be installed if the 
motor is to deliver rated output of 25 b", at 90% efficiency, with a voltage drop no greater 
than 4% for the feeder? K = 10.8 ohms per circ. mil ft. 

19. A 35-kw d-c load is supplied over an 8QG-ft (one way) feeder circuit of No. 6 copper 
wire. For a feeder input voltage of 600 volts and a temperature of 30°C, what is the 
voltage at the load? What is the efficiency of transmission of electrical power for the 
feeder circuit? 

20. A 600-volt d-c generator is to supply a 30-kw load 1,000 ft away at 550 volts over 
a transmission line. A second load requiring 50 amperes is to be connected to this line 
at its midpoint. What size of copper wire should be used for the line? K — 10.6 ohms 
per circ. mil ft. Calculate the kw of the 50 ampere load. 

21. The 6 identical sections of a complete motor winding are connected in series to 
form a closed loop. Each section has 2 parallel electrical paths of 6 coils each. All coils 
have 25 turns of cylindrical copper wire, 72 mils diameter, and a mean length of turn of 
35 in. If the winding is tapped between every two sections, what is the over-all resist¬ 
ance at 60°C between any 2 taps? 

22. In making a resistance measurement by the voltmeter-ammeter method, the am¬ 
meter is placed ahead of the resistor and the voltmeter. WTiat is the percentage error in 
the measurement if the resistance actually is 200 ohms and the resistance of the volt¬ 
meter is 15,000 ohms? For this arrangement of the instruments, and a given percentage 
permissible error, what is the maximum resistance that can be measured, expressed in 
terms of the resistance of the voltmeter? If the voltmeter is connected so as to read the 
drop across both the ammeter and the resistor, what is the minimum resistance that can 
be measured for a given percentage permissible error? Express the resistance in terms 
of the resistance of the ammeter. 

23. A 500-turn coil has an inductance of 0.15 henry. What approximate number of 
additional turns are required to give the coil an inductance of 0.225 henry? 

24. The over-all inductance of 2 coils in series is 12 henries. When the connections 
of one coil are reversed, the over-all inductance is 4 henries. What voltage is induced 
in either coil if the current in the other is reduced from 10 amp to zero in 0.1 sec? The 
coils remain in the same relative positions. 

26. If the coils of problem 24 are alike except for the fact that one has twice the num¬ 
ber of turns of the other, calculate their self-inductances and the coefficient of coupling. 

26. The self-inductances of 2 coils are L\ and L 2 , respectively, and the mutual induct¬ 
ance between them is M. Show that when in series the over-all inductance of the combi¬ 
nation is Li + Z /2 db 2 M. 

27. Two coils, one of 500 turns and the other of 200 turns, are connected in series 
opposition. The coils are alike except for the number of turns, and 60% of the flux pro¬ 
duced by either coil is mutual to the other. If the 500-turn coil creates 0.005 weber of 
flux with 6 amp, what is the over-all inductance of the combination? 

28. A 1,000-turn coil produces a total flux of 0.01 weber when carrying 10 amp. Leak¬ 
age flux is negligible. Calculate (a) the inductance per turn, (b) the mutual inductance 
between any 2 turns, (c) the total mutual inductance of the coil, and (d) the over-all 
coil inductance. What is the ratio of the total mutual inductance to the sum of the self¬ 
inductances of the individual turns? 

29. Four coils of 400, 300, 200, and 100 turns, respectively, are all connected in series 
aiding. With 5 amp they produce a total mutual flux of 0.015 weber. Assuming the 
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coils to be alike except for the number of turns, and neglecting leakage flux, calculate 
(a) the self-inductance of each coil, (b) the mutual inductances between the several 
pairs of coils, and (c) the over-all inductance of the circuit. Calculate the over-all induct¬ 
ance of the circuit if the connections to the 200-turn coil are reversed. 

30. Two coils of 600 and 900 turns, respectively, are connected in series opposition. 
The coils are alike except for the number of turns, and for a current of 1.2 amp they 
produce a resultant mutual flux of 40,000 lines. With the coils in the same relative posi¬ 
tions, but disconnected from each other, what rms voltage will be induced at the terminals 
of the 900-turn coil if the other carries a current of 0.5 sin 377 1 amp? 

31. The following corresponding data are for a magnetic circuit: 

NI (ampere-turns) = 50 100 150 200 300 400 600 

800 1,000 1,300 1,600 

0 (kilolines) = 150 700 2,400 4,000 5,700 6,500 7,300 

7,800 8,100 8,300 8,500 

The exciting coil of 100 turns carries 2 amp. If the current is increased 0.1 amp in 0.01 
sec, what voltage is induced in the coil? What is the inductance of the winding for this 
position on the magnetization curve? For the same rate of change of current, determine 
the induced voltages for initial currents of 0, 1, 4, 6, 10, and 14 amp. 

32. The field coils of a 6-pole d-c generator have 1,200 turns each and are in series elec¬ 
trically. Sketch the general configuration of the complete magnetic circuit. With a 
normal field current of 5 amp, the total flux per pole is 0.0334 weber of which 0.03 weber 
is useful (air-gap) flux mutual to the field and armature windings. Calculate (a) the 
inductance of the field circuit, (b) the total energy storage in watt-seconds, (c) for normal 
flux configuration, the value of the magnetomotive force associated with the flux that is 
mutual to adjacent poles. In computing the inductance from total flux linkages, have 
all self and mutual inductances been included? Neglect saturation. 

33. The field coils of a 4-pole generator have 2,000 turns each and all coils are in series. 
For total flux linkages per pole of 48 weber-turns the generated voltage is 125 volts. A 
plot of the generated voltage as a function of the field current is known as the saturation 
curve of the machine. By what factor must the slope of the saturation curve be multi¬ 
plied in order to obtain the curve of inductance vs. field current? 

34. The field coils of a 12-pole generator have 600 turns each, are connected in series, 
and carry 26.75 amp. The total flux per pole is 0.1715 weber of which 83.5% crosses the 
air gap to the armature. What is the over-all inductance of the field circuit? What is 
the maximum mutual inductance between the field circuit and a single-turn armature 
coil if the coil spans a full pole pitch? Neglect effects of saturation. 

36. A coil of R ohms resistance and L henries inductance is carrying a steady current 
when suddenly short-circuited. WTiat quantity of electricity, expressed symbolically, 
flows through the circuit during the complete discharge of the magnetic field? 

36. What is the time constant of a circuit containing 2 coils in series, with negligible 
mutual inductance, if their individual time constants are 6 and 14 sec? Assume, first, 
that L\ = L 2 , and, second, that Ri = 2? 2 . 

37. Show that the energy stored in the mutual field of a coupled circuit is Mi\i^ 

38. Solve the differential equation for the R-L circuit, with a d-c voltage applied, for 
the current. You may separate the variables and integrate or follow the general treat¬ 
ment for the linear differential equation. 

39. A coil has a resistance of 40 ohms and a time constant of 0.125 sec. If 100 volts 
d-c is applied to the coil, at what rate is the current rising at t = 0; at t = 0.125 sec? 
What is the magnitude of the current at t = 0.125 sec? What time would be required 
for the current to reach its final value if it could continue to rise at its initial rate? What 
is the value of the current when the magnetic field is receiving energy at its greatest rate? 

40. The air-gap flux of a 6-pole machine is 7.2 X 10 6 lines. Leakage flux per pole is 



CIRCUIT CONSTANTS 


63 


15% of this value. Each field coil has 620 turns, the series resistance of the coils being 
7.1 ohms. Normal field current is 15 amp for 125 volts applied to the field circuit. How 
long does it take for the field current to reach half value after the field switch is closed? 
What is the energy stored in the magnetic field at full current? If a field discharge 
resistor is connected across the field circuit an instant before the field switch is opened, 
what must be the ohmic value of the resistor to limit the voltage across the circuit to 
1,500? How much energy will it have to dissipate? Neglect effects of saturation in the 
problem. 

41. A transmission line consists of two concentric cylinders having radii of 0.5 cm 
and 2.5 cm. Determine the inductance per mile of line. 

42. Each plate of a 25-plate variable air condenser has an area of 2.5 sq in., and the 
separation between consecutive plates is 0.03 in. Calculate the maximum capacitance 
of the condenser. 

43. A 0.5-juf condenser is made of parallel sheets of tin foil and paper. The paper has 
a thickness of 2 mils and a relative dielectric constant of 2.6. What length of each kind 
of material is required if the sheets are to be 4 in. wide? How many layers of paper are 
required if the condenser is to be made by stacking alternate layers of foil and paper, 
each 4 in. by 6 in.? If 2 sheets each of paper and foil, 4 in. wide, are laid alternately on 
each other and the whole rolled into a cylinder, what length of foil is required? 

44. A condenser is made of 2 brass plates each having dimensions of 10 in. by 6 in. for 
the surface areas. The measured capacitance is 660 /z//f when a glass plate 0.12 in. thick 
is inserted between the conducting plates. What is the relative dielectric constant 
of the glass as indicated by the measurements? Repeat for a bakelite plate 0.13 in. thick 
as the dielectric and with C = 810 jLqxf. What is the resultant capacitance of the con¬ 
denser if both glass and bakelite are inserted together? If 500 volts are applied to the 
brass plates, what is the voltage across each dielectric, and what is the voltage gradient 
of each? 

45. A transmission line consists of 2 concentric cylinders having radii of 0.5 cm and 
2.5 cm. Determine the capacitance per meter length of line when the dielectric is air. 

46. How many units of charge are stored on the plates of a 25-juf, 460-volt condenser? 
What is the stored electrostatic energy at rated voltage? 

47. Three condensers of 2, 3, and 5 /xf, respectively, are connected in parallel across a 
1,500-volt supply. What is the stored energy in each condenser? If these condensers 
are connected in series across the same d-c supply, what is the voltage that exists across 
each condenser? Neglect leakage current. 

48. A condenser bank is to be built to give a maximum capacity of approximately 
30 fx{ to be reached in steps of one pf. What are the minimum number of condensers 
required and what should be the capacitance of each? Sketch the circuit arrangement. 

49. A voltage of 110 volts d-c is applied to a series circuit of 70 ohms resistance and 
25 /xf capacitance. Derive the equation for the variation of current. At what rate is 
the current changing just as the switch is closed on the circuit? In what length of time 
would the current become zero if it could continue to decrease at this rate? What is the 
value of the time constant T of the circuit? What is the magnitude of the current at 
t = T sec? Calculate the maximum value of stored electrostatic energy in the condenser. 
What total energy is given the circuit from the time the switch is closed until the current 
has died away? What energy has been lost in the resistance during the complete charg¬ 
ing process? How does this energy compare with the stored energy? 

60. A 25-/xf condenser is fully charged from a 115-volt d-c supply. What is the charge 
on the plates and what is the stored energy? The condenser then is discharged through 
a resistance of such magnitude that half voltage is reached in 0.05 sec. What is the ohmic 
value of the resistance, and what is the current at this time? 

61. A 150-volt voltmeter having 15,000 ohms resistance, a 5,000-ohm resistance, and a 
25-juf condenser are connected in series. If 115 volts d-c are applied to the circuit with 
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the condenser short-circuited, what will be the scale reading of the voltmeter? What 
will the voltmeter read 0.25 sec after the switch across the condenser is opened? What 
multiplying factor for the voltmeter scale will give corresponding currents? 

52. In testing the accelerating characteristics of grades of gasoline, use has been 
made of a fifth wheel mounted on the running board of an automobile. The wheel drives 
a small d-c generator having constant flux. Connected in series across the armature of 
the generator are a condenser and a galvanometer. Neglecting circuit resistance, show 
that the galvanometer readings give a measure of the acceleration of the car. 

53. A small neon glow lamp which ionizes at 70 volts is placed across a 1-juf condenser. 
In series with the parallel combination is a resistance R . What must be the value of R 
for the neon lamp to glow 20 sec after 120 volts d-c are applied to the circuit? 

64. A voltage of 120 volts d-c is applied to a series circuit consisting of a 20->uf con¬ 
denser and a resistor. The circuit has a time constant T = 0.16 sec. At what time will 
the voltage across the condenser be 70 volts? At what time will the voltage across the 
resistor be 30 volts? What resistance is required in order that the voltage across the 
condenser be 70 volts at the end of 0.1 sec? 

55. A neon glow tube is connected across the terminals of a 1.5-juf condenser, and the 
condenser is charged from a 110-volt d-c source through a 1.2-megohm resistor. The 
tube ionizes at 69.5 volts and deionizes at 23 volts. Sketch the variation of condenser 
voltage as a function of time, neglecting the small time interval between ionization and 
deionization of the tube. What is the frequency at which the tube flashes? 

56. A 25-ptf condenser, charged to 120 volts, and a 10->uf condenser, charged to 460 
volts, are connected in series opposition through a 5,000-ohm resistor and an open switch. 
What is the total initial energy stored in the condensers? Write the equation for the 
current after the switch is closed. What is the total energy stored in the condensers 
one second after the switch is closed? Account for any energy change and check your 
result. Neglect the leakage resistance of the condensers. 

57. An electrical circuit consisting of 2 series condensers is formed when a gasoline 
truck discharges gasoline to an underground storage tank through a hose having a metal 
protective covering. The paint of the tank and the tires of the truck are the respective 
dielectrics of the condensers which have a common ground. The flow of gasoline pro¬ 
duces a charge, corresponding to a current flow in this closed circuit. Assuming an equiva¬ 
lent current of 3 X 10“ 8 amp for a discharge rate of 50 gal per min, and a capacity of 
850 mi f to ground for the truck, what electrostatic voltage is developed for a discharge 
of 75 gal at this rate? Assume the truck tank is not grounded. 

58. With condensers connected in series across a d-c voltage source, what determines 
the distribution of voltage across the condensers if the leakage current of the condensers 
cannot be neglected? 

59. Three condensers of 0.7, 1, and 1.5 /zf, respectively, are connected in series across 
an 8,000-volt d-c supply. A 5-megohm resistor is connected across each condenser. Cal¬ 
culate the charge on and the voltage across each condenser. With a 5-megohm resistor 
connected across the 0.7 ^f condenser, what values of resistance should be connected 
across the other two condensers in order to have the same charge on each condenser? 
With these new resistors, what voltage appears across each condenser? 



CHAPTER IV 


SINGLE-PHASE, ALTFRNATING-CURRENT CIRCUITS 

It is the purpose of this chapter to discuss the fundamental relations with re¬ 
spect to voltage, current, and power in the single-phase circuit. Specifically, 
interest lies in the investigation of the effects of the circuit constants upon the 
current and power when a sine wave of voltage is impressed on these elements, 
either singly or in combination. The waves of current and voltage ordinarily 
encountered in practice are sinusoidal and yield readily to elementary methods 
of analysis. 

4.1. Sine Waves. From the preceding developments, a voltage and a current 
are sinusoidal if their periodic variations in time may be expressed by the equa¬ 
tions 

e = E m sin 2ir ft = E m sin at 
i = I m sin 2wft = I m sin w£ 

E m and I m are the maximum values of voltage and current, / is the frequency of 
the waves in cycles per second, and w is the angular velocity in electrical radians 
per second at which the generating system produces the voltage. The equations 
give the instantaneous values for any arbitrary time t seconds. 

The above equations for e and i definitely imply measurement of time from 
that point at which the waves cross the time axis and are increasing positively. 
In more general terms, we may write 

e = E m sin (c d ± «i) 

i = I m sin (id ± a 2 ) 

where an arbitrary reference ordinate from which time is measured now is chosen 
at a phase angle a to the right, or to the left, of the zero point of the waves, as a 
is + or —. Further, a may be different in magnitude and, in general, will be for 
every voltage and current component in a circuit. The phase angle between any 
voltage or current and any other voltage or current is the algebraic difference be¬ 
tween their respective phase angles. Specifically, it is the angle between cor¬ 
responding points on the two waves, for example, between adjacent positive 
peaks. 

4.2. Vector Representation of Sine Waves. In treating electrical circuits 
under steady-state conditions, it has been found much simpler to resort to the 
so-called vector diagram method of displaying voltages and currents rather than 
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to retain their trigonometric forms of expression. In the vector method, the 
magnitude of a voltage or a current is shown by a line having a length, to scale, 
equal to the maximum value, or to the effective value E or I. The phase angle 
for the voltage or current is indicated by rotating the line through an angle ±a 
from the horizontal axis. Normal mathematical conventions are understood 
to hold throughout. 

In the sine-wave and vector forms, a voltage and a current 

e = 141.4 sin (at + 50°) 
i = 28.3 sin (at — 35°) 


are shown in Figures 4.1a and b, respectively. The phase angle between the two 
waves is 85 electrical degrees, the angle by which the current lags behind the 




\ 


+ 


Fig. 4.1. Sine-wave and vector representations of voltage and current. 


voltage. In practice, it is more usual to speak of the current lagging or leading 
the voltage, rather than the voltage leading or lagging the current, because the 
magnitude and phase of the current are determined by the load circuit, and the 
voltage usually is available at a standard magnitude and frequency. The arrow¬ 
heads on the vectors are for the explicit purpose of fixing the angle to be con¬ 
sidered rather than its supplement. It is understood that in the above equations 
radians are converted to degrees or degrees to radians before the tw r o angles are 
added. 

The addition or subtraction of sine waves of the same frequency yields a sine 
wave as the resultant. Only sine-wave quantities of the same frequency and of 
the same units may be added or subtracted on a vector diagram to give the cor¬ 
responding magnitude and phase position of the resultant. This is all that is 
intended in any vector diagram and justifies its use. Such a geometric figure can 
be used for the addition of component voltages or component currents, or to 
show angular relations between a voltage and a current, or among several volt¬ 
ages and currents. Usually the effective magnitudes are represented. 

4.3. Circuit Relations. The constants normally encountered in alternating- 
current analyses are the three circuit elements shown in Figure 4.2. The funda- 
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mental relations between applied voltage and resultant current for these three 
elements are 


£& = iR 





+ t 


.pAAAA/W-] 

+ 

Resistance, R. 

Fig. 4.2. 


1 

+t 




+ t 


1 + - 

Inductance, L. 

Fundamental circuit constants. 


4 


+ c - 
Capacitance, C. 


If an alternating current i = I m sin at flows through each element, the re¬ 
spective voltages that must exist across them are given, from the above funda¬ 
mental relations, by the following equations: 


( 1 ) 

i — l m sin at 
eR = I m R sin at 
= E m sin at 


( 2 ) 

i = I m sin at 
e£ = uLI m cos at 

— E m cos at 

( * 
= E m sin [at -1- - 


(3) ’ 

i = I m sin at 


ec = -cos at 

aC 

= —E m cos at 
= E m sin 


ir ‘ (<* - i) 


The corresponding current and voltage may be plotted to show in each case 
sinusoidal variation, relative magnitude of current and voltage, and the phase 
angle between the current and the voltage, Figure 4.3. 



Resistance circuit Inductance circuit 



Capacitance circuit 


Fig. 4.3. Current and voltage for the three fundamental circuits. 


The above equations and figures show several important relations: 

(1) Resistance Circuit. 

(a) The ratio E m to I m , which also is the ratio of the respective effective 
values, is equal to R ohms. 
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(b) The current and voltage waves pass through their zero and maximum 
values at the same time and are, therefore, in phase. 


(2) Inductance Circuit. 

E m E 

(a) — = — = coL — 2 irfL = Xl ohms inductive reactance. 

Im I 


(4.1) 


(b) The current reaches its maximum value 90° later than does the voltage 
and, therefore, is said to lag the impressed voltage by 90°. 


(3) Capacitance Circuit. 


1 


fa) — = - = — = 

a I m I o>C 2 *fC 


= Xc ohms capacity reactance. 


(4.2) 


(b) The current reaches its maximum value 90° ahead of the voltage and, 
therefore, is said to lead the impressed voltage by 90°. 

The use of the polarity marks and arrows shown on the circuit diagrams is 
discussed in Section 4.22. 


The useful quantities with respect to voltage and current in these three ele¬ 
ments, or in any combination of them, are: 

1. The magnitude of the effective voltage E. 

2. The magnitude of the effective current I. 

3. The phase angle between the voltage and the current. 

These three quantities are completely set forth either by the equations for e and 
i, by the curves of e and i as time functions, or by the more convenient vector 
diagram, Figure 4.4. The current, drawn horizontally and to the right, has been 


4 


E 


I E 


Resistance circuit 
I in phase with E 


I 

■> 


Inductance circuit 
/lags IS by 90“ 


I 


\E 

Capacitance circuit 
I leads E by 90“ 


Fig. 4.4. Vector diagrams for the three fundamental circuits 


chosen as the reference for the component voltages. The length of each vector 
is drawn proportional to the effective value. The angle between the vectors 
shows the phase displacement, where counterclockwise rotation designates ad¬ 
vance in phase (lead). The title of vector diagram applied to graphic illustrations 
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of this character is justifiable since, as we shall see, similar quantities of the same 
frequency shown on the diagram can be added and subtracted as vectors. The 
results obtained from this form of geometric 
solution are the same as those found by 
trigonometric means. 

4.4. R and L in Series. A circuit contain¬ 
ing a resistance R and an inductance L, 

Figure 4.5, is used first in illustrating the 
general theory of the single-phase a-c circuit. 

Let a current i = I m sin at flow in the series 
combination, the problem being that of de¬ 
termining the applied voltage and its phase 
angle with respect to the current. The 
analysis will be carried out by two methods, the trigonometric equations 
and the vector diagram. 

In Figure 4.5, 

e = instantaneous applied voltage 
eg = instantaneous voltage drop across the resistance 

and 

ei — instantaneous voltage drop across the inductance 

Since the instantaneous value of the impressed voltage must equal the sum of the 
instantaneous voltage components across the two circuit elements, we can "write 

di 

e = c R + c L = Ri + L — 



Fig. 4.5. Resistance and induct¬ 
ance in series. 


= RI m sin a )t + wL/ m cos cot 
= I m [R sin cot + Xl cos to/] 

R 


= I m VR 2 + AV 


LX R 2 + X L 2 


sin at + 


X, 


Vr 2 + x? 


cos ai 


Xi 


[R 

= I m Z — sin at H-cos 

L z z j 

= 7 m Z[cos 6 • sin at + sin 8 • cos at] 
— E m sin ( at -j- 0) 

_ x 


sin 


= E m sin («£-)- tan“ 


R 


) 
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to 


From the definition of cos 6 and sin 0 in the above equations, it is evident 
that R, Xl, and 0 are related as shown in the triangle of Figure 4.6 which is 

called the impedance triangle of the circuit. 

From the expressions for the alternating current and 
voltage the following observations are apparent: 



X L 


Em 

Rn 


E (effective) 
I (effective) 


= Vr 2 + x L 2 

= Z ohms impedance (4.3) 


Fig. 4.6. Impedance 
triangle for an inductive 
circuit. 


The impedance Z of any circuit is defined as the ratio 
of the effective applied voltage to the effective current 
which flows in the circuit. It is to be noted that the 
impedance of a series R-L circuit increases with the frequency of the applied 
voltage, that is, 


Z = Vr 2 + Xjr 2 = Vr 2 + (2tt/L) 2 ohms impedance 
2. The phase angle between the voltage and the current is 

, Xl 

0 = tan 1 — 

R 


(4.4) 


(4.5) 


and depends solely upon the magnitudes of the circuit constants. 

Note also that cos 6 = R/Z, that sin 0 = Xl/Z, that it is not necessary to re¬ 
fer to trigonometric tables for these functions of the phase angle, and that the 
phase angle can be expressed in terms of the circuit constants. The phase angle 
always can be obtained from the impedance diagram for the circuit. 

3. The voltage reaches its maximum value 0 degrees before the current reaches 
its maximum. The voltage in such a circuit is said to lead the current or, con¬ 
versely, the current lags the voltage by the phase angle 0. 

The instantaneous values of voltage and current can be represented graph¬ 
ically as in Figure 4.7 and can be observed in the laboratory on a 2-element oscil¬ 
lograph. If t = 0 is chosen at point (a), the circuit equations are 

i — I m sin ut 

e = E m sin (w< + 0) 

If point (b) is chosen for the time reference, then 
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Any other reference point for zero time would be shown by the corresponding 
time angle ±a. For example, with reference to point (c), 

i — I m sin (cof + «) 

e = E m sin (tof -f- a -j- 0) 

It is evident that either set of equations states the same physical concepts. The 
ratio of voltage to current (the impedance of the circuit) and the phase relation 



Fig. 4.7. Resistance and inductance in series. 


between current and voltage are strictly constants of the circuit and must not 
vary with our system of representation. 

The equations previously developed, namely, 

e — eR + et 

= I m R sin ut + 7 m .Yi cos &>< 

= 7 m V R 2 -f- Xl~ sin (ut -1- 0) 
and 

i — I m sin ut 

show the applied voltage to consist of two components. One is required to drive 
the current through the resistance R, is in phase with the current, and has an ef¬ 
fective value Er = I m R/y/2 = IR. The other component is required to drive 
the current through the inductive reactance Xl, leads the current by 90 degrees, 
and has an effective value El = 7 OT Xx ,/\/2 = IXl- The current, voltage 
components, and applied voltage can be shown in their proper phase relations by 
the vector diagram of Figure 4.8. The current vector is chosen as the reference 
because it is common to both circuit elements. 

The effective applied voltage E is 


E = VEr 2 + Er 2 = V(IR ) 2 + {IX L ) 2 = iVr 2 + X L 2 = IZ (4.6) 
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The complete interpretation of equation 4.6 also shows that for a given applied 
voltage and known circuit impedance elements the current can be calculated im¬ 
mediately as the ratio of that voltage to the circuit impedance. 

In the foregoing discussion, the fundamental methods used in analyzing series 
a-c circuits have been presented. The impedance and phase angle are obtained 
from the circuit constants, the effective value either of voltage or of current then 
calculated when the other quantity is known. The reader is to carry through 
for himself the similar steps in the treatment for the R-C series circuit. 



Fig. 4.8. Vector diagram for an inductive circuit. 


4.6. R } L t and C in Series. The general methods of analysis now will be 
applied to the series R-L-C circuit. The following equations should be readily 
understood since the treatment parallels that of the R-L circuit. Let 


Then 


e = applied instantaneous voltage 
i = I m sin at = current through each element 


di f idt 


e = eg + ej, + ec = 

iR + L — + 

dt C 


1 

= I m R sin at + I m 

a >L cos at — 1 „. — cos at 


aC 

= I m .R sin at + | 

(oL -J COS COM 

L 

\ aC) J 

f~~7 ' 

1 \ 2 

= I m \R 2 + (»L 

-- 1 sin (at + 6) 

y \ 

aC/ 


I m VR 2 + (X L - X c ) 2 sin (at + 6) 


(4.7) 
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The impedance of the circuit now is 
z = Vr 2 + (X L - Xc) 2 = 


E (effective applied voltage) 
I (effective current) 


(4.8) 


and the phase angle between current and applied voltage is given by the ex¬ 
pression 


tan o = 


X L - 
R 


(4.9) 


The term (Xl — Xc) is the net reactance of the circuit. If Xl is greater than 
Xc the reactance of the circuit is predominantly inductive, 0 is positive, and the 
current lags the applied voltage. If Xc is greater than Xl the net reactance of 
the circuit is capacitive, 0 is negative, and the current leads the applied voltage. 
Since El — IX l, and E c = IXc, the voltage drop across the inductance is 
greater than the drop across the capacitance if the net reactance is inductive. 

The vector diagram for the R-L-C circuit, showing all components of the ap¬ 
plied voltage, is given by Figure 4.9. In this diagram the voltage drop across 



Fig. 4.9. Vector diagram and impedance triangle for a circuit containing resistance, inductance, 

and capacitance, all in series. 


the capacitance is greater than the drop across the inductance. The net re¬ 
actance is, therefore, capacitive. 

In a series circuit having any number of elements of any character, the com¬ 
ponent impedance quantities are added geometrically to obtain the over-all im¬ 
pedance. As an example, consider a series circuit consisting of 4 ohms resistance, 
3 ohms inductive reactance, 18 ohms capacitive reactance, 6 ohms inductive re¬ 
actance, and 10 ohms resistance. The over-all impedance consists of 14 ohms 
resistance and 9 ohms equivalent capacitive reactance, and has a magnitude of 
16.6 ohms. 

4.6. Resonance in a Series Circuit. The equation for the current in the 
R-L-C circuit 


E _ E _ 

Z = Vr 2 + (Xl 


(4.10) 


shows that the current will be a maximum when the net reactance (Xl — Xc) 



74 


ELECTRIC CIRCUITS AND MACHINES 


is zero. For this condition, the phase angle is zero, the circuit impedance reduces 
to a pure resistance, and the circuit is said to be in resonance. For series reso¬ 
nance, then, 

X L = X c 


and 


2irfL = 


1 

2rfC 


1 

* = 2WLC 


(4.11) 


For any fixed frequency there is an infinite number of combinations of L and C 
that will give resonance. If the circuit constants are fixed, there is one frequency 
that will give resonance. If the value of the applied voltage is maintained con¬ 
stant and the frequency of the voltage source varied, the current variation with 
frequency will be as shown by the curve of Figure 4.10. Frequency-selective 



circuits of this type are of particular importance in the field of radio communica¬ 
tion. By them one is able to tune his radio receiver to any desired broadcast 
station. 

4.7. Power in a Single-phase Circuit. The instantaneous power input to any 
single-phase circuit always is the direct product of the instantaneous applied 
voltage and the instantaneous input current. Thus, 

p = ei = instantaneous power in watts 

In the a-c circuit the power is pulsating, and it is the average power that deter¬ 
mines the energy consumed over a given period of time. Wattmeters, therefore, 
are calibrated to indicate this average power. Taken over a complete cycle, 

P = average power 

i dt watts (4.12) 

where T is the period, the time to complete one cycle of either voltage or current. 
Substituting for the instantaneous values of voltage and current, changing the 
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variable of integration to angle, and altering the limits of integration to cor¬ 
respond, we have, for sinusoidal voltage and current, 


P 


1 

2ir 



[E m sin ut][I m sin (ut ± 0)] d(ut) 


Em Im „ 

- /— CO. v 

y/2 y/2 


= El cos 9 watts 


(4.13) 


The average power in a single-phase circuit is, therefore, equal to the product 
of the effective values of the applied voltage and the line current and the cosine 
of the phase angle between the voltage and current. Whether the current leads 
or lags the voltage is immaterial. Equation 4.13 is a special case of the general 
power equation, and average power is defined in this way because of the particular 
definitions of effective values for voltage and current. It should be apparent 



Fiq. 4.11. Voltage, impedance, and power diagrams for the series B-L-C circuit. 


that equation 4.13 holds only for sine-wave quantities of the same frequency and 
for the steady-state d-c circuit, which is but a special zero-frequency case of the 
general a-c circuit. In the d-c circuit, effective a-c values are replaced by the d-c 
voltage and current, and 0 = 0. 

Since the current flowing in a pure inductance or capacitance is 90 degrees out 
of phase with the voltage drop across these elements, the average power con¬ 
sumed by either an inductance or a capacitance is zero. All the power consumed 
by the circuit must be accounted for by the resistance elements. These prop¬ 
erties already have been pointed out in the discussion on circuit constants. The 
component of the applied voltage required to drive the current through the re* 
sistance is 

Er = IR — E cos 0 

Therefore, the average power expended in the circuit also is 

P = IEr = I 2 R watts (4.14) 

Each component of resistance in the circuit takes its proportionate share of the 
total power. In Figure 4.11, E cos 6 is the component of voltage in phase with 
the current. Hence, power can be defined as the product of the in-phase com- 
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ponents of voltage and current, and either vector may be projected upon the 
other. 

Figure 4.11, which is simply an extension of Figure 4.9, shows the geomet¬ 
rically similar polygons of voltage, impedance, and power. Defined for the 


single-phase circuit, 

El = I 2 Z = volt-amperes apparent power (4.15) 

ErI = I 2 R = watts active power (4.16) 

—EiX = —I 2 Xl = volt-amperes reactive power (4.17) 
Eel = I 2 Xc = volt-amperes reactive power (4.18) 

—I 2 (Xl — Xc) = net volt-amperes reactive power (4.19) 


The sign of the reactive power is considered positive when the current leads the 
voltage. This is the convention adopted by the American Institute of Electrical 
Engineers. 

By definition, the power factor (pf) for any circuit is given by the relation 

watts active power 

power factor =-=- (4.20) 

volts X amperes apparent power 


Obtained from instrument readings, it is the ratio of watts power indicated by a 
, wattmeter to the product of the effective voltage and 

. j current as shown on a voltmeter and an ammeter. 

For the special case of sinusoidal voltages and currents, 


E 


R 


:x L 


R 

power factor = cos 6 = — 

z 


(4.21) 


as indicated in the several diagrams of Figure 4.11. 

4.8. Numerical Example. Let an alternating voltage 
of 110 volts at a frequency of 60 cycles per second be 
impressed on a series circuit of 8.66 ohms resistance, 
0.106 henry inductance, and 75.8 nf capacitance, Fig¬ 
ure 4.12. The problem is to determine (a) the current 
and its phase angle with the impressed voltage; (b) the voltage drop across each 
element of the circuit; and (c) the power input to the circuit. 


Fig. 4.12. Series circuit 
of R , L, and C. 


Solution: 

The inductive reactance is 

X L = 2wfL 


= 377(0.106) 
= 40 ohms 



SINGLE-PHASE, ALTERNATING-CTJRRENT CIRCUITS 


77 


The capacitive reactance is 


1 

2 HfC 


1 

377(75.8)10-* 


= 35 ohms 

The net reactance of the circuit is 


Xl = (Xl — Xc) = 5 ohms 


and is inductive. The actual circuit, therefore, can be reduced to that shown in 
Figure 4.13a, which has the impedance triangle of Figure 4.13b. The complete 



(a) (6) (<0 

Fig. 4.13. Equivalent circuit, impedance triangle, and vector diagram of circuit of Fig. 4.12. 


vector diagram for the actual circuit is given by Figure 4.13c in which El — Ec 
is the voltage drop across the net reactance Xl- 
The impedance of the circuit is 

Z = Vr 2 + {Xl -Xc? = V^66 2 + 5 2 
= 10 ohms 

and the current is 

E 110 

I = — =-= 11 amperes 

Z 10 

The phase angle is 

5 

6 = tan -1 -= 30° 

8.66 

whence the power factor is 

8.66 

cos 6 =-= 0.866 

10 


The voltage drop across the resistance is 

E n = IR = 11 X 8.66 = 95.2 volts 
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the voltage drop across the inductance is 

El = IXl = 11 X 40 = 440 volts 
and the voltage drop across the capacitance is 

E c = IX C = 11 X 35 = 385 volts 

It can readily be shown that the vector sum —not the algebraic sum—of these 
three component voltages is equal to the applied voltage of 110 volts. 

If a voltmeter were connected so as to read the voltage drop across the series 
combination of L and C, it would indicate (440 — 385) = 55 volts, since the 
voltage drop across the inductance is directly opposite in polarity to that across 
the capacitance. The fact that voltage components greater in magnitude than 
the applied voltage exist in the circuit should not disconcert us. These voltages 
actually are present in the circuit and can be measured with an ordinary volt¬ 
meter. Analogous physical conditions often are met in mechanical systems 
The power input to the circuit is 

P = El cos e 

= 110 X 11 X 0.866 

= 1,050 watts 

This must also equal 

P = I 2 R 

= (ll) 2 X 8.66 = 1,050 watts 

Seldom is it necessary in electrical circuit work to know phase angles in de¬ 
grees. The angles are completely specified, of course, through their trigono¬ 
metric functions, and it is only these quantities which generally are used in cal¬ 
culations. It is sufficient to obtain the trigonometric functions unless a solution 
requires a phase angle in degrees. 

4.9. Summary of the Series Circuit. In summarizing the analysis of the 
series circuit, the major relations are: 

1. The current is common to all the elements of the circuit. This is the defi¬ 

nition of the series circuit. 

2. The vector sum of all the voltage drops must equal the applied voltage. 

(a) The voltage drop across a resistance is in phase with the current and is 

equal in magnitude to IR. 

(b) The voltage drop across an inductance leads the current by 90 degrees 

and is equal in magnitude to IXl. 

(c) The voltage drop across a capacitance lags the current by 90 degrees 

and is equal in magnitude to IXq. 

3. The circuit can be reduced, for any one frequency, to an equivalent circuit 

consisting of one resistance and one reactance in series. 



SINGLE-PHASE, ALTERNATING-CURRENT CIRCUITS 


79 


4. From the impedance triangle of the circuit the ratio of applied voltage to 

line current and the phase angle between them can be determined. 

5. The magnitudes of quantities and their phase relations can be shown con¬ 

veniently by means of the vector diagram. 

6. The power expended in the circuit can be determined by the product of the 

in-phase components of voltage and current. This power also must be 

equal to the total I 2 R of the circuit. 

4.10. The Parallel Circuit. All the fundamental theory and methods required 
to solve any single-phase circuit have been given in the discussion on the series 
circuit. It is a simple matter to apply these concepts to the parallel circuit or to 
combinations of series and parallel circuits. 

A parallel circuit is defined as one in which the voltage is common to all 
branches of the circuit. The solution of a parallel circuit consists in finding the 
branch currents and combining them vectorially to obtain the line current. 



(a) (b) 


Fig. 4.14. Parallel circuit. 


Figure 4.14a shows a two-branch circuit. In drawing the vector diagram, 
Figure 4.14b, for this circuit, the voltage is taken as the reference vector since 
it is common to the two branches. 

The branch currents can be obtained from the equations 


and 







The line current I is the vector sum of the two branch currents. The sum¬ 
mation can be made graphically on the vector diagram. An alternate method is 
to resolve each current vector into two components, one component in phase w T ith 
the voltage and another 90 degrees out of phase with the voltage. The in-phase 
component of line current is the algebraic sum of the in-phase components of 
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the branch currents. The out-of-phase component of line current is the alge¬ 
braic sum of the out-of-phase components of the branch currents. 

The current components shown in Figure 4.14 are such that their resultant I 
lags the applied voltage by the angle $. The power taken by the parallel circuit is 

P = /i 2 #! + I 2 2 R 2 

= 2?(/i cos 81 -f- I 2 cos 0 2 ) 

= El cos 6 watts 

4.11. Equivalent Circuits. Any parallel circuit can be replaced, for any par¬ 
ticular frequency, by an equivalent series circuit. The solution of the equivalent 
series circuit must yield the same line current in the same phase relation as that 
for the parallel circuit. This condition is realized if the vector diagrams, showing 
line current and applied voltage, are identical. 

The vector diagram, shoving the line current and applied voltage, for the cir¬ 
cuit of Figure 4.14a is redrawn in Figure 4.15a. Although the vectors of E and 
I have been rotated from their positions in Figure 4.14b, the same magnitudes 
and phase angles have been maintained. Since a vector diagram can show only 
relative magnitudes and phase relations, a vector diagram is not changed by the 
rotation of all vectors through the same angle or by moving any vector 
parallel to its original position. 



(a) (b) 


Fig. 4.15. Vector diagram and equivalent series circuit of the parallel circuit of Fig. 4.14(a). 

From previous discussion it is evident that the vector diagram shown in Figure 
4.15a is also the vector diagram of the series circuit of Figure 4.15b. The voltage 
E can be resolved, as shown by the dotted vectors, into two components, one in 
phase with the current and the other leading the current by 90 degrees. The 
values of the equivalent circuit constants R and A l are found from the relations 

IR = Er = E cos 0 
n E 

R — — cos 6 — Z cos 6 

IX l = El ~ E sin 0 
E . 

Xl = — sin 0 = Z sin 6 
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Since E, I, Z, and 6 are known from the solution of the parallel circuit, the con¬ 
stants of the equivalent series circuit can readily be determined. 

Viewed from the input terminals and for a particular frequency, the equivalent 
series circuit is identical in all respects to the parallel circuit which it is to repre¬ 
sent. Any measurements made at the input termin a l s of either circuit in the 
laboratory would not yield information to allow us to distinguish between the 
two circuits. This certainly is suf.icient justification for replacing a parallel 
circuit by an equivalent series circuit if we so desire. In many problems the re¬ 
placement of a parallel circuit by its series equivalent greatly sim plifies the anal¬ 
ysis. 

It also follows that any series system can be replaced by an equivalent parallel 
circuit, one branch to contain resistance only and the other branch but a single 
reactance. The resistance must account for the active power taken by the cir¬ 
cuit (R = I? 2 /watts), and the reactance for the net reactive volt-amperes (X = 
E 2 /reactive volt-amperes). Equivalent parallel circuits often are found of ad¬ 
vantage, for example, in treating electrical machines. 

Note that, although there is an infinite number of equivalent circuits, either 
series or parallel, that can represent the terminal relations of any system on a 
fixed-frequency supply, we are discussing here only the simplest. These involve 
but one resistance and one reactance. The character of the reactance is in¬ 
ductive or capacitive, conforming to lagging or leading current in the initial 
system. 

4.12. Numerical Example. A voltage of 100 volts, 60 cycles per second, is 
applied to the circuit of Figure 4.16a. The system elements are given by their 



(a) (b) 

Fig. 4.16. Parallel circuit. 

ohmic values. In the analysis of this circuit, the impedance of the first branch is 
Z l = VR? + I. 2 - V(12) 2 + (7) 2 = 13.89 ohms 
E 100 

/. = — =-= 7.20 amperes 

h 13.89 


whence 
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The current /i lags the voltage by an angle 0 lf where 


and 

The current J 2 is 


Ri 

cos 0i = — = 0.864 
Zi 

X ! 

sin 0i = — = 0.504 

Zi 


E 


h = — = 


E 


100 


= 7.81 amperes 


Z 2 VRo 2 + x 2 2 12.8 

and leads the voltage by an angle 0 2 , where 

Ro 

cos 0 2 = — = 0.625 
Z 2 

X 2 

sin 0 2 = — = 0.781 
Z 2 

The line current I is the vector sum of the branch currents and can be ex¬ 
pressed in terms of two components. From the vector diagram, Figure 4.1Gb, it 
is evident that 

I in phase with E = Ii cos 0i + I 2 cos 0 2 


and 


= 6.22 + 4.88 = 11.10 amperes 

I out of phase with E == — sin 0i + 1 2 sin 0 2 

= —3.63 + 6.10 = 2.47 amperes 


It should be noted that the proper algebraic sign must be taken in the summa¬ 
tion. This is evident from the vector diagram. The magnitude of / is 

I = V(11.10) 2 + (2.47) 2 
= 11.37 amperes 

The trigonometric functions of the angle 0 between line current and voltage aio 

/ in phase with E 


COS0 = 


and 


sin 0 = 


11.10 

-= 0.976 

11.37 

I out of phase with E 


2.47 

11.37 


= 0.217 
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The power input to the circuit is 
P = El cos 8 

- 100 X 11.37 X 0.976 
= 1,110 watts 

and is equal also to 

P = h 2 R, t I 2 2 R 2 

= (7.20) 2 X 12 + (7.81) 2 X 8 
= 1,110 watts 

Since the line current leads the voltage by an angle 8, the equivalent serie 
circuit must consist of a capacitive reactance, Xc . and a resistance, R. From 
line voltage, current, and phase angle, 

E 100 

Z = — =-= 8.80 ohms 

I 11.37 

R = Z cos 8 = 8.80 X 0.976 = 8.58 ohms 
Xc = Z sin 8 — 8.80 X 0.217 = 1.91 ohms 

and 

power input = I 2 R = (11.37) 2 X 8.58 
= 1,110 watts 

4.13. Resonance in a Parallel Circuit. In a parallel circuit consisting of an 
inductive branch in parallel with a capacitive branch, the out-of-phase line cur¬ 
rent is the algebraic difference of the out-of-phase components of the two branch 



(a) (b) 

Fig. 4.17. Parallel resonant circuit. 


currents. If the out-of-phase line current is zero, the circuit is said to be in 
resonance (sometimes called anti-resonance to distinguish it from resonance in a 
series circuit). 

The condition for parallel resonance can be obtained by equating the out-of¬ 
phase components of the two branch currents of the circuit shown in Figure 
4.17a. The vector diag ram is shown in Figure 4.17b. The out-of-phase com- 
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ponents of the two branches are given by the equations 


/i out of phase = E 


Kc 2 + Xc 2 


I 2 out of phase = E 


Rl 2 + X L 2 


whence for resonance 


R c 2 + Ac 2 Rl 2 + AV 


(4.22) 


When the reactances of the circuit are high in comparison with the resistances, 
as is often the case in resonant circuits, the expression for resonance can be sim¬ 
plified. When this is done, equation 4.22 becomes 


AV = Aj 


from which 


Vlc 


(4.23) 


This is the same condition required for resonance in a series circuit. If only the 

resistance in the capacitance branch is neg¬ 
ligible. a condition often met in practice, 
\ / equation 4.22 becomes 


a >C = 


Rl 2 4" wZ/ 


1 Rl 2 


(4.24) 


Frequency For resonance, the line current is in phase 

Fig. 4.18. Resonance curve of a with the a PP Ued Volta S e and the impedan<« 
parallel circuit. of the circuit is a pure resistance. The vari¬ 

ation of line current with frequency has the 
general form shown in Figure 4.18. It will be observed that this frequency 
response curve is quite different from that for the series resonant circuit. At 
the resonant frequency, the impedance of the parallel circuit is high whereas the 
impedance of the series circuit is a minimum. Parallel, as well as series, reso¬ 
nant circuits are widely used in the field of communication engineering. 

4.14. Combination of a Series and Parallel Circuit. A series-parallel combi¬ 
nation is shown in the circuit of Figure 4.19. The ohmic values of the circuit 
elements are indicated on the diagram. No new concepts are involved in the 
analysis of this problem and the steps in the solution need only be pointed out. 
This can best be done by actually solving a particular problem. 
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The first step is to reduce the parallel circuit to an equivalent series circuit. 
In solving for the equivalent series circuit, any value of voltage can be assumed 
to exist across the parallel circuit. If a voltage of 100 volts is assumed as the 



Fig. 4.19. Combination of a series and parallel circuit. 


voltage across the parallel circuit, the steps in the determination of the con¬ 
stants of the equivalent series circuit are as explained in preceding sections. 
It should be noted that these circuit constants are independent of the assumed 
voltage. 

Replacing the parallel branches of Figure 4.19 by their equivalent series values, 
shown in Figure 4.20a, we obtain foe the initial system the simple and equivalent 



(a) (b) 

Fig. 4.20. Equivalent series circuit of Fig. 4.17. 


series circuit of 10.58 ohms resistance and 6.09 ohms inductive reactance, Fig¬ 
ure 4.20b. The impedance of the initial series-parallel circuit is, therefore, 


and the current is 


Z = V(10.58) 2 + (6.09) a = 12.2 ohms 


E 220 

I = — =-= 18.0 amperes 

Z 12.2 


lagging by the phase angle 


8 — tan 1 


6.09 

10.58 


The voltage drop across the parallel circuit (or its equivalent series circuit) will 
be found to be 158.3 volts lagging the current by an angle of 12.6 degrees. The 
total circuit power is 


P ~ (18.0) 2 X 10.58 = 3,428 watts 
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4.15. Power Diagrams. As we have seen, the solution of a parallel circuit 
of any number of branches reduces to an equivalent series circuit containing 

a single resistance and reactance. The re¬ 
sulting line current, with its in-phase and 
out-of-phase components, may be leading 
or lagging the applied voltage, depending 
upon the predominance of capacitive or in¬ 
ductive reactance in the system. Figure 
4.21 represents the vector diagram for the 
equivalent circuit of a group of parallel 
loads, the line current and its components 
being multiplied by the magnitude of the line voltage E. We now have a power 
diagram in which 

EI m = watts active power 
Eloat = volt-amperes reactive power 



Fig. 4.21. Power diagram. 


El = volt-amperes apparent power 

and 

active power 

cos 6 =- 

apparent power 


The active power of any circuit always is given in watts or kilowatts, whereas 
the reactive power and apparent power are expressed in volt-amperes or kilovolt¬ 
amperes. The reactive power may be lagging or leading, in conformity with that 
component of current which it represents. 

It is evident that for unity power factor the active power is equal to the ap¬ 
parent power, whereas for a power factor less than unity the apparent power is 
greater. Generating capacity of 1,000 kva will supply a 1,000-kw load at 1.0 
pf, but a 1,667-kva supply is needed if the power factor is 60 per cent. This 
means a much higher investment in generating, transmission, and distribution 
equipment than is necessary. In addition, the copper losses are greater because 
the current is 167 per cent of the required minimum. The power factor of any 
circuit, plant, or system is determined by conditions at the load and not at the 
generating end. In practice, load currents usually are lagging and sometimes 
highly so because of inductive characteristics of the circuits and the connected 
apparatus. The addition of capacitance at load centers, either in the form of 
static condensers or equivalent effects obtained by synchronous machines, hence 
improves the over-all power factor. It is usual also to find power-factor clauses 
in power company rates such that a penalty is added for a power factor below a 
given minimum and a bonus awarded for a better power factor. Such power- 
factor clauses will continue to exist until rate sheets show separate costs for watts 
power and for reactive-volt-amperes. 
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It is possible to illustrate many problems, single-phase or polyphase, by means 
of power diagrams. They are of particular advantage, for example, when study¬ 
ing plant and system loads, perhaps with a view to power-factor correction. As 
an illustration, the various loads on a plant may be given in terms of any two of 
the three quantities: kw, kva, and pf. Vector addition of these loads, taking 
into account their respective power factors, gives the total active, reactive, and 
apparent power for the plant and a'so the resultant power factor. Tabulation 
of the kw and kvar (reactive kilovolt-ampere) components for the individual 
loads also yields the same result. The total plant kw is the sum of the kw of the 
individual loads, and the total kvar is the sum of the respective kvar of the loads, 
due attention paid to the algebraic sign before these components since some may 
be leading and others lagging. From these summations, 

plant kva = (plant kw) 2 + (plant kvar) 2 


over-all pf = (lagging or leading) 

plant kva 

Plant studies usually involve readings of energy rather than power, the readings 
being in kilowatt-hours (kwhr) and reactive kilovolt-ampere-horn's (kvarhr) over 
a time interval of perhaps a month. The resulting kva and pf so obtained are 
merely representative values for the time interval chosen. If the power factor is 
lagging and too low, it can be improved by adding leading reactive kva. The 
power diagram will show graphically what this kva must be in order to raise the 
power factor to any desired value. Again, among other things, the diagram will 
show the added kw a plant can carry for a given power factor improvement and 
a fixed supply kva. 

4.16. The Direct-current Circuit. The d-c circuit under steady-state condi¬ 
tions is but a special case of the steady-state a-c system in which the frequency 
is zero. All inductive reactances become zero and capacitive reactances in¬ 
finite, or open circuits. Only resistances remain to impede the flow of current. 
The resistances in those paths which carry current can be combined according 
to methods developed in elementary physics so as to give but a single equivalent 
resistance which will represent the over-all effects of the initial system. 

In series-parallel circuits, each combination of parallel branches first is re¬ 
duced to a single equivalent resistance R, where 


1 

R 


1 1 1 

-1-b' • • — 

R\ R 2 Rn 


(4.25) 


Ri, R 2 , ' • • R n are the resistances of the n parallel branches. The equivalent 
resistances of the parallel branches then are added to adjacent series resistances 
to give in turn further single net resistances of paths. The scheme employed in 
reducing a complicated series-parallel system is similar to that for the single- 
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phase circuit but is simpler in calculation. Power factor now is not introduced 
explicitly, although effectually it is unity, and the circuit power is 

E 2 

P = El = — = I 2 R watts 
R 

where E and I are line voltage and current and R is the single equivalent resist¬ 
ance for the entire network. Once R and I are found, it is relatively easy to cal¬ 
culate the current, voltage, and power for any particular resistance in the sys¬ 
tem. 

As an example, consider the network of Figure 4.22 in which 200 volts d-c is 
applied to the arrangement of resistances given by their ohmic values. The 
equivalent resistance of the three right-hand branches in parallel is 10 ohms, 
whence 25 ohms is obtained when added to the two adjacent series resistances. 


80 10 



The equivalent resistance of the new parallel combination of 100 and 25 ohms 
then is 20 ohms. The net resistance of the entire system thus is 100 ohms, the 
line current is 2 amp, and the circuit power is 400 watts. 

From this point on, the complete voltage and current distribution for the 
network is readily available. The 80-ohm resistance consumes 160 volts, whence 
40 volts exist across the remainder of the circuit. The current through the 10- 
and 5-ohm resistances is 1.6 amp and the voltage drop across the three right-hand 
branches then is 16 volts. The reader may complete the solution from these 
indicated steps. Note that in the end the sum of the I 2 R values for all the re¬ 
sistances will equal 400 watts. It should be apparent, also, that the solution of 
the above circuit is the same for an a-c applied voltage of 200 volts effective as it 
is for 200 volts d-c. 

4.17. Analysis by Complex Numbers. 1 In the preceding treatment on elec¬ 
trical circuits, it was often found expedient to resolve a voltage or a current into 
two components at right angles to each other. The components generally were 
chosen along the ordinary X and Y axes. In effect, the magnitudes and positions 
of voltages and currents then were given on the vector diagram in terms of their 
respective rectangular coordinates. Since the scheme is identical to the graphical 
representation of a complex number, we therefore observe the opportunity of 
handling a-c circuit problems by means of the algebra of complex numbers. 

Analysis by means of complex-quantity algebra resolves each vector into two 
components. The X axis is chosen arbitrarily as a reference line, and those 

1 A brief treatment of complex numbers is presented in Appendix II. 



SINGLE-PHASE, ALTERNATING-CURRENT CIRCUITS 


89 


components perpendicular to it are so designated by the prefix ±j. Figure 4.23 
shows a vector diagram of voltage and current with the rectangular axes in¬ 
cluded. Voltage and current are expressed as complex numbers and are referred 
to as vector volts and vector amperes, the term vector being used in the same sense 
as complex number. 

The voltage and current shown in Figure 4.23a can be expressed as 

E -- 60 + jSO 
I = 5 -1 jO 


The symbol j is an operator, which by definition rotates a vector through 90 
degrees counterclockwise when multiplied by it. Thus, jE leads E by 90 degrees 



Fig. 4.23. Vector diagram of a simple series circuit. 



on the vector diagram. Multiplying a vector by — j rotates the vector clockwise 
90 degrees. It follows that multiplying a vector by +j 2 rotates a vector through 
180 degrees or is the equivalent of multiplying the vector by —1. Therefore, 


and 


f = -1 
= +1 


When complex algebra is used in the solution of circuit problems, impedance is 
defined as the ratio of voltage to current when both the last two quantities are 
given as complex numbers. Circuit impedance now becomes a vector quantity 
that relates the vector voltage to the vector current by the equation 


E = 1Z (4.26) 

The vector impedance can be calculated from the values of the parameters and 
the frequency of the circuit. Equation 4.26 is written for each of the basic cir- 
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cuit elements shown in Figure 4.24 immediately below their respective vector 
diagrams. The vector impedances consistent with these equations are written 
below the respective voltage equations. When voltages, currents, and imped¬ 
ances are expressed as complex numbers, the process of analyzing a circuit is re¬ 
duced to one of relatively simple algebraic operations. 








Fig. 4.24. 


E I j 

I 

I 

E = IR 

> 

E -jXrf 

■E 

E = -jX c I 

Z = R 

z =jX L 

Z = -jX c 

Resistance 

Inductance 

Capacity 


Impedances, expressed in complex form, of the three fundamental circuit elements. 


For the series circuit shown in Figure 4.9, the vector voltage is given by the 
equation 


— Er + jEt, — jEc 

(4.27) 

= IR +jX L I-jX c I 


= I[R+jX L -jXc] 

(4.28) 

= IZ 

(4.29) 


Hence, the vector impedance of a series circuit is the sum of the vector imped¬ 
ances of the individual circuit elements. 

If vector quantities are used in computing the branch currents of a group of 
parallel circuits, the currents will be expressed as complex numbers, and the sum 
of these currents gives the vector line current. Expressed in equation form, 


I = Ii + I 2 4- I 3 + etc. 

E E E 

= T t + Y 2 + T, + et0 ' 

=E ik + k + i +eU! ] 

_ E 

~ z 


(4.30) 


(4.31) 

(4.32) 


where Z,, Z 2 , Z 3 , etc., are the vector impedances of the several branches. From 
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equations 4.31 and 4.32, it is apparent that the equivalent vector impedance Z 
of several parallel branches is found from the relation 


1111 

— —-1-1- \- etc. 

Z Zi Z 2 Z 3 


f4.33) 


where all impedances are expressed as complex numbers. 

4.18. Determination of Power Us ; ~g Complex Notation. If the current and 

voltage are expressed in complex form 



i = h+ji 2 

(4.34) 


E = E\ + 

(4.35) 

the power is equal to 

P = E\I\ 4“ E 2 I 2 

(4.36) 

Each component of current and voltage must be taken with its proper algebraic 


sign. The j is not included in the multiplication. This method of determining 
power is consistent with our previous definitions of power. It is the sum of the 
products of the in-phase components of voltage and current. This is evident 
from the vector diagram shown in Figure 4.25. In this diagram E 2 and I 2 
are in phase and E\ and J x are in phase. 

Since the power is 


P = E-\l i -J- E 2 I 2 

it can be written as 

P = E cos Be -I cos 6j + E sin Be -I sin Bj 
= jE7[cos Be • cos Bi + sin Be • sin Bj] 

= El cos {Bi — Be) 



E 


\ 


,E 


Ei 


Fig. 4.25. Vector components of cur¬ 
rent and voltage. 


The last equation is the one developed in 
the first part of this chapter for power ex¬ 
pended in a circuit. 

It should be stressed that power cannot be obtained from the product of vector 
current and vector voltage—the product having no physical significance. How¬ 
ever, a useful result follows from the product of I and the conjugate of E. The 
real part of this latter product is the active power, while the j term gives the re¬ 
active power with its proper sign, that is, 


IE = active power + j reactive power 
where E is the conjugate of E. For equations 4.34 and 4.35, 
IE = (Ii + jh)(Ei ~ jE 2 ) 

— IiEi + IoE* "t* ji^Ex — IiE 2 ) 


(4.37) 
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It is well to point out that complete solutions of electrical networks can be ob* 
tained without the use of complex algebra. In general, a clearer understanding 
of the problem is obtained if the methods discussed in the previous sections are 
employed. For this reason, it is suggested that the use of complex-algebraic 
methods be avoided until the performance of electrical circuits is well under¬ 
stood. However, after one has grasped the underlying fundamentals of elec¬ 
trical theory, the application of complex-algebraic methods will often simplify 
the work. 

A few comments should be made on the usual methods of handling alternating- 
current quantities. General practice, which also is followed throughout this 
work, is to represent voltages and currents by arrows called vectors. The lengths 
of the lines give respective magnitudes, and the arrowheads are for the purpose 
of defining completely the angles between vectors in order to fix the correct 
algebraic sign before the trigonometric functions of the angles. In this manner 
of treating elementary a-c theory, however, the methods developed for true 
vectors in the fields of mathematics and mathematical physics are now followed. 
Our vectors only are vectors so-called, and, although advanced studies on cir¬ 
cuits may employ vector analysis as such, our approach is based purely on the 
algebra of complex numbers. If these points are recognized, there should be no 
misunderstanding on the terminology and the methods of solution. 

4.19. Numerical Example. A voltage of 104 + j60 volts is applied to a 
circuit consisting of 2 parallel branches. One branch contains 6 ohms resistance, 
10 ohms inductive reactance, and 5 ohms capacitive reactance. The second 
branch contains 8 ohms resistance and 3 ohms capacitive reactance. Using 
complex quantities, determine the branch currents, the line current, the equiv¬ 
alent impedance, the power input to each branch, and the total power input. 

Solving for the current in the first branch, 


Z i = 6+ jlO — j5 = 6 + j5 

_ E _ 104 + j60 _ 104 + j60 6 - j5 

1 Zi 6 + j5 6 + j5 * 6 — j5 

_ 924 - j'160 
36 + 25 

- 15.1 - j2.62 

= 15.3 amperes in magnitude 

hE = (15.1 - j2.62)(104 - j'60) 

= (1,570 - 157) - j(272 + 906) 

= 1,413 watts — j 1,178 volt-amperes 
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Therefore, the power input to Z x is 1,413 watts, which is also equal to (15.3) 2 i2i, 
and the reactive power taken by Z x is —1,178 volt-amperes. The second branch 
can be solved in a similar manner, giving 


and 


_ E _ 104 + jm 
2 " Z 2 “ 8 — jS 

= 8.93 + il0.85 

= 14.05 amperes in magnitude 

I 2 E = (8.93 + jl0.85)(104 - j60) 

= 1,580 watts + j592 volt-amperes 


The input to Z 2 is 1,580 watts power and +592 volt-amperes reactive power. 
The line current is the vector sum of the two branch currents, that is, 

I = h + h 

= (15.1 — j’2.62) + (8.93 + jl0.85) 

= 24.03 + j8.23 
= 25.4 amperes in magnitude 

The power input and reactive power input are equal to the respective sums of 
the power inputs and the reactive power inputs to the 2 branches. Therefore, 

power input = 1,413 + 1,580 

= 2,993 watts 

and 

reactive power = —1,178 + 592 

= —586 volt-amperes 
The values of power and reactive power are also given by 
IE = (24.03 + j8.23)(104 - j60) 

= 2,993 watts — j‘586 volt-amperes 
The input impedance is equal to 

_ E _ 104 + j60 

Z ~ 1 ~ 24.03 + j'8.23 


= 4.63 + .fO.91 ohms 
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The impedance can also be determined from equation 4.33. The numerical 
calculation is left as an exercise for the student. 

4.20. Three-wire Systems. Electrical power, usually at relatively low volt¬ 
ages, very often is distributed by means of the 3-wire system, either a-c or d-c. 
The method is commonly used for applications of combined lighting and power 
loads where the latter are of small horsepower. A third lead, called the neutral 
or mid-wire, carries a voltage between it and either of the outer wires of one-half 
the voltage between the main leads. In this way, power at voltages having a 
2:1 ratio, for example 240/120 volts, can be supplied lamps and low-voltage ap¬ 
pliances connected between either main wire and the neutral, while at the same 
time motors or other loads requiring the higher voltage can take power from the 
two outer wires. The primary advantage is the saving in copper over that for 
two separate circuits, each having its own voltage. 

The loads at the lower voltage are distributed as evenly as possible between 
the two halves of the system. With complete load balance, no current flows in 
the mid-wire, the total power being transmitted effectually at the higher volt¬ 
age. In general, some unbalance in current between the two halves of the sys¬ 
tem always occurs, the difference between the currents in the outer lines being 
that which flows in the neutral. It is found desirable generally to limit this dif¬ 
ference, or unbalanced, current to 10, 15, or perhaps 25 per cent at most of the 
normal current of the main lines. The mid-wire hence can be of much smaller 
size than the other two. The 3-wire system is a special case of the 2-mesh net¬ 
work, and the manner of handling it is given in the following discussions on gen¬ 
eral circuits. 

4.21. General Networks. There are many instances in which one may wish 
to know the current or voltage of only one branch of a series-parallel network 
without determining completely the distribution of these quantities over the 
entire system. Again, it is common to find voltages introduced at several points 
in a network, the current through any branch then being the result of the com¬ 
bined effects of all the voltages. Many distribution systems are of this char¬ 
acter. Also, in some d-c circuits there is the case of the main supply augmented 
by a battery in parallel with it, the battery charging at light loads and dis¬ 
charging at heavy loads. Generator, battery, and load currents may be 
desired. 

In the several branches of electrical engineering, a variety of electrical cir¬ 
cuits are used as transmission networks. In the power field, a transmission net¬ 
work may consist of an array of interconnected transmission lines, transformers, 
generator stations, and consumers’ loads. A good part of the analysis of such a 
system consists in solving the transmission characteristics of particular links of 
the system. Although the links may be in themselves complex, they often can 
be reduced to elementary equivalent circuits having two input and two output 
terminals. Four-terminal networks of this type are also of great importance to 
the communication engineer. In the transmission of intelligence from one pair 
of terminals to another, he must be concerned with many types of networks, as, 
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for example, amplifiers, long transmission lines, electric wave filters, attenuators, 
and equalizers for correcting the defects in the transmission-frequency char¬ 
acteristics of some other part of the system. These networks are most satis¬ 
factorily handled by being reduced to simpler equivalent circuits or by making 
use of certain theorems. From the theorems studied in the following sections 
of this chapter, the student will be able to recognize that much time and labor 
can be saved through their use. The rather brief presentation of these general 
theorems will serve as an introduction to some of the methods used in solving 
network problems with which both the power and communication engineer 
should have some familiarity. Also, many of the relations can be extended to 
include mechanical and acoustical networks. 

4.22. Notation for Voltage and Current. In systems containing several 
sources of voltage and several currents, it is essential to adopt a systematic 
method of notation for designating the current and voltage vectors. Once 
having established a convention, its use must be continued without deviation 
throughout the analysis. If this is done, the treatment will be straightforward 
and errors will be avoided. 

The direction of positive current flow can be indicated by means of an arrow 
on the circuit diagram, as shown in Figure 4.26a. The arrow, + > , indicates the 



Fig. 4.26. The use of polarity marks and arrows on a-c circuits. 

chosen direction of 'positive current flow. For example, at time t\, Figure 4.26b, 
the current is positive and the flow of current in the circuit would be, therefore, 
in the direction indicated by the arrow, while at time < 2 the flow would be in the 
opposite direction. It is apparent that the choice of positive direction of current 
flow is somewhat arbitrary in a-c circuit analysis. 

The polarity markings + and — between terminals indicate the actual polar¬ 
ity at the time when the instantaneous voltage is positive. For example, at 
time t x , when the voltage is positive, the polarity between terminals is as indi¬ 
cated by the polarity markings, while at time t 2 , when the voltage is negative, 
the actual polarity of the terminals is the reverse of that shown on the circuit 
diagram. The polarity markings also indicate the direction of the voltage drop, 
from + to —, through the load. 

Although it appears that the assignment of voltage polarities and current 
directions on the circuit diagram is somewhat arbitrary, it is very essential 
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that their relative directions within the circuit be consistent with what can be 
found from laboratory experiments, i.e., voltage drop through an impedance must 
always be taken in the direction of positive current flow . These same concepts and 
conventions are used when voltages and currents are treated as vector quan¬ 
tities. 

Voltage drops can be designated also by the use of double subscripts. The 
notation adopted in this book is that the symbol Eab always stands for the 
voltage drop in the direction of the subscripts, and when going through an im¬ 
pedance it is to be taken in the direction of positive current flow. The sym¬ 
bolism also can be interpreted as designating the potential of terminal A with 
respect to B . 

In a similar manner, double subscripts can be used to designate the direction 
of current flow. Thus, in Figure 4.26a, the current through the load can be 
designated as Iab } the flow being in the direction of the subscripts. 

It is evident that 

Eab = Era (4.38) 

and that 

Iab = —Iba (4.39) 

In this text, either the double-subscript notation, the polarity marks and 
arrows, or a combination of the two is used, depending upon which seems more 
suited to the problem. 

4.23. The Solution of General Networks. The current and voltage distribu¬ 
tion for a network can be found by solving simultaneously a set of equations in¬ 
volving the mesh currents. A mesh is any single closed opening in a network. 
The method is applicable to a-c and d-c systems under either steady-state or 
transient conditions, and a particular voltage or current may be obtained without 
specific knowledge of the others. The scheme employs only KirchhofTs law of 
voltages for a closed path, which can be stated as follows: If any closed path is 
traversed, the vector sum of the voltage drops across the passive elements (im¬ 
pedances) is equal to the total rise in voltage across the active elements (voltage 
sources), both taken in the same direction of traversal. For steady-state con¬ 
ditions the analyses are algebraic only, the method of attack for the a-c circuit 
being carried out by means of complex quantities. 

As an illustration, consider the 2-mesh network of Figure 4.27 in which the 
steady-state currents are desired. Let the voltages be alternating, their complex- 
quantity magnitudes being known. The impedances of the arms may represent 
series combinations of R t L , and C, or the equivalent impedances of other con¬ 
figurations. These also are expressed in complex-quantity form. 

The voltage equations for the loops are 


I\Z\ + I\Z2 — I 2 Z 2 ~ E\ 
—I1Z2 + I2Z2 + I2Z3 = E2 


(4.40) 


In general, the actual direction of the current flow is not known and may be 
alternating, the assumed positive direction, as indicated by an arrow on the cir- 
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cuit diagram, being wholly arbitrary. In any case, the solution of the equations 
will give the correct phase of the current relative to the initially assumed direc¬ 
tion of positive current flow. Voltage drops for the passive elements are positive 
when going with the current, and negative when going against a current. In ac¬ 
cordance with the statement of Kirchhoff’s law, the voltage of a source should 



b 

Fig. 4.27. 


/ 

A two-mesh network with two voltage-sources. 


be stated as the voltage of the terminal from which the current leaves the source, 
relative to the terminal by which it enters. Thus, E\ is actually E a b and E 2 is 

Ef e - 

Equations 4.40, in a more generalized form, can be written 


h Zu + 7 2 Z12 = Ei 
IiZ 2 i + I 2 Z 2 2 = E 2 


(4.41) 


from which 1 1 and I 2 , as obtained by simultaneous solution, are 


h = 


>22 


Zl\Z 22 — Zi2 2 

^11 


Ex 


>12 


I 2 — — — - - —o E 2 ~ 

ZuZ 22 — Z\ 2 


•^11^22 ~ Z\ 2 2 

Z 2 i 

Zi\Z 22 — Zi 2 2 


Eo 


E t 


(4.42) 


In these equations, Zn is the total impedance offered by mesh 1 to current 7j, 
with mesh 2 open-circuited. In Figure 4.27, Z n = + Z 2 . In general, Z nn 

is the impedance of the nth mesh, with all other meshes open-circuited. The 
mutual impedance, Z l2 or Z 2 1 , between the two meshes, is defined as the vector 
ratio of the voltage produced in one mesh to the current flowing in the second 
mesh, with all meshes but the second open-circuited. In general, Zj k or Z k j is 
the mutual impedance of, or the impedance common to, meshes j and k. When 
the mutual impedances will transmit energy equally in either direction, they are 
said to be bilateral, and Zj k = Z k j. Mutual and self-inductance, resistance, and 
capacitance are bilateral, whereas vacuum tubes are not. For Figure 4.27, and 
with the direction of positive current' flow as indicated, the mutual impedance 
Zi 2 = Z 21 = — Z 2 . The sign of the mutual impedance depends upon the posi¬ 
tive directions of currents that are arbitrarily assigned to the various meshes and 
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takes into account the sign of its voltage component. When the arrows repre¬ 
senting the directions of positive current flow pass through the impedance that 
is common to the two meshes in the same direction, the common impedance is a 
positive mutual impedance; if the arrows are in opposite directions, the mutual 
impedance is the negative of this common impedance. 

The preceding discussion can be extended to a circuit containing any number 
of meshes. For a network having n meshes, it is evident that n voltage equations 
can be written as follows: 

IlZll + ^2^12 + • • • + InZ In = E\ 

I 1 Z 2 I + I 2 Z 22 + • • • + I n Z 2n = E 2 

I\Zji + I2%j2 + • • • + I n Zjn = Ej (3) 


IlZnl + l2Zn2 H-* + I n Z n n = E n 


These equations can be solved for the currents most easily by the use of deter¬ 
minants. The solution for the current in mesh k is given by the equation 


I k = ^E 1 +~E 2 + 


’ + Ej + • 


M n lc 


E n 


D D D ' D 

in which D is the determinant of the impedances and can be written 


(4.44) 


D = 


Zn 

Z\2 

• • • Zij 

• Z in 

Z21 

Z22 

Z 2 j 

Z 2n 

Zji 

Zj2 

• • • Zjj 

Zj n 

Z n l 

Zn 2 

* * * Z n j 

9 9 Z nn 


(4.45) 


The quantity Mjk in equation 4.44 is the principal minor of D and is formed by 
eliminating the jth row and kth column from D. In evaluating Mjk, it must be 
multiplied by (—1)-' + k . 

Superposition Theorem . Equation 4.44 is a proof of the superposition theorem, 
which states that in a linear system each applied stimulus produces a response 
independent of the response due to any other stimulus, and that the total re¬ 
sponse is the sum of the individual responses. This theorem applies to all linear 
systems, including electrical, mechanical, acoustical, or any combination of these 
systems. A linear system is one composed of circuit elements that show a direct 
proportionality between the current and the voltage or between the mechanical 
deformation and the applied force. Electrical circuits containing resistances, 
air-core inductances, capacitances, some iron-core inductances, and some tube 
circuits are linear. In non-linear systems, notably vacuum-tube circuits and 
saturated magnetic circuits, the application of the superposition principle, even 
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for obtaining a partial answer to the problem, should be made only when the 
limitations involved are clearly understood. 

When several sources are present in a circuit problem, the solution is often 
advantageously obtained by applying the principle of superposition and -con¬ 
sidering one generator at a time. Another application of the principle is the 
determination of the response of a system to a stimulus having a periodic but 
complex wave form. A periodic complex wave can be analyzed into a Fourier 
series of sinusoidal terms consisting of a fundamental and a series of harmonics. 
The response to each component of the wave can then be determined and the 
resultant response calculated by adding the individual responses. 

The Reciprocity Theorem. Equation 4.44 also contains the proof of the reci¬ 
procity theorem. In deducing this important theorem, we note that the cur¬ 
rent in any mesh k caused by a voltage applied in any other loop j is 

Mj k 

h = -£-Ej (4.46) 


and that the current in mesh j caused by a voltage applied in loop k is 





(4.47) 


"When the mutual impedances are bilateral, then Zj k and Zjy are identical and it 
can be shown that Mjk and M k j are equal. This equality becomes evident when 
the two determinants are written out and it is noted that the only difference be¬ 
tween them is that a column and a row of one determinant are interchanged with 
the corresponding row and column of the other. This interchange does not af¬ 
fect the value of the determinant. From these considerations, it follows that if 
Ej acts alone, the current in mesh k is the same as the current in mesh j when E k 
acts alone. In other words, a pure voltage source in any mesh and a perfect 
current-measuring instrument (one having zero impedance) in any other mesh 
can be interchanged without changing the ratio of voltage to current. This 
ratio is known as the transfer impedance from one mesh to the other. Briefly 
summarized, the reciprocity theorem states that in a system composed of linear 
bilateral elements, the transfer impedance of one mesh to any other is the same 
in both directions. 

An important conclusion from this theorem is that a network of linear bilateral 
elements transmits with equal effectiveness in both directions. In addition to 
electric circuit problems, the reciprocity principle applies to problems in acoustics 
and electromagnetic radiation. In this latter field, its application frequently 
simplifies the treatment of antenna problems, since, through its use, it is pos¬ 
sible to express the receiving characteristics of an antenna system in terms of 
those it possesses when it is being used for transmitting. 

ThGvenin’s Theorem. An important deduction can be made from an extension 
of the superposition theorem. This is the theorem of Th6venin which can be 
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stated as follows: Any network of linear elements and impedanceless generators 
(in an actual generator the impedance can be considered external to it), when 
viewed from any two terminals of the network, can be treated as a simple gen¬ 
erator of voltage E and impedance Z; E is the voltage appearing between the 
terminals when no load impedance is connected to them, and Z is the impedance 
looking back into the network when all generators are short-circuited. In proof 
of this theorem, consider the two terminals of the network closed through a load 
impedance Zl, and a hypothetical generator having a voltage equal to E but. 
acting in the opposite direction around the circuit, as is shown in Figure 4.28a. 
Under these conditions, no current will flow in the external loop. This zero 
current, in accordance with the principle of superposition, may be regarded as 



(a) (b) 


Fig. 4.28. Equivalent circuit derivation by Th6venin’s theorem. 

the sum of the current due to the network in the absence of the hypothetical 
generator, and the current due to the hypothetical generator acting when all 
other sources are short-circuited. When Zl alone is connected to the terminals, 
the current in the external branch is the negative of that driven by the hypo¬ 
thetical generator, acting alone, through Z and Zl in series. This allows the 
network, with its connected load, to be represented as shown in Figure 4.28b. 

Thfrvenin’s theorem offers a very effective means of simplifying complicated 
network problems. It is used extensively in determining the performance of 
communication networks. It can be conveniently used to calculate the changes 
introduced by connecting measuring instruments to high-impedance networks. 

Four-terminal Coupling Networks— T and ir Networks. In both the power and 
the communications fields, a source of electrical power is often connected to its 
load through a rather complex coupling network which may contain long trans¬ 
mission lines, several transformers, and various other circuit elements. In some 
cases, the circuit constants of the coupling network may be unknown, it being 
represented only as a box with two input and two output terminals. Ir¬ 
respective of how complicated such a 4-terminal network is, its transmission 
characteristics at any one frequency can be completely expressed in terms of 
just three circuit parameters, provided that the network consists only of linear 
bilateral elements and contains no internal power sources. These three param¬ 
eters can be determined from three measurements made at the terminals of 
the network, and even though the details of the complete internal structure may 
be unknown, it can be represented, insofar as the two pairs of terminals are con¬ 
cerned, by three circuit elements. 
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The 4-terminal network can be shown as in Figure 4.29, with the voltages and 
currents associated with the terminals, as indicated on the diagram. By the 
use of the superposition theorem, the currents can be expressed by the equations 


E\ E 2 

Zn Z 2 1 

E\ E 2 

— H- 

Z i2 Z 2 2 


(4.48) 


The equations, themselves, should make clear the definitions of the various im¬ 



pedances which appear in them, 
zero, and equations 4.48 give 


and 


When terminals 2-2 are short-circuited. E 2 is 



(4.49) 



(4.50) 


It is seen that Zn is the impedance looking into terminals 1-1 with terminals 
2-2 short-circuited. Similarly, if terminals 1-1 are short-circuited, the im¬ 
pedance looking into terminals 2-2 is Z 22 . The impedance Z 12 is called the short- 
circuit transfer impedance and is equal to the vector ratio of the applied voltage 
at terminals 1—1 to current at the short-circuited terminals 2—2. Because of the 
reciprocity theorem, which applies to linear bilateral networks, Z\ 2 and Z 2 i are 
identical, and therefore only three parameters are necessary to specify the net¬ 
work uniquely. 

The voltage E 2 need not be a voltage source but may be the voltage drop across 
a load impedance Z L . Consistent with the chosen positive directions of current 
and voltage, the value of E 2 to be used in the equations is given by the relation 

E 2 = -I 2 Z L (4.51) 

It now has been shown that the characteristics of a linear bilateral network 
can be expressed in terms of the three parameters Zn, Z 22 , and Z\ 2 . These 
parameters can be calculated from the constants of the network if these con- 
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stants are known, or they can be obtained from measurements on the network. 
After the three parameters have been determined, the network can be repre¬ 
sented by either one of two configurations, each containing three circuit ele¬ 
ments, as is shown in Figure 4.30. Figure 4.30a shows a ir network, so called 
because of its configuration, and, for the same reason, Figure 4.30b is called a 



(a) ir or A network (b) T or Y network 


Fig. 4.30. t and T networks. 

T network. When these same networks are used in 3-phase work, they are called 
delta (A) and wye (Y) connections, respectively. For the ir network, the follow¬ 
ing relations are left for the student to prove: 

Zc — Zi 2 

2 _ Z n Z 12 

^12 — (4.52) 

Z 22 Z 12 

Zb — - 

Z 12 — Z 22 

Similar relations can be developed for expressing the network in terms of an 
equivalent T network. In fact, at any single frequency, any ir network can be 
transformed into an equivalent T network, and vice versa. The equations of 
transformation are identical to those of the A to Y transformation which are 
given in Section 24 of Chapter 6. In some problems, the calculated constants of 
an equivalent circuit are not physically realizable. The calculations may show 
the resistance component of one impedance to have a negative value. Although 
the presence of this negative resistance in the circuit constants would present 
difficulties in setting up the physical circuit in the laboratory, the computations 
of the circuit performance based upon it are not affected. 

It should be emphasized that the present treatment provides but one of sev¬ 
eral ways of handling 4-terminal networks. This treatment, however, is typical 
and points out the general type of analysis with which both the power and com¬ 
munications engineer should be familiar. 


Problems 

1. A 2-tum coil on a 12-pole generator produces 12.8 volts effective. The time for a 
conductor to pass over one pole pitch is 0.005 sec. Write the general equation for the 
instantaneous voltage induced in a single conductor. 

2. A single-phase generator sends 10 amp average through a test circuit for 80 volts 
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average impressed on it. At a frequency of 25 cycles per second, and a 40° lag in the 
current with respect to the voltage, write the general equation for the instantaneous 
voltage and current. Show these quantities on a vector diagram with the voltage along 
the horizontal reference axis. Repeat but with the current displaced “-105° from the 
reference cot *= 0°. 

3. A 25-ohm resistor has 720 kw-sec of heat produced in it in 20 min under the appli¬ 
cation of a 50-cycle voltage. Write the equations for the instantaneous voltage and 
current. Show these quantities on a vector diagram with the voltage displaced +55° 
from the reference c ot = 0°. 

4. A 15-ohm resistor carries a current i - 10 cos (cot + a) + 10 sin (cat + a — 30°). 
Write the equation for the instantaneous impressed voltage. Show the current and 
voltage components, and the resultants, on a vector diagram. Calculate the power con¬ 
sumed by the resistor. Show the resultant current and voltage on a vector diagram for 
a — +75°.. 

5 . By trigonometric expansion add the 3 currents i\ = 8 sin cot, i 2 = 10 sin (cot + 45°), 
and is = 6 sin (cot + 60°). Determine the phase relation of the sum with respect to i\. 
Check the summation graphically by the vector addition of the 3 currents. If these 
currents are carried simultaneously by a single 5-ohm resistor, write the equations for 
the voltage components and the resultant impressed voltage. 

6. Carry through the development for the R-C circuit as has been done for the R-L 
circuit in the textbook. 

7 . Plot e = 100 sin (cot + a — 30°) and i = 20 cos (cot + a — 60°) for a = 0°, 
+25°, and —80°. Show these quantities on a vector diagram. Calculate Z , R, and X 
for the circuit implied by these equations, assuming R and X to be in series. State the 
character of the reactance X. What power is taken by the load impedance? 

8. A current i = 3 sin (377 1 — 15°) flows in an R-L circuit as a result of a voltage 
e = 156 sin (3771 4* 45°). What are the resistance and the inductance of the circuit? 
What power is taken by the load impedance? 

9. An a-c current of 10 amp effective value, 60 cycles, flows in a series circuit of 10 
ohms resistance and 0.05 henry inductance. Draw the complete vector diagram showing 
all component voltages and the phase angle between line voltage and current. What 
power is taken by the load impedance? 

10. A voltage e = 141.4 sin (377 1 + 60°) sends a current i = 7.07 sin (377 1 — 20°) 
through an impedance. What are the magnitudes of the constants of the simplest circuit 
represented by these equations? If the circuit contains an inductance of 0.1 henry, 
what is the simplest circuit the equations imply, and what are the values of the circuit 
elements? What value of capacitance, for the same voltage, will force the current to lead 
the voltage by 25°? 

11. A series circuit contains 8 ohms resistance, 127.3 /zf capacitance, and 98.7 mh in¬ 
ductance. The equation for the voltage across the condenser is 

e c = 353.55 sin (314.16* - 20°) 

Write the equation for the voltage impressed on the circuit. 

12. Three identical coils of 200 turns each are in series addition on the same magnetic 
circuit. Assume unity coefficient of coupling and neglect saturation. If each coil con¬ 
tains 15 ohms resistance, and the circuit takes 359 watts power on 230 volts rms at 
60 cycles, what flux will one coil produce with a current of 2 amp? 

13. A 60-cycle voltage of 220 volts produces a current of 32 amp in a series circuit of 
resistance and a reactance. When the frequency is doubled, the voltage remaining the 
same, the current increases to 40 amp. Evaluate the circuit constants. 

14. A condenser has a rating 2 kva, 460 volts, 60 cycles. Calculate the capacitance 
of the condenser and the maximum value of current it will draw at this voltage. What 
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will be the rating of the condenser on 220 volts, 60 cycles? On 460 volts, 25 cycles? If 
the loss in watts within the capacitor is ^ of 1% of its kva rating, what is the phase angle 
of the capacitor? 

15. A coil takes 20 amp on 115 volts d-c and 7 amp on 115 volts a-c, 60 cycles. What 
are the resistance and inductance of the coil? What minimum series capacitance will 
allow 15 amp to flow on 115 volts a-c? 

16. Two coils are connected in series on a 110-volt supply. Ri = 3 ohms and Xi = 4 
ohms inductive reactance, R 2 = 8 ohms and X 2 = 6 ohms inductive reactance. What 
voltage is measured across each coil? What is the current, and what is the phase angle 
between the current and the circuit voltage? 

17. A voltage of 115 volts at 60 cycles is applied to a 2-kva, 460-volt, 60-cycle capaci¬ 
tor. The capacitor current is 1.08 amp. What is the impedance of the capacitor? How 
closely do the instrument readings agree with the rating of the capacitor at reduced volt¬ 
age? A low-power-factor wattmeter having a rating of 2.5/5 amp//75/150 volts, 75 watts 
full scale, is connected between the capacitor and the voltmeter. The instrument con¬ 
tains 3,130 ohms resistance in its potential circuit and has an accuracy within J of 1% 
of full scale at any point on the scale. It indicates 5.4 watts when uncompensated and 
1.0 watts when compensated. What are the limits of the calculated loss of the capacitor? 

18. Two inductive coils in series on 220 volts carry 5 amp and each shows 120 volts 
between its terminals. One of the coils draws 20 amp on 120 volts d-c. What are the 
resistances and reactances of the coils? 

19. A current of 10 amp, 60 cycles, flows in a series circuit containing 12 = 10 ohms, 
L = 0.3 henry, and C — 20 £tf. Determine the impressed voltage and the voltage across 
each element. Draw the complete vector diagram. 

20. An 8-pole, single-phase generator operates over a wide speed range and has a series 
circuit of R = 5 ohms, L = 0.157 henry, and C = 54.8 juf connected across its terminals. 
What will be the generator voltage when the output current is 0.75 amp and the speed 
is 450 rpm? When the speed is 1,800 rpm? 

21. A voltage of 100 volts produces 20 amp in a series circuit of R — 3 ohms and a 
condenser of unknown capacitance, 60 cycles. How much must the capacitance be 
changed to allow a current of 20 amp at 120 volts, 30 cycles, to flow? 

22. A voltage of 110 volts, 60 cycles, produces a 60° leading current of 1 amp in a series 
circuit of R ohms, 0.146 henry, and C microfarads. What are the values of the circuit 
constants? 

23. A voltage of 115 volts, 60 cycles, is impressed on a circuit of R = 70 ohms, L = 0.3 
henry, and C = 25 juf. What change in either L or C will make the circuit resonant? 
What will be the maximum value of the current at resonance? 

24. A 115-volt, 24-pole, 2,500-rpm alternator has an inductance of 0.03 henry and a 
condenser of 25-/if capacitance in series across its terminals. What must be the speed 
of the machine to give resonance? 

25. Derive, for a series resonant circuit, the expression 

If _ actual current 1 

1/ current at resonance 

where / = frequency and f r = resonant frequency. 

26. A coil has an inductance of 200 \x h and a resistance of 25 ohms. Determine the 
capacitance necessary for series resonance at 1,000,000 cycles, and sketch the shape of 
the resonance curve. How is the shape of the resonance curve changed if the resistance 
is doubled? What range of capacity is required for tuning throughout the broadcast 
h*md? 
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27. A voltage of 100 volts at 1,000,000 cycles produces 3 amp in a series resonant 
circuit. For the same voltage, 10,000 cycles from resonance, the current is 2.1 amp. 
Determine R, L , and C of the circuit. 

28. What average power is taken by a 10-ohm resistor carrying a current i ~ 
25 sin (cat + 30°) + 15 sin (3 cot — 45°)? By a 70-ohm resistor carrying a current i = 
1.3 + 1.6 sin a>£? 

29. Measurements on an inductance coil show 2 amp and 20 watts for 115 volts at 
60 cycles impressed on it. Calculate the coil constants. 

30. An inductance coil takes 2 amp and 160 watts from a 110-volt, 60-cycle source. 
If the frequency is changed to 50 cycles, the voyage remaining constant, what power will 
the coil take? 

31. A 35-/xf condenser is connected in series with a 110-volt, 150-watt lamp. A 60-cycle 
voltage impressed on the circuit is adjusted until the lamp burns at normal brilliancy. 
Determine: (a) the impressed voltage; (b) the power factor; and (c) the power input. 

32. A rectangular voltage wave of 100 volts maximum value produces a triangular 
current wave of 50 amp maximum, symmetrical about the 90° axis. Both waves always 
cross the axis at the same time and in the same direction. What power is represented 
by these waves? 

33. A single-phase motor draws 4 kw, 0.8-pf lagging, at 220 volts. The motor is sup¬ 
plied over a transmission line \ mile long having a resistance of 1 ohm and an inductive 
reactance of 3 ohms. What are the input voltage and power of the line? What is the 
efficiency of transmission? 

34. A single-phase load of 5.5 kva at 0.85 pf lagging draws its power at 220 volts. It 
is fed through a short transmission line having a resistance of 0.6 ohm and a series capaci¬ 
tor. If the input voltage to the line also is 220 volts, what is the net reactive etfect of 
the line in ohms? What is the equivalent series circuit for the line and load, the power 
input to the line, and the power factor? 

35. A 5-hp motor, 0.75 pf lagging, and 78% efficiency, is in parallel with a lamp load 
of 2.5 kw. What must be the supply voltage if the load voltage is 230 volts and the 
power is drawn through a feeder having a resistance of 0.5 ohm and an inductive react¬ 
ance of 1.4 ohms? 

36. One branch of a parallel circuit takes 4 kw at 0.6 pf lagging and the second takes 
2 kva at 0.8 pf leading. The supply voltage is 220 volts. Calculate the line current and 
power factor, and the equivalent resistance and reactance of the second branch. 

37. A series circuit of 5 ohms resistance and 9 ohms capacitive reactance is connected 
across a 220-volt supply. A 2.5-hp induction motor having an efficiency of 85% and a 
power factor of 0.8 lagging is connected across the same supply. Calculate the line cur¬ 
rent, power input and the equivalent circuit constants of the combined load. 

38. A resistance and a pure reactance are in parallel. The line current is 11.2 amp at 
100 volts, 60 cycles, and is 14.1 amp at 100 volts, 120 cycles. Determine the circuit 
constants. 

39. A coil of 10 ohms inductive reactance and 20 ohms resistance is connected in 
parallel with a capacitive reactance of 10 ohms. The line current is 8 amp for a 60-cycle 
impressed voltage. Determine the voltage, the line power factor, and the power input 
to the circuit. 

40. An inductive load at 60% pf lagging consumes 400 watts from a 110-volt source. 
For the same load power, what is the value of the circuit element which connected in 
series with the load will give a pf 60% leading? Suppose the element were connected in 
parallel with the load. How big should it be? 

41. Two single-phase induction motors are connected in parallel to a 220-volt line. 
Motor A develops 5 hp at 82% efficiency and 0.8 pf. Motor B develops 3 hp at 78% 
efficiency and 75% pf. Determine the line current, power factor, and power input to the 
combination. 
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42. The first of two parallel branches contains 6 ohms resistance and 8 ohms inductive 
reactance. The second branch is an unknown impedance. The circuit voltage is 120 
volts and the total power is 1,342 watts at a pf of 0.895 lagging. What are the values of 
the circuit elements in the second branch? Calculate the equivalent series and parallel 
circuits that can represent the combination. What value of capacitive reactance con¬ 
nected across the supply lines would bring the power factor of the combination to unity? 
Would this value connected in series also result in unity pf? 

43. A transformer has a rating of 25 kva, 2400/240 volts, 60 cycles. An open-circuit 
test made on the 240-volt winding at rated voltage shows 2.1 amp and 230 watts. Calcu¬ 
late the equivalent parallel circuit that can represent these readings. Express the open- 
circuit current as a per cent of the rated current of the 240-volt winding. 

44. A 2-kva, 460-volt, 60-cycle capacitor has a loss in watts of | of 1% of its kva rating 
when used under nameplate conditions. Calculate the equivalent series and parallel 
circuits which at rated voltage and frequency may represent this capacitor when losses 
are to be considered. 

45. In a test on a 3-phase induction motor at standstill, the following readings were 
taken for each phase winding: 55 volts, 84 amp, 2.2 kw. Calculate the constants for the 
equivalent series circuit of each winding. 

46. A single-phase induction motor has the following nameplate rating. 1.5 hp, 220 
volts, 8.9 amp, 1,720 rpm, 60 cycles. On test, the full-load motor efficiency is found to 
be 78%. What is the power factor of the motor, and what are the constants of the equiva¬ 
lent series circuit that could represent the motor when running at full load? 

47. A pure resistance R and a pure reactance X are in parallel. In terms of R and X, 
what are the magnitudes of the 3 sides of the impedance triangle representing the equiva¬ 
lent series circuit? 

48. Two impedances, Z\ and are in parallel, carrying currents i\ and i<i, respec¬ 
tively. ii = 10 sin (cd — 15°), i 2 = 20 sin (o)t + 30°), and the applied voltage is 
e = 311 sin (c at + 15°). Calculate the magnitudes of the component elements of Z\ 
and 2/2, the equivalent series and parallel impedances for the system, and the power 
taken by the complete circuit. 

49. One branch of a parallel circuit contains 4 ohms resistance and 5 ohms inductive 
reactance. The second branch contains 5 ohms resistance and 8 ohms capacitive react¬ 
ance. What is the frequency at which the net reactance of the circuit is zero, if the above 
constants were determined on a 110-volt, 60-cycle test? 

60. A coil having a resistance of 5 ohms and an inductive reactance of 80 ohms is con¬ 
nected to a 110-volt, 60-cycle source. What value of capacitance should be placed in 
parallel with the coil to give 1.0 pf? Under these conditions, what is the power input? 
Plot: (a) the input reactance and resistance; (b) the input current; and (c) the power 
input all as a function of frequency. 

51. The first branch of a 2-branch parallel circuit contains R ohms and C farads. The 
se cond b ranch contains R ohms and L henries. If ii in each branch has the magnitude 
yf L/C, what is the equivalent impedance of the circuit? Does frequency affect this 
impedance in any way? 

62. The 3 branches of a parallel circuit contain, respectively: 10 ohms resistance; 
10 ohms resistance and 10 ohms inductive reactance; and 10 ohms resistance and 10 ohms 
capacitive reactance. In series with this circuit is 15 ohms resistance, 8 ohms inductive 
reactance, and 8 ohms capacitive reactance. Draw the equivalent circuit diagram. 
Determine the circuit power for 200 volts impressed. 

53. A parallel circuit consists of 20 ohms resistance in parallel with an unknown im¬ 
pedance. In series with this combination is 5 ohms resistance, 5.03 ohms inductive 
reactance, and 13.69 ohms capacitive reactance. The applied voltage, the voltage across 
the series branch, and the voltage across the parallel branch all are equal and are 100 
volts. Determine the unknown impedance, all currents, and the circuit power. 
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64. The first branch of a parallel circuit contains 4 ohms resistance and 3 ohms induc¬ 
tive reactance. The second branch contains 5 ohms resistance and 5 ohms inductive 
reactance. In series with the parallel circuit is 6 ohms inductive reactance and R ohms 
resistance. A voltage of 120 volts causes a 12-amp line current to flow. Draw the equiva- 
lent circuit and determine the circuit power. 

55. The electrical load of a town is 400 kw, 0.9 pf lagging, at 12,000 volts. The load 
is supplied by a generating station over 2 transmission lines in parallel. Line No. 1 is 
50 miles long and has a resistance of 0.26 ohm per mile of line and a reactance of 0.64 ohm 
per mile of line. Line No. 2 is 80 miles long and has a resistance of 0.14 ohm per mile of 
line and a reactance of 0.45 ohm per mile of lino. Determine the generator current, each 
feeder current, and the efficiency of transmission. 

56. A transmission line, having the constants of line No. 2 of problem 55, supplies a 
load of 300 kw, at 0.8 pf leading, and at 12,000 volts. The load is 100 miles from the 
generating station. A second load 50 miles from the generating station is 150 kw, 0.9 pf 
lagging. Determine the voltage at the second load and the voltage at the generating 
station. 

57. A 40-kw load at 0.8 pf lagging receives its power at 440 volts. Power is supplied 
over a parallel feeder system in which one feeder has 0.1 ohm resistance and 0.2 ohm 
inductive reactance while the second feeder has 0.03 ohm resistance and 0.12 ohm react¬ 
ance. Calculate the kva and kw carried by each feeder, the impedance drop across each 
feeder, and the voltage and power at the supply terminals. 

68. 120 volts, 5 amp, and 400 watts are read at the input terminals of a series-parallel 
system. The first branch of the 2-branch parallel combination has 6 ohms R and 2 ohms 
Xc* The second branch contains 4 ohms R and 3 ohms Xl- What are the constants in 
the series arm of the network, assuming it has but one reactance? 

69. A 440-volt, single-phase factory load is 300 hp. Assuming 80% efficiency for the 
total load, and a line pf of 70% lagging, what kva of capacitance is required to raise the 
plant power factor to 95%? 

60. An industrial plant has the following loads: 

50 kw at 1.0 pf 
100 kw at 0.75 pf lagging 
200 kva at 0.8 pf lagging 
150 hp at 0.8 pf leading, 92% efficiency 

What kva is supplied the plant, what is the power taken by the plant, and what kva in 
static capacitors is required to correct the plant power factor to 100%? 

61. A plant load has the following components: 200 kva at 0.707 pf lagging; 120 kw 
at 0.8 pf lagging; 40 kw at 1.0 pf; and 150 hp, 93% efficiency, 0.8 pf lagging. Calculate 
the line current if the supply voltage is 440 volts. At $8 per kva of capacitance, what 
is the cost to correct the plant power factor to 90% lagging? 

62. A small industrial plant of 25-hp connected load consumes 3,000 kwhr of energy 
per month. The service charge on the monthly power bill is $1 per hp of connected 
load. Energy costs 3.1 cents per kwhr for the first 50 kwhr per hp of connected load, 
2 cents per kwhr for the second energy block of 50 kwhr per hp, and 1.1 cents per kwhr 
for the third energy block of 150 kwhr per hp. Calculate the monthly charge. 

63. A power company adds a penalty of \% of the energy bill for each 1% decrease in 
pf below 85%, and subtracts a bonus of f % of the energy bill for each 1% increase in 
pf above 85%. Assuming an average rate of energy charge of 1.8 cents per kwhr, what 
is the yearly saving per million kilowatt-hours for a consumer who corrects his power 
factor from 70% to 90%? 
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64 . Compute the yearly operating charge per corrective kva for capacitors costing 
$15 per kva and having a loss of f of 1%. Assume 1.6 cents per kwhr energy charge, 
2,500 hours service per year, and 15% fixed charges on the investment. 

66. In a laboratory test on a dry cell, a 170-ohm voltmeter was placed across a variable 
load resistor. When the resistance was set at 100 ohms the voltmeter indicated 1.055 
volts, and for 500 ohms the instrument showed 1.265 volts. Write the numerical equation 
for the terminal voltage of the battery as a function of battery current. Under what con¬ 
dition will a cell or battery deliver maximum power to a load? 

66. A d-c generator supplies 7.5 kw at 115 volts to a load 200 ft distant. A second load, 
100 ft farther, takes 5 kw. If No. 3 gage copper conductor is used between the generator 
and the first load, and No. 8 conductor between the two loads, what is the current and 
voltage distribution for the system, and what is the kw output of the generator? 

67. Calculate the load resistance shown in the following circuit. The load current is 
200 amp. The battery has an internal resistance of 0.18 ohm and a no-load voltage of 
214 volts. 

0.08 0.05 



0.08 0.05 


68. A battery having an emf of 240 volts and a total resistance of 0.2 ohm is connected 
across the lines between a 250-volt d-c generator and its load. The resistance of each 
line from generator to battery is 0.1 ohm, and from battery to load is 0.2 ohm. Deter¬ 
mine the current and voltage distribution for the system when the load current is 100 amp; 
when the load current is 30 amp. 

69. Solve for the current in each arm of the following circuit. 



20 90 60 


70. Compute the current in each arm of the following circuit. 


l 5 2.5 



71. A voltage 156 cos cat produces a current 10 sin (cat + 30) in a series circuit. Show 
these quantities on a complex plane. Express them and the impedance in complex form. 
Determine the power taken by the circuit and do so by using 3 different methods. 
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72. The branch currents of a line are 14.1 sin (o)t + 45), 7.07 sin (a >t — 30), and 
21.2 cos (o)t — 10 ). Express each current in complex form. Determine the line current 
using the complex notation method. 

73. An impedance 8 + j6 is connected in parallel with an impedance 4 — j8. Express 
the impedance of the combination in complex form. If the voltage 100 + j50 is applied 
to the circuit, determine the current and power input. 

74. A voltage 100 + jO drives a current 8 — j6 through an impedance. Calculate the 
components of the impedance. Show that a voltage 80 + j60 will drive the same rms 
current through the same impedance, jiepeat for a voltage —70.7 — J7Q.7. Calculate 
the voltage for a current of —5.27 + J8.50 amp flowing through this impedance. 

75. A voltage 90 + j70 drives a current 6 + jl2 through an impedance. Calculate 
the components of this impedance for the equivalent series circuit; for the equivalent 
parallel circuit. What power is taken by the circuit? 

76. The first branch of a parallel circuit is an impedance Z\ = 6 + j4t ohms. The 
second branch is an impedance Z 2 — 5 + j8 ohms. If the current to the combination is 
15 amp, calculate the branch currents, the circuit voltage, the total power, and the con¬ 
stants of the equivalent series and parallel circuits. 

77. Calculate the constants for the equivalent series and parallel circuits to represent 
a 3-branch parallel system in which Z\ = 4 — j3 ohms, Z 2 — 5 + j2 ohms, and Z$ — 
3 — jd ohms. If the total current to the system is 8 amp, calculate the branch currents, 
the circuit voltage, and the power taken by each branch. 

78. A pure resistance, a pure inductance, and a pure capacitance are in parallel. If 
the magnitude of each is 10 ohms, and the input current is —j4.23 amp, calculate the 
equivalent impedance of the circuit, the branch currents, and the impressed voltage. 

79. A 3 -branch parallel circuit contains the following impedances: Z\ — 8.06 -f- j5 
ohms, Z 2 = 5 — , 78.66 ohms, and Z 3 = 10 + jO ohms. If the line current is —5 — , 78.66 
amp, calculate the equivalent series impedance for the system, the branch currents, and 
the impressed voltage. Show the currents and voltage on the complex plane. 

80. The following loads are connected to a 3-wire system: (a) 115 volts, 0.8 kw, unity pf, 
connected between line A and neutral; (b) 115 volts, 0.8 kw, 0.866 pf lagging, connected be¬ 
tween line B and neutral; (c) 230 volts, 2 kw, 0.9 pf lagging. Calculate the 3 line currents. 

81. In a 230/115-volt, 3-wire system, a load impedance Z\ is connected from line A 
to neutral, and a load impedance Z 2 is connected from line B to neutral. Lines A and B 
each contain an impedance 0.08 + . 7 * 0 . 2 , and the neutral line contains an impedance 
0.02 + ,7*0.06. Calculate all currents and the 2 load voltages when Z\ and Z 2 are equal 
to 3 + j 1 and 5 — /3, respectively. 

82. For the circuit of problem 81, calculate the 2 load voltages for d-c line currents in 
A and B having the following respective values: (a) 50 and 0 amp; (b) 50 and 20 amp; 
(c) 50 and 50 amp. What are the load resistances? 

83. A network composed of pure resistances and voltage sources of 1,000-cycle fre¬ 
quency has 2 output terminals. On open circuit, the terminal voltage is 80 volts and, on 
short circuit, a current of 8 ma flows. By use of Thevenin’s theorem, determine the current 
when a series combination of 5,000 ohms resistance and 1 henry inductance is connected 
to the terminals. 

84. A certain resistance-coupled amplifier circuit can be considered as a voltage applied 
to a 100 , 000 -ohm resistor and a 200 , 000 -ohm load resistor in series, the output voltage 
being taken across the 200 , 000 -ohm resistor. By the use of Thevenin’s theorem, determine 
the frequency at which the output voltage will be decreased to 70.7% of its former value 
when a capacitance of 250 /x/xf is connected across the 200 , 000 -ohm resistor. 

85. A voltage, e = 25 sin 2wQ0t + 10 sin 27 t 180<, is applied to a series combination of 
2,500 ohms resistance and 1 /xf capacitance. Plot the wave forms of voltage and current. 

86 . In Figure 4.27, ei = 100 sin ut and e 2 = —50 sin o)t. For Z 2 = 00 , show that 
equations 4.40 and 4.41 give a solution that is correct in every detail. 
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87. Refer to Figure 4.27. Let Z\ = 1 + jl f Z 2 = 3 — j4, Z 3 = 7 + j4, E\ = 80 + j60, 
and E* = 100 + jO. Calculate the current through Z 2 . 

88. Calculate the ammeter reading in the following circuit. If the voltage source and 
the ammeter are interchanged, what will be the ammeter reading? Check your calcula¬ 
tions. 


15 6 20 



15 15 10 


89. In the following circuit, all voltages and resistances are equal to 100 volts and 10 
ohms, respectively. By means of the Superposition Theorem, calculate the current in 
each resistor. 



90. The following were obtained from measurements on a 4-terminal network: 
Zn = 5 + jlO; Z 22 = 15 + j5; Z i2 = 10 + j20. Calculate the equivalent 1 r and T net¬ 
works. If a voltage of 100 volts is connected to terminals 1-1, calculate the current 
through a 50-ohm resistor connected to terminals 2-2. Show that the ratio of voltage 
to load current remains the same when the voltage source and load ammeter are inter¬ 
changed. 

91. By the use of Th4venin J s theorem, calculate the current through the 100-ohm 
galvanometer of the Wheatstone bridge. 



100 v 


92. By Th6venin’s theorem, calculate the value of X c , connected across A-B, that 
would support 30 volts across it. 




CHAPTER V 


THE SINGLE-PHASE TRANSFORMER 

5.1. Introduction. The transformer is a stationary electrical machine that 
transforms alternating-current energy, usually from one voltage to another, the 
frequency remaining constant. The treatment of the transformer is introduced 
at this point, ahead of the general treatment on machines, since only single¬ 
phase circuit theory is involved and the transformer is finally reduced to an 
equivalent circuit of that type. 

The transformer consists of two electrical circuits or windings insulated from 
each other and having a common magnetic path. The windings normally are 
composed of groups of coils having many turns, the total number of turns of 
one winding being different from that of the other. The transformer is, of 
course, a coupled circuit. The magnetic path is made of laminated iron to reduce 
losses, and the windings are so arranged with respect to each other (they may 
be interleaved) that their mutual effects are very great. 

That winding which receives energy is the 'primary, and that from which 
energy is taken is the secondary. With a different number of turns in primary 
and secondary, the voltage and current at the output terminals will be different 
from the voltage and current at the input terminals. The winding having the 
higher voltage is the high-voltage or high-tension winding, the other the low-voltage 
or low-tension winding. If the secondary voltage is higher than that of the pri¬ 
mary, the device is called a step-up transformer; if the secondary voltage is 
lower than that of the primary, it is called a step-down transformer. Obviously, 
energy may be transmitted either way through the transformer. 

Standard voltages range through a long series from 110 volts to 250,000 volts, 
or more. A common voltage at generating stations is 13,200 volts. This may 
be raised at the station to normal transmission line voltages of magnitudes from 
66,000 to 250,000 volts, with correspondingly decreased currents, and the energy 
transmitted over long distances. At the load end of the lines the voltage is 
stepped down and distributed at various low values for industrial use and for 
home lighting and appliances. 

The transformer, which has existed since about 1880, has been a primary 
cause of the widespread use of alternating current. Inability to build high- 
voltage generators and motors gives to the transformer immediate recognition 
as a highly flexible link between the generation and distribution of electrical 
energy. Its cost is lower than that of rotating machines of the same kva rating, 
and its efficiencies are much higher. Single-phase transformers have been built 
with a rating of 133,000 kva, and 3-phase units with a rating up to 400,000 kva.' 

in 
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Absence of rotating parts decreases losses, and the efficiency of a large trans¬ 
former may be as high as 99.7 per cent, very close to complete energy conversion. 
Further, the device allows transformation from one number of phases to another, 
and it also affords a tie between systems of the same frequency. 

5.2. Fundamental Relations. The essential elements of the transformer are 
shown in Figure 5.1. For the time being, the resistances and leakage fluxes of 
the windings, saturation, and all losses will be neglected. The lea k age flux of a 
winding is that created by current in the winding and which links with that coil 
alone. The effect of this leakage flux is to cause the output voltage of the trans¬ 
former to vary slightly with load. Neglecting these small quantities, we have 
the “ideal transformer.” It should be pointed out at the start that the ordinary 



Fig. 5.1. Essential elements of the transformer. 


commercial transformer comes fairly close to meeting the specifications of the 
ideal transformer. Under full load, the losses are of the order of 2 per cent and 
may be less than \ of one per cent for the larger sizes. The change in the value 
of the secondary terminal voltage from rated load to no load (regulation) is of 
the order of only 2 or 3 per cent for a commercial transformer. 

With the secondary circuit open, the ideal transformer reduces to a pure 
inductive reactance connected to the power source. A no-load current I 0 
flows, which lags the applied voltage by 90 degrees. This no-load current, or 
transformer exciting current as it is called, is small since the magnetic circuit, 
with its iron path of very low reluctance, gives rise to a high inductive reactance 
for the winding. The flux $ created by the exciting current 7 0 varies sinusoidally 
in time and induces voltages in both primary and secondary coils of turns N\ 
and N z . 

The induced voltage in each turn of any winding on the transformer is fixed 
by the flux and the frequency, and the voltage of any coil is then directly depend¬ 
ent upon the number of turns in that winding; that is, 


Ei = 4.44JVi/<f> m volts 
E 2 = 4.44/V 2 /‘f > m volts 

from which 

Ei _ Ni 

E% N% 


(5.1) 


(5.2) 
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Since the voltage induced in the primary coil must always equal the applied 
voltage, the relation given by the first of equations 5.1 must hold for all condi¬ 
tions of load. This means that as the transformer is loaded under constant 
impressed voltage the maximum value of the flux remains constant and is equal 
to the value at no load. It follows, therefore, that the net magnetomotive force 
(mmf) acting on the magnetic circuit does not change with the loading of the 
transformer. 

The ratio N 1 /N 2 is the turn ratio of the transformer and, while immaterial, it 
usually is given by the ratio of the larger number of turns to the smaller number. 
Although the actual number of turns of the two windings may not be known, the 
turn ratio can be found from the ratio of the terminal voltages measured at no 
load. 

If the secondary circuit is closed, the voltage E 2 causes a load current I 2 to 
flow, the phase angle between E 2 and I 2 depending solely upon the impedance 
characteristics of the load. This secondary current results in a magnetomotive 
force, proportional to N 2 I 2 , that acts on the magnetic circuit and tends to change 
the magnitude of the flux. However, if the magnitude of the flux changes, the 
voltage induced in the primary circuit will no longer equal the applied voltage 
—an impossible condition. As the flux tends to change, the primary current 
increases with the secondary and maintains the initial value of the flux. The 
ampere-turns due to this load component I\ of the primary current just balance 
the ampere-turns due to the secondary load current, that is, 


Nih' = N 2 h (5.3) 

whence 

W = N2 
h N x 


The primary current I\ is the vector sum of 1 0 and //. The exciting current 
is usually small in comparison with the load component of current 1 1 and adds 
to it in general at a very large angle. For this reason, 7i and I\ are usually 
considered equal in value. With this approximation, equations 5.2 and 5.3 
yield the relation 

Eih = E 2 I 2 (5.4) 


and 



(5.5) 


where Zl 2 is the impedance of the load on the secondary. 

From equation 5.4 it is seen that the kva input to the transformer is equal to 
the kva output. Also, neglecting losses, the input and output power for the 
transformer are equal. Equation 5.5 states that the power factor measured at 
the primary of the transformer is equal to the power factor of the secondary 
load and that the magnitude of the impedance, as viewed from the primary 
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terminals, has been changed by the square of the turn ratio. This last char¬ 
acteristic is often made use of in communication circuits for matching imped¬ 
ances. 

The relations of equations 5.1 to 5.5, inclusive, are fundamental to the trans¬ 
former. Although developed for the ideal transformer, they are very nearly 
correct for any modern iron-core transformer. 

5.3. Nameplate Ratings of Transformers. Important information given on 
the nameplate of a transformer includes the normal kva which the machine is to 
transfer through it, the normal operating voltages of the input and output wind¬ 
ings, the normal frequency of the voltage variation, and perhaps statements 
containing data on the very low resistance and impedance within the trans¬ 
former itself. Since the transformer is built to pass rated kva through it, the 
primary and secondary windings both have the same kva rating, which is that 
of the entire machine. Normal currents for the two sets of coils therefore are 
implied through this kva rating and the respective voltages. Power factor is 
not specified because it depends solely upon load conditions over which the 
transformer has no control. The transformer may be called upon to transfer 
power with phase angles between voltage and current ranging from practically 
90 degrees lagging to 90 degrees leading. For this reason, they are not rated in 
kw, and the load on a transformer usually is given in terms of the kva it is 
carrying. 

Many transformers have more than one high-voltage and one low-voltage coil. 
In such instances the voltage rating of the transformer implies the number of sep¬ 
arate windings for the input and output circuits and the rated voltage of each 
winding. For example, a transformer rating of 25 kva, 2,400:1,200:: 240:120 
volts means that the device has two high-voltage windings of 1,200 volts each. 
They are to work on 2,400 volts when connected in series, and on 1,200 volts 
when in parallel. Information on the low-voltage windings is interpreted simi¬ 
larly. Connected in series, the low-voltage coils could supply a 3-wire system. 
Note that the normal kva of each coil is 12.5, nameplate kva being divided 
equally among the several coils on either side of any transformer, provided that 
they have the same voltage rating. 

5.4. Losses in a Commercial Transformer. Because of the periodic varia¬ 
tions of flux within the iron of the transformer, there will be a loss in the mag¬ 
netic circuit. This loss, called the iron or core loss, has two components, one of 
eddy currents and the other of hysteresis. So long as the impressed voltage and 
frequency are held constant, the core loss is assumed to remain constant over 
the entire load range of the transformer. Since the windings of the transformer 
have a certain amount of resistance, there will be an I 2 R, or copper, loss in each 
set of coils. Any additional eddy-current loss which appears because of load 
currents is assigned to the copper loss, whether it exists in the conductors or is a 
small increase in the eddy-current loss in the iron. As previously mentioned, 
the sum of all the losses of the transformer under rated loading is usually less 
than 3 per cent of the rating of the machine expressed in watts. 
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5.5. Iron Losses. It will be remembered from earlier studies in physics that 
when iron is subjected to periodic reversals of flux there is an associated loss of 
energy called the hysteresis loss which appears as heat in the iron. For a given 
machine, the hysteresis loss varies with the frequency of the flux reversals and 
to a power of the maximum flux density. It is usually expressed by 

Ph = KhfP m 1G watts (5.6) 

The constant K h depends upon the kind of iron and the units of measurement, 
and the exponent of the flux density is merely a representative value frequently 
used. 

Also, when iron undergoes flux reversals within it, there are losses caused by 
currents circulating in the iron. The iron acts as a great number of transformer 
secondaries, each having a resistance load. Voltages are induced in the iron 
which lead to heat losses by virtue of the I 2 R of these many eddy currents. The 
eddy-current losses for a given machine vary with the square of both frequency 
and flux density, that is, 

P e = Kefp m 2 watts (5.7) 

In practice, the combined hysteresis and eddy-current losses of a machine are 
calculated from the watts loss per pound of material obtained by test for known 
frequencies and flux densities. When it is desired to separate the component 
losses for a stated value of maximum flux density, measurements are taken at 
two frequencies in the vicinity of the operating frequency. The different man¬ 
ner of variation of the individual losses with frequency makes possible the eval¬ 
uation of each component. 

The hysteresis and eddy-current losses, combined, give the total losses appear¬ 
ing as heat in the iron, hence the term “iron losses.” Iron losses exist in all rotat¬ 
ing machines and transformers, in fact in all magnetic circuits containing iron 
carrying a periodic flux. It will be recalled from physics, though, that eddy 
current losses are not confined to iron alone. Copper conductors, for example, 
carrying alternating currents have eddy-current losses within them, thus giving 
rise to an apparently greater resistance, called the “effective resistance,” than 
that measured by direct current. 

The core loss is practically a constant for all loads for a given applied voltage, 
Ei. However, since the flux density is proportional to the applied voltage, the 
core loss increases nearly as the square of the applied voltage. Thus, if a 110- 
volt transformer is used on 125 volts, the core loss will be increased by approxi¬ 
mately 29 per cent. 

The core loss requires that the no-load current 7 0 have a component in phase 
with the applied voltage E\. This is a refinement for the actual transformer 
over the ideal machine. The power factor of 7 0 is small, a representative value 
being about 25 per cent, corresponding to a phase angle of 75 degrees. 

With a sinusoidal voltage applied to the primary, a sinusoidal flux variation 
will follow in order to produce the required induced voltage. Because of satura- 
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tion, however, the information on which is contained in the non-linear B-H curve 
for the transformer, the exciting current will not be sinusoidal. It will consist of 
a fundamental with a series of harmonics of decreasing magnitudes, the most 
pronounced of which is the third harmonic. The no-load current will show this 
distortion when viewed on an oscillograph. At rated voltage, the third-harmonic 
current and the third-harmonic voltage associated with it usually are appreciable, 
and these rise very rapidly with overvoltage. Their effects are of most concern 
in transformer connections for 3-phase systems. 

The no-load, or open-circuit, test on a transformer is usually carried out over 
a voltage range from zero to perhaps 150 per cent of rated voltage. For various 
applied voltages the exciting current and the core loss are obtained directly 
through ammeter and wattmeter readings. Since the exciting current is small, 
the copper loss due to it may be neglected. At normal impressed voltage, the 
ratio of the exciting current to rated current for that side of the transformer on 
which the test is made is the percentage exciting current. Similarly, the ratio 
of the core loss at rated voltage to the transformer rating is the percentage core 
loss. Because of convenience in the selection of measuring equipment, the open- 
circuit test usually is made on the low-voltage side of the transformer. The iron 
loss and percentage 7o are the same in either case. Note that the actual turn 
ratio of the transformer can be found from the ratios of voltages in the no-load 
test since impedance drops within the windings are negligible. The turn ratio 
may or may not be equal to the nameplate voltage ratio since the latter is given 
for full kva, in which case small impedance drops within the transformer alter 
the no-load voltage ratio slightly. 

6.6. Copper Loss. Both windings of the transformer have resistance, but 
because these circuit elements do not enter into transformer action they are 
taken as lumped constants and, in the circuit diagram, Figure 5.2, are placed 
outside the windings. The resistances are relatively small, hence their I 2 R 
losses are very low, thus leading to high transformer efficiency. The resistances 
can be calculated or measured approximately by a d-c test, although the a-c, or 
effective, resistances are higher by several per cent because of eddy-current 



Fig. 5.2. Transformer circuit with resistances of the windings included. 


losses in the copper. In general, the I 2 R losses in the two windings are approx¬ 
imately equal. 
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The copper loss in the transformer is expressed by the equation 
copper loss = I X 2 R\ + I 2 R 2 watts 

Substituting for I 2 from equation 5.3, this equation can be written in the form 
copper loss = 1 1 2 R\ + ft 2 J = I\R\e 


or 


copper loss = Z 2 2 #ij =» I 2 R 2 * 


(5.8) 


where R ie is the equivalent resistance of the transformer referred to the primary, 
and R 2r is the equivalent resistance referred to the secondary. From equations 
5.8 it is evident that R\ e and R 2e are related by the square of the turn ratio, 
that is, 


R 


le 



(5.9) 


It is thus seen that the total copper loss in a transformer is equal to the equiva¬ 
lent resistance of the transformer multiplied by the square of the current in the 
side to which the resistance is referred. 

If measurements are taken at the primary terminals of the transformer with 
the secondary short-circuited, the power input read on a wattmeter will be 


power input = I 2 R\ + I 2 2 R 2 = I 2 Ru watts (5.10) 


Of special interest are the voltage and power for rated primary and secondary 
currents. The required voltage will be only about 5 per cent of rated voltage 
of the winding. With a correspondingly low value of flux, the core loss can be 
neglected for this test. 

Under short circuit, the entire applied voltage is consumed in driving the 
current through the equivalent impedance of the transformer (the equivalent 
impedance is discussed in Section 5.8). Thus, the ratio of primary voltage to 
current is 

— = Z u = VRu 2 + Xu 2 ohms (5.11) 

h 

from which 

X u = Vz le 2 - R le 2 ohms (5.12) 

The constants can be converted to those for the secondary from the relations 


R 2e — 



and 



(5.13) 
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Although the short-circuit test can be carried out on either side of the trans¬ 
former, usually it is conducted on the high-voltage side with the low-voltage 
coils short-circuited. This connection permits use of a lower-range ammeter 
and a better reading of the impedance voltage. The current in both sides is 
known if an ammeter is placed in either side. The wattmeter and ammeter 
readings allow the calculation of Ru from equation 5.10. The impedance Zu 
is determined from the ammeter and voltmeter readings when substituted in 
equation 5.11. The test taken on the low-voltage side will give corresponding 
values of R 2e and Z 2e . The values from either test can always be referred to the 
other winding by use of equations 5.13. 

The ratio of the wattmeter reading of the short-circuit test, with rated cur¬ 
rent in the windings, to the kva rating of the transformer gives the normal 
percentage copper loss. This same percentage is also the per cent resistance, 
%R, of the transformer. Similarly, the ratio of the voltmeter reading of the 
short-circuit test, with rated current, to the rated voltage of the winding is the 
per cent impedance, %Z, of the transformer. These percentage values, which 
are based upon rated quantities, are discussed in Section 5.9. 

6.7. Efficiency. The efficiency of the transformer, as with all machines, is 
the ratio of the power output to the power input. The efficiency of a transformer 
is, in general, very high and it is found more accurately by calculations involving 
the losses. Thus, 

E 2 I 2 cos 0 2 

per cent efficiency = —-- - — X 100 (5.14) 

E 2 I 2 cos 0 2 + iron losses + I 2 R 2e 

The iron losses are substantially constant regardless of the current loading. 
It is a general observation in engineering that maximum efficiency for a machine 
is obtained when the variable losses equal the constant losses. The student is 
asked to demonstrate this principle for the transformer from the above efficiency 
equation. For each power factor there will be a maximum efficiency, the highest 
attainable being that at unity power factor. 

6.8. Voltage Regulation. The windings of the actual transformer have leak¬ 
age reactance as well as resistance. Consequently, as a result of voltage drops 
in these impedances, the output voltage will change with the magnitude of the 
load current and with the power factor. Expressed as a percentage of the rated 
full-load voltage, the change in secondary voltage from no load to full load is 
defined as the voltage regulation of a transformer. The regulation may be posi¬ 
tive or negative, depending upon the load power factor. It is positive when the 
secondary voltage falls with increasing load. 

Leakage reactances exist in a transformer since, in practice, it is impossible to 
obtain complete inductive coupling of two circuits. This, stated in another 
way, means that the entire flux is not common to the two windings of the trans¬ 
former, and that the currents in each winding produce fluxes that link only with 
their respective turns and in no way become a part of the mutual flux. These 
leakage fluxes yield simple inductances in each circuit which can be represented 



THE SINGLE-PHASE TRANSFORMER 


119 


by equivalent reactances in the primary and secondary, as is shown in Figure 
5.3. Because they do not enter into transformer action, they are given lumped 



Fig. 5.3. Actual circuit of the transformer. 


values and moved outside the windings as were the resistances. The coupling 
coefficient of an actual transformer is of the order of 99.9 per cent. It is evident, 
therefore, that the leakage reactances X x and X 2 are but very small fractions 
of one per cent of the total (open-circuit) reactance of the windings. 

The relation between the primary and secondary voltages can be obtained 
from a direct analysis of the circuit shown in Figure 5.3, and is given by the 
vector equation 

Ei — — {E 2 + I 2 Z 2 ) + I 1 Z 1 

N 2 

N x JVi 

= — E 2 + 7 2 — Z 2 + l x Zi (5.15) 

n 2 n 2 


where Z x and Z 2 are the impedances of the primary and secondary windings, 
respectively. The quantities in equation 5.15 are, of course, vector quantities 
and must be added as vectors. 

Substituting for I 2 from equation 5.3, equation 5.15 can be written in the form 


where 


Ei 


Ni r 

= — e 2 + I x \ z x + 

N 2 L 

Ni 

= — E 2 + IiZi e 

n 2 



Z u = 



i r /Xi \ 2 1 


(5.16) 

(5.17) 


and is called the equivalent impedance of the transformer referred to the primary. 
Equation 5.15 can also be written in the form 


N 2 

— E x — E 2 + I 2 
N , 



— E 2 + I 2 Z 2e 


(5.18)- 
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where Z 2e is the equivalent impedance referred to the secondary, and is given by 
the expression 


>2e 


i N ^\ i r /^2 \ 2 i 
R 2 + \fi~J Rl J + 3 [ Xa + (j^) Xl \ (519) 


Interpretation of the foregoing expressions suggests the analysis of the trans¬ 
former by way of the equivalent circuits of Figure 5.4. The transformer thus 


X U I. 

’ j "’" ■ A/V V "• OSW '—|- 

f 


Load 


(a) Viewed from primary 



(b) Viewed from secondary 


Fig. 5.4. Simplified equivalent circuits of the transformer. 


is reduced to a simple series circuit in which the major problem is that of deter¬ 
mining the voltage at the supply terminals for specified load conditions, or the 
load voltage and current for a given load impedance. Such simplified circuits 
represent the entire transformer rather faithfully even though the no-load cur¬ 
rent Iq is neglected. 



(a) In terms of secondary voltages (b) In terms of percentage quantities 

Fig. 5.5. Vector diagrams of Figure 5.4b for a lagging power factor load. 


It might be remarked at this point that the reduction of complex circuits and 
of machines to simple series-circuit equivalents is fundamental to the philosophy 
of the electrical engineer in the analysis of his systems. We already have ob¬ 
served similar steps in the treatments on single-phase circuits. Other divisions 
of engineering follow the same procedure whenever possible. 

For a given load, expressed either in ohms impedance or by kw and kva, at a 
fixed power factor and voltage, the change in secondary voltage between full 
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load and no load as a percentage of full-load voltage is the voltage regulation of 
the transformer; that is, from Figure 5.4b, 

\E' 2 \-\E 2 \ 

-----X 100 = per cent regulation (5.20) 

\ E 2 \ 

where, as is indicated, magnitudes only are to be used. 

As previously stated, the regulation may be positive or negative, depending 
upon the load power factor and the magnitude of the current. The vector dia¬ 
grams of Figure 5.5 indicate a direct method of determining the value of E! 2 . 

5.9. Percentage Quantities. Calculations on regulation are carried out 
easily by using percentage quantities. Rated primary and secondary voltages 
and currents are 100 per cent (1.00 on unit basis), and the equivalent circuit 
constants are defined by ratios of their respective voltage drops at rated current 
to rated voltage. For example, 




%2e 

rated ( E 2 /l 2 ) 


X 100 = 


rated 1 2 ■ Z 2e 

-- X 100 

rated E 2 


Per cent R and X are defined similarly, and 


(5.21) 


%Z = V(%R) 2 + (%X) 2 (5.22) 

The per cent R and Z for a transformer were discussed in Section 5.6 with 
respect to the manner in which they are obtained from test results. The student 
can satisfy himself that any constant, expressed as a percentage, is the same 
whether calculated from primary or secondary quantities. 

The impedance of a transformer usually is but a few per cent. A 4 per cent 
impedance means that the equivalent IZ drop of the transformer at rated cur¬ 
rent is 4 per cent of either E\ or E 2 , depending upon that side chosen as refer¬ 
ence. In calculating regulation secondary quantities normally are used, and 
magnitudes in the vector diagram then are given in terms of percentages (or 
units) of rated secondary voltage. As is brought out in Figure 5.5, the use of 
percentage quantities in the vector diagram can be interpreted as merely chang¬ 
ing the scale of all voltage vectors so that the reference voltage, rated E 2 , be¬ 
comes 100 units. Obviously, if 1 2 differs from rated value by the factor n, the 
percentage IR and IX drops are changed by this same factor. Using percentage 
quantities, the regulation is simply E 2 — 100. It is evident that E 2 also gives 
the required primary voltage directly in per cent. 

Transformer nameplates often state the percentage impedance or perhaps 
both the percentage impedance and resistance. The per cent impedance is 
helpful in giving information quickly on the approximate regulation for a given 
load condition, and on the magnitude of short-circuit current in case of trouble. 
The per cent resistance assists in defining the impedance angle of the trans- 
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former, in evaluating copper losses for a given kva load, and in calculating 
transformer regulation. 

The use of percentages is of advantage in comparing similar quantities for 
machines of different ratings in that it places them all on the same basis. Fur¬ 
thermore, calculations based on percentages are usually the simplest that can 
be made and results are obtained with an ease and directness not possible with 
most other methods. Practical electrical engineering makes much use of per¬ 
centage methods. 

5.10. Example. A 15-kva, 2,200/220-volt, 60-cycle transformer shows the 
following test data: 

Open-circuit test: 

E% = 220 volts, / 2 = 1.92 amp, W 2 — 116 watts 
Short-circuit test: 

Ei = 106 volts, Ii = 6.82 amp, Wi = 186 watts 

Determine the efficiency and regulation of the transformer for 90 per cent rated 
kva at 80 per cent pf lagging. 


Solution : 

The output of the transformer for this load is 10.8 kw. The iron loss is 116 
watts (open-circuit test), and the copper loss is the rated value of 186 watts 
from the short-circuit test reduced in the ratio (actual kva/rated kva) 2 , or 151 
watts. Hence, 


efficiency = 


10,800 


X 100 = 97.7% 


10,800 + 116 + 151 
Maximum efficiency occurs for a load of 11.85 kw (when the copper and iron 
losses are equal) and has a value of 98.2 per cent. 

From the short-circuit test data, 


106 

%Z = -x 100 = 4.82 

2,200 

186 

%R =-X 100 = 1.24 

15,000 

%X = 4.66 

At 13.5 kva, then, the percentage IR and IX drops are 1.12 per cent and 4.19 
per cent, and we have the vector diagram shown in Figure 5.6. Note that, ir 



Fig. 5.6. Transformer vector diagram in percentage. 
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percentages, the diagram does not have specific reference to either side of the 
transformer. The regulation is 3.4 per cent. 

Solving for the regulation by using equivalent constants of the transformer, 
we have, from the short-circuit test, 


and 


Zi e = 


Rle — 


106 __ 
6^82 ~ 
186 
(6.82) 2 


15.57 ohms, whence Z 2e = 0.156 ohm 
= 4.00 ohms, whence R 2e = 0.04 ohm 


X 2e — 0.150 ohm 


The vector diagram in terms of secondary voltages is shown by Figure 5.7, 
whence the regulation is 


227.5 - 220 

voltage regulation =- 

220 


X 100 = 3.4% 



Fig. 5.7. Transformer vector diagram in terms of secondary voltages. 

5.11. Polarity. The induced voltages in all windings of a single-phase trans¬ 
former are due to the same time-varying flux. Depending upon which terminal 
of any pair is taken as a reference, therefore, the induced voltages between ter¬ 
minals of any pair of coils are either in phase or 180 degrees out of phase. It is 
necessary to know the relative polarities when two or more windings of a trans¬ 
former are to be connected in parallel or in series, and when separate trans¬ 
formers are to be paralleled. If the windings are improperly connected, they 
may essentially short-circuit the power supply. 

By convention, high-voltage terminals are given the notation H, and low- 
voltage terminals are designated by X. Numerical subscripts indicate particu¬ 
lar leads of the several coils; that is, Hi and H 2 , H 3 and H it etc., designate, 
respectively, the two terminals of each of several high-voltage coils. Similarly, 
Xj and X 2 , etc., apply to terminals of low-voltage coils. No transformer will 
have two terminals marked alike. The order of the subscripts for all coils on 
the same transformer denotes the same relative direction of induced voltage at 
any instant. Figure 5.8 shows polarity markings for a transformer having two 
high-voltage and two low-voltage windings. 

Polarity markings may be placed on the terminals either by the manufacturer 
or by the customer. Further, as discussed in Section 5.16, there may be varia¬ 
tions in markings for certain applications. Specifically, polarity markings on 
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H. 




the usual power transformer mean that if voltage is applied to the terminals of a 
winding, such as to H\ and H 2 , the voltages Eh x h v Eh,h v Ex x x v etc., in this 
exact order of subscripts, are in phase with each other. Again, these markings 
mean that if H 2 and X 2 are connected together, and a voltage is applied either 
to the high-voltage winding or to the low-voltage winding, a voltmeter con¬ 
nected between Hi and Xj will read the difference between the high- and low- 

side voltages. 

In certain instances the leads of a transformer 
may not be marked. It then may be necessary in 
sequence: (a) to ascertain which two leads are con¬ 
nected to a given winding (continuity test), (b) 
to ascertain which are the high-voltage and which 
are the low-voltage windings (voltage ratio test), 
and (c) to assign polarity marks to all leads. This 
is done by marking a terminal of any high- voltage 
coil Hi arbitrarily, or assigning Xi arbitrarily 
to any low-voltage terminal. From this point 
on, in conformance with the statements in the 
preceding paragraph, all other terminals can be 
marked correctly. 

of Transformers. For best performance, trans- 
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Fig. 5.8. 


Transformer polarity 
markings. 


5.12. Parallel Operation 

formers to be paralleled should have: 


1. The sam e turn ratios. In general, the transformers would be expected to 

have approximately the same high-voltage and the same low-voltage 
ratings. 

2. The same percentage impedances. The equivalent impedances in ohms 

should therefore be inversely proportional to the respective current, or 
kva, ratings. 

3. The same ratio of percentage, or equivalent, R to X. 


The first requirement results in zero circulating current among the second¬ 
aries at no load. The second permits of the same percentage load increase on 
each transformer for a given increase in total output. The third condition re¬ 
sults in the same power factor for each transformer and is that of the load. All 
transformer terminals having the same instantaneous polarity markings should 
be connected to the same line. It is understood that only transformers of the 
same frequency rating are considered. 

The problem of calculating the load division among transformers in parallel 
is exactly that of determining the current division for any single-phase parallel 
circuit. With transformers, of course, the impedance of each branch will be 
given by the equivalent resistance and reactance of the transformer which it 
represents. Figure 5.9 shows the schematic circuit for two transformers, A and B. 

The equivalent constants of Figure 5.9 may be replaced by their corresponding 
percentages and the parallel circuit treated in the same way. If this method is 
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used, it is necessary first to place the percentage quantities of all transformers on 
the same kva base which often is the lowest common multiple of the kva ratings. 
The new percentage IR, IX, and IZ drops for each transformer then are the 
rated percentages times this multiple and are taken with respect to the same cur¬ 
rent. These percentages now are in the same ratios as their respective ohmic values. 

As an example, Z 2e = 0.242 ohm for a 10-kva, 2,200/220-volt transformer hav¬ 
ing 5 per cent impedance, and Z 2e = 0.194 ohm for a 15-kva, 2,200/220-volt trans¬ 
former having 6 per cent impedance. On a common base of 30 kva, the 
percentage impedances are 15 and 12, respectively, and are in the same ratio 
as the ohmic values of the equivalent impedances. Many problems in electri¬ 
cal engineering are handled by percentages in this manner. 


Transf. A 
Rze %2e 



Fig. 5.9. Equivalent circuit for parallel operation. 


6.13. Autotransformers. The autotransformer has a single winding part of 
which is common to both input and output circuits. If the supply voltage is 
to be stepped down, the supply voltage would be applied to the entire winding 
and the output voltage obtained between one input terminal and a tap some 
place along the winding. The ratio of voltage transformation is the ratio of 
these two voltages. Only part of the power is transferred by transformer action, 
the remainder flowing conductively from the input to the output circuit. The 
lower the ratio of transformation, the less will be the power transferred electro- 
magnetically. In practice, the ratio of transformation seldom is greater than 2:1. 

The autotransformer may step down or step up the voltage, in the latter case 
the supply being impressed on but part of the winding. In the same sense, an 
ordinary transformer can be used as an autotransformer by connecting the 
primary and secondary coils in series. Advantages of autotransformers are 
smaller size, lower cost, higher efficiency, and lower voltage regulation. A 
major disadvantage lies in the fact that the input and output circuits cannot be 
insulated from each other as with the normal transformer. 

6.14. Induction Regulators. In order to maintain the load voltage constant 
over a wide range of current and power factor, it is necessary that the primary 
voltage be adjusted for each load condition. Practically, the load voltage usu¬ 
ally is controlled by induction regulators in the feeder circuits or by tap-changing 
transformers which cut out or cut in a few turns of the primary winding so as 
to increase or decrease the voltage ratio. 
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Briefly, the induction regulator consists of a primary winding mounted on a 
cylindrical ewe and free to rotate about 180 degrees within the secondary wind¬ 
ing which surrounds it and is stationary. The rotor may be moved either by 
hand or under automatic control. The induction regulator is essentially an 
autotransformer that has, within limits, a smooth variation in turn ratio. The 
circuit diagram for it is shown in Figure 5.10. The essential difference between 



Fig. 5.10. Circuit diagram for induction 
regulator. 


the regulator and the transformer is that 
the former permits a varying rms voltage 
in the secondary because of the change in 
magnetic coupling between the two wind¬ 
ings as the rotor is moved. In one extreme 
position the induced secondary voltage 
adds to the primary line voltage, and in 
the opposite position the secondary volt¬ 
age subtracts from that of the primary. 


The line voltage therefore can be controlled within these limits, usually 10 per 


cent boost or buck. 


5.16. Transformers in Communication Circuits. In communication work, 
the transformer is generally considered as an impedance-matching network 
rather than as a device for changing the circuit voltage. Electronic amplifiers, 
for example, give optimum performance when operating into a definite value of 
load impedance. In practice, however, it is generally not feasible to choose 
arbitrarily the value of impedance for a particular type of load. A typical prob¬ 
lem of this sort is that in which a loud-speaker, having an input impedance of 
20 ohms, is to be driven from a vacuum tube requiring an optimum load imped¬ 
ance of 8,000 ohms. If the tube were connected directly to the load, a simple 
calculation shows a very inefficient power transfer from tube to speaker. In 
order to correct this, a step-down transformer can be inserted between the tube 
and speaker. Equation 5.5 shows that the impedance, as viewed from the 
primary winding, is changed by the square of the ratio of primary to secondary 
turns, that is, 



For the problem under consideration, a step-down transformer, having a turn 
ratio of 20, would make the speaker load of 20 ohms appear to the tube as the 
desired 8,000 ohms. For a given input signal level to the amplifier, the power 
delivered to the speaker would be increased 100 times over that of the direct 
connection. A few other problems involving impedance matching are connect¬ 
ing the low impedance of a communication line, microphone, or phonograph 
pick-up to the high-input impedance of an amplifier, and matching impedances 
between stages of an amplifier. 

In communication work, the transformer generally has to work efficiently 
over a wide range of frequencies. For audio-frequency- applications, the re- 



THE SINGLE-PHASE TRANSFORMER 


127 


quired range is approximately from 30 to 15,000 cycles. The frequency response 
of a transformer is measured under operating circuit conditions and is expressed 
by a graph of output voltage against frequency for a constant magnitude of 
signal voltage. The frequency response can be also expressed as the frequency 
range over which the output voltage does not vary by more than ±12 per cent 
(±1 decibel). The response at the high audio frequencies falls off because of the 
shunting effects of the distributed capacity of the windings. The response de¬ 
creases at low frequencies because the inductive reactance of the primary wind¬ 
ing becomes low compared vvith the impedance of the primary source of voltage. 
The required frequency range imposes design features quite different from those 
of power transformers. Frequency response and freedom from signal distortion, 
due to the iron characteristics, are of more importance than very high efficiency. 
The efficiency of audio-frequency transformers generally does not exceed 95 per 
cent and in some cases may be less than 90 per cent. 

Communication transformers are commercially available for practically all 
applications. The manufacturer usually gives complete information on each 
transformer, stating the purpose for which it was intended, the power- han dling 
capacity, the impedances between which the transformer was designed to oper¬ 
ate, and the frequency response. 

6.16. Instrument Transformers. Instrument potential transformers are 
built similar to small power transformers and are designed to step down the 
voltage of high-voltage lines to magnitudes which are suitabk for the usual 
voltmeter, wattmeter potential circuit, power-factor meter, etc., or for relays 
for voltage regulation or protective devices. At the same time, the transformer 
insulates the measuring circuit from the high-voltage system, thereby providing 
protection to life and equipment. The primary windings are built for standard 
voltages ranging at least as high as 110 kv. The secondary coils are designed 
for a nominal voltage of 110 to 120 volts for use with 150-volt instruments. The 
nameplate on the transformer gives the primary and secondary voltages and 
usually the ratio of transformation as well, for example, 23,000:115 volts, ratio 
200 : 1 . 

A constant ratio of transformation and phase angles as small as possible, are 
desired, hence these transformers are designed with a very low impedance, less 
than one per cent. The loads primarily are resistance since they are the poten¬ 
tial circuits of instruments, this fact leading to a more constant ratio of trans¬ 
formation than with lagging-power-factor loads. Flux densities are kept low so 
as to prevent harmonics influencing voltage readings. The volt-ampere ratings 
are low, from a few watts required to operate an instrument to a few hundred 
watts which may be required for relay service. 

Current transformers step down high main-line currents to small magnitudes 
which are carried to ammeters, wattmeter current coils, or current relays. The 
primary winding of the current transformer may be a single copper bar built 
into the device and carried through the iron core. This bar is inserted in series 
with the line, carries the line current, and is equivalent to a 1-tum coil. Again, 



128 


ELECTRIC CIRCUITS AND MACHINES 


the iron core may be in the form of a hollow square or ring so that it can be 
slipped over the main line or over the bushing of a power transformer or circuit 
breaker. The line becomes a 1-turn primary winding. For line currents up to 
1,000 amp the primary winding usually has more than one turn. A few low- 
range portable instruments are designed with the core made in two parts and 
hinged so that they can be clamped around the line. One such instrument con¬ 
tains an iron-vane movement placed in a field of high-flux density in the core 
circuit and will read on either a-c or d-c lines. As with potential transformers, 
current transformers also are designed for constant ratios, small phase angles, 
and low volt-ampere ratings. Further, they are insulated for the voltage of the 
system to which they are connected, this information appearing on the name¬ 
plate. 

The usual current transformer has a 5-amp secondary winding wrapped around 
the iron core, the number of turns depending upon the ratio of transformation 
desired. The nameplate gives the primary and secondary currents as well as 
the ratio, or ratios, of transformation, for example, 800:5 amperes, ratio 160:1 
for a single-range transformer, or 25/50/100:5 amperes, ratios 5/10/20:1 for a 
multi-range portable transformer. Primary currents of many thousand am¬ 
peres may be measured. Although the secondaries are designed for 5-amp 
instruments in permanent installations, such as on switchboards, the instru¬ 
ment scales usually are graduated to read directly the main line current, thus 
including the ratio of transformation. This is true of switchboard-type volt¬ 
meters and wattmeters as well, the scales of the latter including the ratios of 
both the current and the voltage transformers. 

All secondary windings of instrument transformers must be grounded so as to 
avoid danger to life or equipment due to any high induced voltages which may 
appear in the secondaries. In addition, the cases of instruments used with 
instrument transformers also should be grounded. Current transformers are, 
or should be, provided with a short-circuiting switch across the secondary ter¬ 
minals which must be closed before the instruments are disconnected from the 
circuit. If the secondary of a current transformer is open, the primary current 
becomes magnetizing current only, with no opposing secondary ampere turns. 
Consequently, a very high flux density is reached. This leads to a high and 
dangerous secondary voltage, a core loss that may damage the transformer, and 
a resulting magnetic condition of the iron that may require demagnetizing and 
calibration of the transformer before it can be used again. For these reasons, 
the secondary always must be closed directly upon itself or through its normal 
instrument load circuit. 

Instrument transformers are given polarity designations by the manufacturer 
through marks on one terminal each of the primary and secondary windings. 
These marks may be the usual Hi and X\ stamped adjacent to those terminals 
or on metal bands placed around them, a painted section of the leads, painted 
dots adjacent to the terminals, etc. The indications mean that current is leav¬ 
ing the marked secondary terminal at the same time current is entering the 
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marked primary terminal, and circuit continuity hence is from one marked 
terminal to the other through the transformer and on to the instrument. Such 
markings are helpful in connecting instruments and relays properly. Figure 5.11 
shows the arrangement of instruments and their transformers for measuring 
voltage, current, and power in a high-voltage, single-phase circuit. 



Fig. 5.11. Connection diagram for measuring current, power, and voltage of a single-phase 
system by use of instrument transformers. 


Problems 

1. A 50-kva, 22,500/230-volt, power transformer has windings in which 5.8 volts 
effective are induced per turn. The maximum flux density is 70,000 lines per square 
inch. The core material is Alleghany transformer “A” grade steel having the following 
characteristics: 

Max. kilolines per sq in . 10 20 30 60 70 90 100 120 

Rms ampere-turns per in. 0.45 0.7 0.95 1.95 2.8 13 40 200 

Determine the turns in both windings, as well as the core area, if built for 60 cycles; 
for 50 cycles. If the transformer is built for 60 cycles, what will be the approximate 
percentage change in exciting current if it is used on a 50-cycle system of rated voltage? 
What is the effect on Io of applying rated voltage at 25 cycles to the transformer? What 
change in voltage would permit the 60-cycle transformer to be used on 25 cycles? What 
conclusions do you draw with respect to a change of frequency on a transformer? 

2. A 15-kva, 2,300:230-volt, 60-cycle distribution transformer draws an exciting 
current of 1.2 amp at rated voltage on the low-voltage winding. What would be the 
exciting current if the measurement were taken on the high-voltage coil? What is the 
per cent exciting current? If a wattmeter reads 85 watts for rated open-circuit voltage, 
what is the per cent core loss? What equivalent parallel circuit would represent these 
readings taken from the low-voltage side of the transformer? If taken from the high- 
voltage side? How would the position of the voltmeter influence the reading of core 
loss? The position of the potential coil of the wattmeter? 

3. A transformer for general low-voltage testing is rated 5 kva, 460/230//230/115 
volts, 60 cycles. Sketch the connections of the coils for all possible voltage ratios. What 
are the rated currents for the coils, and the normal line currents for the possible connec¬ 
tions of the coils? 
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4 A distribution transformer has a rating 15 kva, 4,000//500/250/125 volts, 60 cycles. 
The low-voltage windings consist of four separate 125-volt coils. Answer the same ques¬ 
tions as in problem 3. 

With all low-voltage coils in parallel, 2.15 amp is read for 125 volts impressed on that 
side. What current is taken by each coil? What is the percentage exciting current? If 
the power input for the open-circuit test is 90 watts, what is the per cent iron loss? What 
is the equivalent parallel exciting circuit as viewed from the low-voltage side? From the 
high-voltage side? What exciting current would be taken if only one low-voltage coil 
were used in the open-circuit test? If 2 low-voltage coils were used in parallel? If 2 low- 
voltage coils were used in series? 

5. A transformer for factory application has a rating of 25 kva, 2,200/l,100//440/220 
volts, 60 cycles. The exciting current is 1.9%, and the core loss is 0.92%. What is the 
exciting current in amperes for a no-load measurement at 2,200 volts? At 440 volts? 
What is the core loss in watts? What is the equivalent parallel circuit of the transformer 
on the high-voltage side for the 2,200-volt connection? What would be the exciting cur¬ 
rent if only one of the high-voltage coils were used? 

6. A low-power-factor wattmeter is rated 2.5/5 amp, 75/150 volts. Full scale is 
75 watts direct reading for the 5-amp and 75-volt ranges. On an open-circuit test on a 
transformer, the scale reading is 15 watts for connections to the 5-amp current terminals 
and with a multiplier for 300 volts in the potential circuit. What is the actual core loss 
for this reading? 

7. The components of the total core loss for the transformer of problem 4 are 22 watts 
eddy-current loss and 68 watts hysteresis loss. What will be the total iron loss of the 
transformer for rated voltage at 50 cycles? 

8. A 55-kva, 2,400/480-volt, 50-cycle transformer has an eddy-current loss of 120 watts 
and a hysteresis loss of 350 watts at rated voltage. What will be the core loss for a rating 
of 50 kva, 2,200/440 volts, 60 cycles? 

9. A 5-kva, 220/82-volt, 60-cycle synchronous-converter transformer has the following 
constants: 

high-voltage winding: R x = 0.0485 ohm, Xi = 0.108 ohm 
low-voltage winding: R 2 — 0.0078 ohm, X 2 = 0.0161 ohm 

Calculate the ohmic values of the equivalent resistance, reactance, and impedance of 
the transformer referred to the high-voltage winding; referred to the low-voltage winding. 
Determine the corresponding percentage values. 

10. Calculated constants for the distribution transformer of problem 4 are: 

H.V. winding: R x = 9.24 ohms, X x = 11.82 ohms 

L.V. windings: R 2 = 0.040 ohm per coil, X 2 = 0.048 ohm per coil 

Compute the percentage R, X , and Z of the transformer. What are the required ranges 
of instruments for a short-circuit test taken on the H.V. winding at twice the rated cur¬ 
rent? In the short-circuit test, does it make any difference how the L.V. coils are short- 
circuited upon themselves or through each other? 

11 . Prove that, at rated current, the per cent values of resistance, %R, of resistance 
drop, %IR , and of copper loss are the same numerically. 

12. Redraw the vector diagram of Figure 5.5 for unity power factor and for a leading 
power factor. Is there some value of power factor for which the regulation w r ould be 
zero? What value of power factor would give maximum regulation? Show that the % 
regulation is given approximately by the relation n(%R cos 6 zb %X sin 0), where the 
plus sign is to be used for lagging pf and the minus sign for leading pf, and n is the ratio 
of load current to rated current. 
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13. The following test results were obtained on a 350-kva, 11,000/4,000-volt, 60-cycle 
substation transformer: 

open-circuit test (L.V. wdg.): 4,000 volts, 1.38 amp, 2,260 watts 
short-circuit test (H.V. wdg.): 352 volts, 31.8 amp, 3,040 watts 

Calculate the ohmic values of the equivalent resistance, reactance, and impedance 
viewed from the H.V. side and from the L.V. side. Compute the percentage R , X , and 
Z of the transformer. Calculate R\ and R 2 assuming copper losses equal in both windings. 
Compute the efficiency and voltage regulation of the transformer for a load of 300 kw, 
0.8 pf lagging; for a load o f 275 kva, 0.6 pf leading. 

14. A 50-kva, 2,300/230-volt, 60-cycle transformer used in a manufacturing plant 
gave the following test results: 

open-circuit test (L.V. wdg.): 230 volts, 4.1 amp, 344 watts 
short-circuit test (H.V. wdg.): 128 volts, 32.6 amp, 1,450 watts 

Calculate the ohmic values of the equivalent constants with respect to both windings and 
the percentage R> X, and Z. Calculate the efficiency and regulation for a load of 35 kva 
at 0.75 pf lagging. What is the maximum efficiency attainable at this pf? 

15. A 10-kva, 2,200/440-volt, 60-cycle distribution transformer takes 104 watts at 
no load. If the maximum efficiency occurs at a load of 7 kw, 1.0 pf, what will be the 
efficiency at 5 kw, 0.8 pf? 

16. A 20-kva, 2,300/230-volt, 60-cycle distribution transformer has a maximum effi¬ 
ciency of 98.2% for a load of 12 kva, 1.0 pf. If the impedance is 4%, compute the effi¬ 
ciency and primary voltage for a load of 12 kw, 230 volts, 0.8 pf leading. 

17. A 50-kva, 11,000/2,200-volt, 60-cycle transformer has 1% R and 4% Z . Iron 
losses are 0.6%. What is the maximum efficiency at 0.8 pf? 

18. Show mathematically that the maximum efficiency of a transformer is reached 
when the copper losses equal the iron losses. 

19. A 25-kva, 2,300/230-volt, 60-cycle transformer has 1.5% R and 5% Z. Draw 
the vector diagram for the case of 5% voltage regulation at full kva loading. What is 
the pf for this case? What is the maximum possible positive voltage regulation for 120% 
rated kva? What is the maximum negative voltage regulation for rated kva, and at 
what pf is it obtained? 

20 . A 5-kva, 440/220-volt, 25-cycle distribution transformer was tested with the fol¬ 
lowing results: 

open-circuit test (L.V. side): 220 volts, 40 watts 
short-circuit test (H.V. side): 14 volts, 11.37 amp, 50 watts 

What is the kw output of this transformer when carrying rated kva with zero voltage 
regulation? When carrying load at 0.6 pf lagging with 2% regulation? 

21. The following results were obtained on a 50-kva, 2,200/220-volt, 60-cycle trans¬ 
former: 

open-circuit test (L.V. side): 220 volts, 7.1 amp, 285 watts 

The short-circuit test requires 90 volts on the high-voltage side for rated current. If 
maximum efficiency is attained at 30 kva, 1.0 pf, what will be the efficiency for a load of 
40 kw, 0.8 pf lagging? What is the regulation for this load? 

22. The transformer of problem 21 carries 50 kva at 0.8 pf lagging for 6 hours, 40 kva 
at 0.6 pf lagging for 2 hours, 10 kva at 1.0 pf for 4 hours, and no load the remainder of 
the day. Compute the all-day efficiency of the machine. 

23. In preparing for an open-circuit test on a transformer having double windings on 
each side, a member of a test crew connects in parallel the 2 L.V. coils so that their mmfs 
would be in opposition. What would be the resulting effect of this connection? Sketch. 
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the proper connection of the coils. How should the coils be connected if placed in series 
for the test? 

24. A transformer rated 7.5 kva, 460/230//230/115 volts, 60 cycles, is purchased with 
polarity marks to be placed on the terminals by the customer. All leads coming from 
the case are of the same wire size. State the manner in which you would ascertain which 
terminals are associated with each winding, and the manner of testing for the H.V. 
and the L.Y. coils. Assume that once these tests are made, the H.V. terminals are labeled 
arbitrarily A and B, and C and D, respectively, for the 2 windings. Similarly, the termi¬ 
nals of the L.V. coils are labeled a and b, and c and d. From the following measurements, 
with A marked Hi as a starting point, assign the correct polarity marks to all other 
terminals. 

1. 100 volts between A and B gives a voltage reading of 100 volts between a and d, 

with b and c connected together. 

2. 25 volts between c and d gives a voltage reading of 0 volts between A and D when 

B and C are connected together. 

3. 50 volts between A and B gives a voltage reading between A and a of 75 volts when 

B and b are connected together. 

25. Refer to problem 3. For the circuit arrangements shown by the connection dia¬ 
grams, label all winding terminals properly with polarity marks. Could an open-circuit 
test be made on the L.V. side of the transformer with the H.V. coils connected in parallel? 
If so, what is the connection? What would be the output voltage if the L.V. coils were 
connected in series with X 2 tied to X*, and 440 volts applied to the H.V. coils properly 
arranged? Show the several correct arrangements of the transformer coils for a short- 
circuit test taken on the H.V. side. 

26. Two transformers, one of subtractive and the other of additive polarity, are to be 
connected in parallel. Show the proper connection diagram. 

27. A small laboratory transformer has a voltage rating of 230/115//23/11.5 volts. 
A condenser and a variable resistor are placed in series across the low-voltage coils which 
in turn are connected in series. With respect to the secondary voltage, sketch the locus 
of the voltage between the midpoint of the secondary coils and the common junction of 
the load elements. Is the locus affected by interchanging the positions of the condenser 
and resistor? 

28. A 25-kva, 2,300/230-volt transformer having 1.5% R and 3% Z is paralleled with 
a 40-kva, 2,300/230-volt transformer having 1% R and 4% Z. What is the load division 
between the transformers for a total of 50 kva at 0.8 pf lagging? Calculate this load 
division by using equivalent ohmic circuit constants, and by using percentage values 
referred to the same kva base. What maximum total load at 1.0 pf can they carry with¬ 
out overloading either transformer? Would the load division be changed if both trans¬ 
formers had voltage ratios of 6,600/440 volts? If the first transformer had a voltage ratio 
of 2,200/220 volts and the second 2,400/240 volts? Should these transformers be paral¬ 
leled if the first has a voltage ratio 2,200/220 volts and the second 2,400/220 volts? 

29. A 25-kva, 2,300/115-volt, 60-cycle transformer has a copper loss of 1.5% at rated 
kva, and a normal iron loss of 0.8%. Hysteresis loss is 4 times the eddy-current loss. 
For the same allowable flux density, what should be the new rating of the transformer on 
25 cycles? Assume (a) that the copper loss is to remain the same, and (b) that the total 
full-load losses may be the same. 

30. A single-phase transformer has a 4,000-volt primary winding, and two secondary 
windings of 115 volts each connected in series so as to give a single-phase, 3-wire supply. 
A load of 500 watts at 1.0 pf is connected between one line and neutral, a load of 300 watts 
at 0.9 pf leading between the other line and neutral, and a load of 2 kva at 0.8 pf lagging 
between outside lines. Calculate the currents in all primary and secondary leads. Neg¬ 
lect line and transformer impedance drops, and transformer losses. 
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31. Two 7.5-kva, 2,400/120-volt distribution transformers are connected for 3-wire 
service. Each transformer has 1.04% R and 3.65% Z. The impedance of each lead of 
the 3-wire circuit is Z = 0.06 + j0.15 ohm. The load impedances on each half of the 
system are 1.9 and 3.0 ohms, respectively, and are resistances only. For 2,400 volts im¬ 
pressed on the high-voltage side, what will be the voltages across each load? What is 
the input current to the transformers? 

32. A 50-kva, 2,400//240/120-volt, 60-cycle distribution transformer has 1.2% R y 
3.4% Z, and an open-circuit loss of 305 watts. The list price is $470. A similar trans¬ 
former has 1.1% R , 3.7% Z, and 0.57% iron loss. Its list price is $490. Either trans¬ 
former, to be purchased for the same duty, is expected to be on the line continuously 
throughout the year with an average daily load of full kva for 4 hours, 70% rated kva 
for 4 hours, and 35% rated kva f^r 16 hours. Compare the yearly cost of the losses for 
the 2 machines with respect to their list prices. Energy costs 8 mils per kwhr. 

33. The several loads on a small plant are expected to be: 

7 kva at 1.0 pf 

8 kw at 0.8 pf lagging 
6 kva at 0.9 pf leading 
5 kva at 0.85 pf lagging 

12 hp, 0.85 efficiency, at 0.8 pf lagging 

If the loads are to be supplied at 440 and 220 volts, with those at the lower voltages to 
be evenly divided between the two halves of a 3-wire system, and the main supply voltage 
available is 4,000 volts, what should be the rating of a single-phase transformer to carry 
the plant load? What is the over-all pf indicated by these loads? What additional kva 
at 1.0 pf can be added without exceeding the transformer rating, and what would be 
required to achieve this result? At $10 per kva of capacitors, what would be the invest¬ 
ment charge for this item alone per kilowatt of added load? 

34. The single-phase section of the intercommunication switchboard on a ship receives 
power from a 450-volt supply and distributes it at 115 volts to a number of circuits for 
control and indicators. The total capacity of the feeders as shown by the fuses is 360 
amp. Assuming the fuses to have a 100% overload rating, that only one-half of the con¬ 
nected load may be in full operation at any one time, and that the average pf is 70%, 
what should be the rating of each of 3 transformers required to supply the total load? 

35. On full voltage, the starting current of a single-phase motor is 120 amp. If a com¬ 
pensator (autotransformer) having a 60% tap is used for starting, what will be the motor 
and line currents? Compare these two currents in terms of the turn ratio of the com¬ 
pensator. 

36. To boost the voltage on a distribution feeder, a 15-kva, 1,100/110-volt transformer 
is connected as an autotransformer with 1,100 volts applied to the high-voltage winding. 
Normal current for the high-voltage winding is carried by the input circuit. What 
per cent of the input power is transferred by transformer action, and what per cent flows 
conductively from one circuit to the other? How does the total copper loss of the 
autotransformer compare with the normal copper loss as an ordinary transformer? As¬ 
sume 1.1% R, and that as an ordinary transformer the copper loss divides equally between 
the two windings. How does the kva transformed by the autotransformer compare with 
that of a 1,100/1,210-volt transformer for the same service? How do the copper losses 
of the 2 machines compare, assuming the same per cent R and division of losses as given 
above? 

37. An induction regulator supplies 40 kw, 0.8 pf lagging, at 440 volts to a load when 
boosting the primary voltage 10%. Calculate the currents in each winding of the regu¬ 
lator. Neglect exciting current. 

38. A 5-kva induction regulator for general laboratory testing has four 220-volt coils, 
two for the exciting circuit and two for the load circuit. What connections of the coils 
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will give 100% buck or boost on the load side with 220 volts applied to the regulator? 
What current can the regulator carry safely for these coil arrangements? What are the 
connections for full buck or boost when the supply voltage is 440 volts? What are the 
permissible currents in the coils? Are there other voltage connections that may be used? 
If so, what are the corresponding connections, input and output voltages, and currents? 

39. In a single-phase supply circuit for an electric furnace, a customer proposes to 
insert, in series, the coils of 12.5-kva, 2,200/220-volt distribution transformers to produce 
a 5% line drop with 50 amp load current. He suggests using the low-voltage cods, leav¬ 
ing the high-voltage coils open. Comment on the feasibility of this idea. Could the 
transformers be used in such a way as to achieve the desired result? 

40. The output tube of a certain amplifier can be considered as a simple generator 
source having an open-circuit voltage of 100 volts and a pure resistive impedance of 
5,000 ohms. Calculate the power delivered to a pure resistance load of 8 ohms. Calcu¬ 
late the power delivered when a matching transformer, having an efficiency of 95% and 
a turn ratio of 25, is used. 

41. A transformer is used to couple a 500-ohm line to an amplifier having an input 
impedance of 200,000 ohms. At the lowest frequency, 40 cycles, the reactance of the 
primary winding should be at least twice the line impedance. Calculate the turn ratio 
and the minimum value of the primary inductance. 

42. A step-down transformer is used to match an 8,000-ohm source to a 200-ohm load. 
The inductance of the primary winding is 30 henries. Determine the inductance of the 
secondary winding. 

43. A 500-ohm line, having an open-circuit voltage of 30 volts, delivers power to a 
15-ohm load through an ideal matching transformer having a turn ratio of 5. Calculate 
the power delivered to the load. 

44. A 10,000-ohm generator is to be matched to a 200-ohm load. Determine the turn 
ratio of the ideal transformer. Using this transformer, the 200-ohm load was discon¬ 
nected and the impedance was measured across the secondary terminals. What should 
be the value of the measured impedance? 

45. Two groups of loud-speakers are supplied from a 500-ohm line as shown in the 
diagram. Each loud-speaker of group A is a 20-watt, 16-ohm speaker; those of group B 
are 10-watt, 8-ohm speakers. For rated input to each speaker, calculate, E 1} E 2 , the 
turn ratio Ni to N 2 , the turn ratio N 3 to Nt, and the voltage of the 500-ohm line. 
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46. A matching transformer matches a 9,000-ohm amplifier to a 250-ohm speaker. A 
tap on the secondary matches the amplifier to a 90-ohm speaker if desired. What resist¬ 
ance for the other section of the secondary will be matched exactly to the amplifier? 
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POLYPHASE SYSTEMS 

6.1. Advantages of Polyphase Power. The a-c machine discussed in the 
chapter on the generation of electrical power is a single-phase generator. Com¬ 
mercial design is such that the terminal voltage is sinusoidal, in which case the 
current that flows when the generator is connected to a system of linear imped¬ 
ances is also sinusoidal. This type of generator, although frequently used, does 
not represent a very great part of the total generator kva met in practice. Power 
is almost always produced by the 3-phase generator, approximately 96 per cent 
of the total in this country. Electrical power is produced 3-phase, transmitted 
and distributed as such, and is used to a large extent in driving 3-phase motors. 
Some small 2-phase systems are still in existence, and there are many applica 
tions of six or more phases, but our primary interest here lies with the 3-phase 
circuit and machine. 

There are several advantages for the 3-phase system. In the first place, the 
3-phase machine allows much greater utilization of materials than does the 
single-phase machine. The power rating of a 3-phase machine is about 150 per 
cent that of the single-phase machine of the same physical size. Tr a n smis sion 
of energy is less in cost for the 3-phase system because the copper required is 
less and the line losses are lower for the same amount of power transmitted. 
The power output of the single-phase generator is pulsating whereas that of the 
3-phase generator is uniform and constant for balanced loading. The polyphase 
motor produces an armature reaction of constant magnitude and moves around 
the armature surface at synchronous speed whereas the armature reaction of 
the single-phase motor is pulsating. The polyphase motor therefore has a start¬ 
ing torque and a constant running torque for a given load. The single-phase 
induction motor has no inherent starting torque, and its running torque is pulsat¬ 
ing. It is because of these many advantages that the 3-phase system is so widely 
used. 

6.2. Notation for Voltage and Current. Polyphase circuits are but combina¬ 
tions of single-phase circuits. In a balanced system, whether generator or load, 
all single-phase components of the network are identical in character and mag¬ 
nitude of impedance, voltage, and current. The only difference is the time 
phase between the several voltages and currents of the individual elements, but 
it is this time phase which is of primary importance in the analysis of such cir¬ 
cuits. The addition or subtraction of component voltages or currents in a 
polyphase network necessitates the adoption of a consistent system of notation 
so that all elements can be treated similarly. 
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The use of double subscripts has been found advantageous for designating 
voltages and currents in polyphase circuits. Either letters or numbers may be 
used, and corresponding terminals then are marked in cyclic order for conven¬ 
ience. Assumed positive direction of voltage, or current flow, is best taken in 
the same manner for all phase components, and is shown by the order of the 
subscripts. A reversal of the order of the subscripts is equivalent to a change in 
algebraic sign before the quantity, for example, 

Eab = —Eba (6.1) 

Stated simply, if E A b is a positive voltage sense of direction, then E S a is 
negative. 

In the following discussions on polyphase circuits, the conventions are those 
presented in the chapter on single-phase circuits. The direction of positive 
current flow in each of the three main lines has been chosen from the supply 
toward the load as shown in Figure 6.1. Positive direction of current flow in 
the neutral line has been taken in the opposite direction, i.e., from the load 
toward the supply. Since by now it is well understood that the arrow merely 
indicates the direction of positive current flow that has been adopted, the plus 
sign associated with it in the previous chapters need no longer be used. Posi¬ 
tive voltage drop is taken in the direction of positive current flow and is given 
specifically at the outset by uniform subscript notation. Standard, or positive, 
sequence of voltages is in the order A-B-C-A. 

Conventions are, of course, man-made and arbitrary and are purely for the 
convenience of analysis. Several, treating the same problem, may adopt their 
individual conventions; nevertheless, they will arrive at the same results if 
their work contains no numerical error. The basic requirement is that any 
adopted convention shall be logical, consistent for the component parts of the 
network, and that its use be continued without deviation throughout the anal¬ 
ysis. It must be understood explicitly that no convention on the direction of 
current or voltage ever states that these quantities always are in a given direc¬ 
tion. In an a-c circuit, they certainly are not. Conventions, either by direc¬ 
tional arrows on a diagram or by subscript notation, are merely traffic signs 
which state that, for example, if we go with the arrow or in a given direction 
between two marked terminals, we shall say we are moving with positive cur¬ 
rent or with a positive driving voltage. If going in the opposite direction, we 
then meet negative current flow or a negative driving voltage. Conventions 
permit the proper time phase addition of voltages and currents, and, as we shall 
see, they hold equally for the unbalanced system as well as the balanced 
circuit. 

6.3. Generation of Three-phase Power. In the analysis of a 3-phase system, 
the power source may be considered as consisting of 3 identical single-phase 
generators mechanically connected to a common drive, as is shown in Figure 
6.1. Before the shaft of generator B is coupled to that of A, its rotor is rotated 
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backwards so that its generated voltage lags that of A by 120 electrical degrees. 
Likewise, the rotor of generator C is keyed to the shaft so that its voltage lags 



Fig. 6.1. A basic power source as represented by 3 single-phase general rs connected in Y. 


that of A by 240 electrical degrees. As a result of this arrangement, the instan¬ 
taneous terminal voltages of the three machines reach their maximum values 
in the cyclic order A-B-C, as is shown in Figure 6.2a. This order of voltages, 
A-B-C, is termed standard phase sequence of the system. In Figure 6.2b is 



(a) (b) 

Fig. 6.2. Voltages and vector diagram of a 3-phase system, sequence A-B-C. 


shown the vector diagram of machine voltages and line currents for identical 
loads of lagging power factor connected to each generator. These 3 identical 
impedances constitute a balanced 3-phase load and result in the line currents 
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being equal in magnitude and appearing 120 electrical degrees apart in time 
as is indicated in the vector diagram. 

A circuit connection in which one terminal of each phase or machine is con¬ 
nected to a common line, as is shown in Figure 6.1, is known as a wye (Y), or 
star, connection. Impedances arranged in a similar manner form a Y-connected 
load. The load connection of Figure 6.1 is of this type. As will be clear from 
later discussions, the common or neutral line may or may not be carried along 
in the system. The machines or the load impedances can also be connected 
in delta (A). The delta connection is discussed in later sections of this chapter 
and also in Chapter VII. 

It should be clear, of course, that in an actual system 3-phase power would 
not be generated by three separate single-phase generators. The armature 
coils for the three phase voltages would be incorporated in one machine. The 
simplest 3-phase generator is a 2-pole machine with the entire armature winding 
grouped into three separate sets of coils. All phase groups contain the same 
number of coils and are so placed 120 electrical degrees apart in space position 
in the armature slots that the phase voltages produced by virtue of the rotation 
of the machine appear 120 electrical degrees in time from each other. The 
three sets of coils are connected either in wye or delta. We need not be con¬ 
cerned here with the details of armature windings or machine construction. A 
discussion of 3-phase voltage generation, and of voltage and current relations 
in such a system, is independent of these details. Furthermore, although some 
machines in a power network might be delta-connected, the general analysis of 
the system does not require that one type of connection be distinguished from 
the other. In the treatment of this chapter, therefore, we will assume that the 
windings of the machine are Y-connected and that the machine can be repre¬ 
sented by the arrangement shown in Figure 6.1. 

From Figure 6.1 it is evident that the system is but a combination of 3 single¬ 
phase circuits and that the total kvar and kw is simply the sum of these quan¬ 
tities supplied by the three generators. The power from each generator is the 
product of its terminal (line-to-neutral) voltage, its line current, and its power 
factor. The power factor angle of each generator is the angle of its leg imped¬ 
ance as is the case in any single-phase circuit. For a balanced system each leg 
impedance has the same magnitude and phase angle, and the total power is three 
times the product of line-to-neutral voltage, line current, and power factor. 
Furthermore, the instantaneous power flow in a balanced 3-phase circuit is con¬ 
stant, in contrast to the pulsating single-phase power, and hence is equal to the 
average power. As will be shown in later sections, these general relationships 
still apply when the load is delta connected. 

6.4. Line-to-Line Voltages. It is obvious that each line-to-line voltage is 
composed of two leg 1 or line-to-neutral voltages. As a result of the connection 

1 The term leg refers to quantities associated with one of the three impedances. Leg and 
line voltages and currents are used throughout this book purposely to avoid confusion. The 
term phase too often refers to either leg or line quantities and frequently without definition. 
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between the two generators, or windings in the 3-phase machine, the instan¬ 
taneous voltage of A with respect to B, e^B, is equal to the voltage of A with 
respect to N, e^N, minus the voltage of B with respect to N, e B N, as is illustrated 
in Figure 6.3a. The line voltage e^B, therefore, has a maximum value \/3 
times the maximum value of either ca n or e B y, and it appears 30 electrical de¬ 
grees ahead of can in time. These several voltages would be shown on an 
oscillograph screen exactly as pictured, in relative magnitude and time position, 
if leads from A, B, and N were carried to the oscillograph in the manner con¬ 
sistent with the conventions adopted here. 

The results can be obtained more readily by treating the voltages as vector 
quantities in the usual manner, i.e., Eab is the vector difference of Ean and E B n- 




Fig. 6.3. (a) Combination of Y-circuit leg voltages to obtain line voltage, (b) Vector diagram 

of line and leg voltages. 

In an exactly similar way, the line voltages E B c and Eca are obtained. The 
three line voltages are all equal in magnitude and appear 120 electrical degrees 
apart in time as is shown in Figure 6.3b. In themselves they form a balanced 
3-phase system of voltages. The line-to-line voltages have a magnitude equal 
to y/3 times the magnitude of the line-to-neutral voltages and on the vector 
diagram are rotated with respect to them by 30 degrees. 

6.5. Analysis of the Balanced Y Load. Figure 6.4 shows a set of balanced 
impedances connected in Y. The component elements of the impedances will 
be the same in character and in magnitude. With balanced 3-phase line voltages 
impressed between the load terminals, the voltages across the three impedances 
will be equal and will be the effective values of the line voltages divided by y/%, 
in magnitude. From Figure 6.4, it is observed that the voltages impressed be¬ 
tween load terminals are, respectively, the line-to-line voltages at the supply 
terminals. Consequently, the line-to-neutral voltages of the supply are equal 
to the corresponding leg voltages of the load, that is, Ean = Eao, etc., in mag¬ 
nitude and time phase. The complete voltage diagram for all line and leg volt¬ 
ages is shown in Figure 6.5a. The diagram also can be shown with all vectors 
drawn from a common point, Figure 6.5b. Whether the line voltages are drawn 
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between extremities of the leg voltages or from a common point is entirely imma- 
terial. Each form has certain advantages, the choice depending upon the par¬ 
ticular problem to be solved. Either graph is solely for the purpose of showing 



Fig. 6.4. Balanced Y-connected impedances connected to a Y-connected generator. 


proper effective magnitudes and time phase angles, and Figures 6.5a and 6.5b 
are exactly equivalent. It is with the very definite purpose of assisting in deter¬ 
mining the phase angles between quantities that the arrowheads are displayed 
on the vectors. 

It might be remarked that, although there may be geometric similarity between 
the connection diagram, which is a space diagram, and the corresponding voltage 



Fig. 6.5. Vector diagram of leg and line voltages for Y-connected system. 

diagram, which is a time diagram, the two should not be confused. It is the 
magnitudes and time angle positions of the leg and line voltages and currents 
with which we are concerned here by way of the sine-wave and vector dia g ram 
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discussions. In practice, diagrams and blueprints very often show the Y, or 
star, connection in a manner different from the arrangement displayed here. 
The circuit arrangement is a connection diagram only, not a time diagram. The 
only reason for ever showing the Y circuit in the form of a Y is that it may assist 
in picturing the corresponding star array of leg voltages which, for the balanced 
circuit, requires 120 degrees between the adjacent arms. This same comment 
holds true for the delta circuit. 

The direction of flow of current is as indicated in Figure 6.4, and each load 
current can be designated by a single subscript, for example, Iao = I a- In 
effective magnitude, they will be 

Eao Ban Eab 

Viz amperes 

and (6.2) 

Ia = Ib = Ic 


The three currents form a balanced 3-phase system in themselves, and, since 
their sum is zero, there would be no current in a line connecting the neutrals 
N and 0. Because the load currents also are the respective line and leg currents 
of the supply, the phase angles between load voltages and currents will be the 
same for the corresponding voltages and currents of the supply. The complete 



Fig. 6.6. Vector ftin.grn.rn for the Y-circuit of Fig. 6.4, lagging power factor, sequence 

A-B-C. 


vector rHfl.gra.ma for load and supply, therefore, are the same diagram Figure 6.6, 
in which the leg currents are assumed to lag their corresponding voltages by the 
angle 0. 
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6.6. Power in the Balanced Y System. 

system is 

power = 3/ieg 2 .Rieg 


The total power in the balanced Y 


= 3-Eieg/ieg cos e (6.3) 

= V^linJune COS 0 Watts 


since V^-E'ieg — i?iine> and heg — I line- In practice, this power is usually meas¬ 
ured by using two wattmeters, as shown in Figure 6.4. The wattmeter readings 


will be 

Wa = EacIa cos ( EacJa ) 


Wb = Each cos ( EbcJb ) watts 


(6.4) 


Referring to the vector diagram, Figure 6.6, it will be seen that the angle between 
Eac ( Eca reversed) and I a is (0 — 30°), and that the angle between Ebc and 
Ib is (0 + 30°). Hence, 


and 


W A = EacIa cos (0 - 30°) = E Vme I Vme cos (0 - 30°) 

Wb = EbcIb cos (0 -f- 30°) = Ey im Ji ine cos (0 + 30°) watts 

W A + Wb = \ / ^E ]ine I ]ine cos 0 watts 


(6.5) 

( 6 . 6 ) 


when the indicated mathematical steps are performed. Note that the subscripts 
for the wattmeter readings refer only to the lines in which the current coils are 
placed. The common line for the potential circuits is always the remaining 
third lead to the load. The same total power is obtained no matter in which 
two lines wattmeters are placed, i.e., Wa + Wb = Wb + Wc = Wc + W a- 
In general, however, Wa will not have the same numerical value when associated 
with Wc as when associated with Wb- This holds true for Wb and Wc also. 
To repeat, the sum of each pair of wattmeter readings gives the total 3-phase 
power and, furthermore, this is true whether the load is balanced or unbalanced. 
The manner in which a wattmeter should be connected, and the method of calcu¬ 
lating the reading it is to give, are discussed under wattmeters in Chapter XVIII 
on electrical instruments. 

Observe from the above discussion that the total 3-phase volt-amperes for 
the system is V^-Eiine-Iiine, and that the power factor, which is the ratio of the 
3-phase power in watts to the 3-phase volt-amperes, is simply the cosine of the 
phase angle between leg current and leg voltage and can be computed from the 
relation 


Power factor = 


total watts 


"V^Flinel lin 


(6.7) 


Specifically, it is the cosine of the impedance angle of the leg. The power factor 
for the 3-phase circuit is the power factor of the leg, all legs having the same 
value for the balanced system. It should be understood that power factor has 
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its usual interpretation only for balanced loads. The total reactive volt-amperes 
for the circuit are \/3^ime^Unc sin 0. 

If the power-factor angle is greater than 60 degrees, one instrument reads 
negatively with respect to the other, and the total power then is the difference 
between the two readings. This condition is often met in practice, for example, 
when measuring power taken by a very lightly loaded induction motor. With 
both instruments connected to the lines in an identical manner, the pointer on 
one will move off scale to the left, and that instrument will have to be reconnected 
(reverse leads to current coil) to give an on-scale reading. If readings of the 
first instrument are assumed positive, those for the reconnected wattmeter will 
be negative. 

Expansion of equations 6.5 will show that 


tan* - y* - . V5f« - gj 

WA + Wb Wb + Wc Wc + WA 


( 6 . 8 ) 


from which the power factor can be obtained. The tangent is related directly 
to the impedance angle of the leg in that it is the ratio of the net leg reactance to 
the leg resistance for the equivalent series circuit of the leg. Tan 0 therefore is 
positive for reactance which is predominantly inductive, and is negative for net 
reactance which is capacitive. The reverse of these statements holds if the 
voltage sequence is A-C-B-A. 

6.7. Example on the Y System. Figure 6.7 shows a star-connected set of 
impedances with line impedance 1 + j3 between the supply terminals and the 


Line Z 


Load Z 


A 

B 

C 



Fia. 6.7. Star-connected load with line impedances between supply and load. 


load. At the load, the voltage is 220 volts, with sequence A-B-C. Wb — 866 
watts, and Wc — 1,732 watts. Let the problem be to calculate the voltage, 
power, and power factor at the supply terminals. 

Solution: 

From equation 6.8, tan $ = —0.577, whence 0 = 30°, leading power factor 

866 + 1,732 

The current te 7 = V j x 220 ><0 g66 


= 7.87 amperes 
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Leg impedance is Z 


220/V3 

7.87 


= 16.14 ohms mag. = 14.0 — , 78 .1 


Over-all leg impedance, including one line and one leg = 16.0 — j5.1 


= 15.9 ohms mag. 


Line voltage at input terminals = \/3 X 7.87 X 15.9 = 216 volts, which 
also can be obtained by adding the impedance drop of one line to the leg voltage 
of 127 volts and multiplying the result by \/3. 


Power factor at input terminals 


15 

154) 


0.943 leading 


Input power = \/3 X 216 X 7.87 X 0.943 = 2,785 watts 
= 3X (7.87) 2 X 15 

= (866 + 1,732) + 3 X (7.87) 2 X 1, the sum of the power taken 
by the load and the line losses 


6.8. The Balanced Delta System. Refer to Figure 6 . 8 a. While the line 
voltages for the delta circuit now are equal to the leg voltages, any line current 
is composed of the currents in the two legs connected to the line in question. 



Fig. 6.8. Vector diagram for the delta system, lagging power factor, sequence A-B-C. 


Figure 6 . 8 b shows a balanced set of leg currents, I lf I 2 , and I3, lagging their 
respective leg voltages by the angle 0 . The current at A will be the vector dif¬ 
ference of the currents caused to flow by the voltages E A b and E C a- Without 
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resorting to a subtraction of these two currents by sine waves to find their dif¬ 
ference, we may go directly to the vector treatment. Thus, in magnitude 

I a = Iab + I AC = h — h = \/3Ji in magnitude (6.9) 

The line currents for the balanced delta system are therefore \/3 times the leg 
currents. 

The complete voltage and current diagram for the delta circuit is given by 
Figure 6.8b. The line voltages could have been drawn in the form of a delta as 
was done in Figure 6.5a. 

Similar conditions hold for a delta-connected generator. The leg voltages, of 
course, are the corresponding line voltages. Any leg current is equal to the leg 
voltage divided by the leg impedance, and the line currents are \/3 times the 
leg currents, in magnitude. 

6.9. Power in the Balanced Delta System. As for the Y system, the total 
power in the balanced delta system is 

power = 3/ leg 2 A leg 

= 32?i e g7ieg cos 8 

= \/3F lin e/uno cos 6 watts (6.10) 

since E line = 2? leg , and .Zu ne = \/SI\ eg . Again, the total power usually is measured 
by two wattmeters, and what has been said for the Y circuit with respect to con¬ 
ventions holds also for the delta circuit. It is necessary to determine the cur¬ 
rents in the two lines in which the wattmeters are placed, and beyond this point 
the treatment is identical to that already discussed. The student is asked to 
carry out the analysis, by aid of the vector diagram, to show that two wattmeters 
will measure the total power in the delta system, and that it is immaterial in 
which two lines wattmeters are placed. 

6.10. Example on the Balanced Delta System. Three impedances of 15 -f j9 
ohms each are in delta on a 440-volt, 3-phase power supply. What are line cur¬ 
rent and load power? 

Solution: 

Leg impedance is 17.49 ohms mag., whence leg current = 440/17.49 = 25.2 
amp, and line current = \/3 X 25.2 = 43.6 amp. Power factor = 15/17.49 
= 0.86 approx. The phase angle for the leg is 31° approx. 

3-phase power = 3 X (25.2) 2 X 15 = 28,500 watts 

/- 15 

= V3 X 440 X 43.6 X 

17.49 

Leg voltage for an equivalent Y system is 254 volts, leg current is 43.6 amp, 
and leg impedance then is 254/43.6 = 5.83 ohms mag. = 5 + j3. The equiv¬ 
alent Y system has the same leg power factor and takes the same total power. 
Note that for the equivalent systems the impedance ratio between the legs of 
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the delta and the Y is 3. Once the equivalent Y circuit is obtained, line im¬ 
pedances can be taken into account easily, as shown in Section 6.7. 

With wattmeters in lines A and C (this step is left to the student), 

W A = 43.6 X 440 X cos 61° = 9,320 watts 
Wc = 43.6 X 440 X cos 1° = 19,180 watts 

6.11. Combinations of 3-Phase Balanced Loads. In general, a 3-phase 
power source supplies many parallel loads of varying character. The total power 
measured at the supply terminals will be the algebraic sum of the values of power 
taken by the individual loads. Similarly, with due respect to lagging and leading 
power factor, the input reactive kva will be the sum of the reactive kva of the 
separate loads. The over-all kva for the system then is but the resultant of the 
total kw and the total kvar. With total kva known, the input line current and 
the over-all power factor are readily computed. There is no distinction in this 
form of calculation for the 3-phase system over that for the previous single-phase 
system. For combinations of parallel loads it is simplest to tabulate in column 
form the kw and kvar of the several loads. This type of problem seldom re¬ 
quires a graph or more than the brief tabulation of power components. 

6.12. Equivalent Y and A Balanced Loads. Readings of voltage, current, 
and power in a 3-phase circuit will not tell whether the load is Y- or delta-con¬ 
nected, or a combination of these arrangements. From the terminal measure¬ 
ments one can assume an infinite number of load configurations, the simplest, 
however, being but a single Y or a single delta. By definition, all assumed cir¬ 
cuit arrangements are equivalent if they show the same measured terminal 
quantities of voltage, current, power, and character of power factor, whether 
lagging or leading. 

For purposes of calculation, then, any configuration of circuits can be replaced 
by some other equivalent system, specifically, a single Y or delta. A delta load 
can be replaced by a Y load to give the same over-all data, and either a single Y 
or delta load can be substituted for a combination of loads. It is generally sim¬ 
plest to substitute a single Y for any or all that may be given, whether the man¬ 
ner of connection is or is not stated. The objective in replacing a single load or a 
combination of loads by an equivalent Y circuit is to reduce the problem to a 
single-phase circuit involving but one leg of the equivalent Y. 

One great advantage of the scheme lies in that type of problem in which line 
impedance must be taken into account. With load conditions known and the 
equivalent Y substitution made, the impedance of one line now can be added 
directly to the impedance of one leg of the load. The problem hence is reduced 
to the single-phase circuit already fully developed in Chapter 4. Ahead of the 
line impedance, at the input terminals of the complete system, the line-to-line 
voltage is merely \/3 times the calculated line-to-neutral voltage at that point 
for the single-phase circuit, and the total 3-phase power input is simply 3 times 
the leg power represented by the single-phase circuit. 
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In treating 3-phase machines and power systems, it usually is much simpler 
to work with one leg of an equivalent Y circuit. 

6.13. Example on Combined Balanced Loads. Figure 6.9 shows a delta 
load of leg impedance 18 + j6 ohms in parallel with a Y load of leg impedance 
5 — jS ohms, taking power from a 230-volt supply. Let the problem be to find 


230 v. 
3<p 



Fig. 6.9. Delta and Y loads in parallel. 


the total power to the loads, the over-all power factor, the resultant line current, 
and the circuit constants of the equivalent Y system for the combination. 


Solution: 

For the delta load: 

leg voltage = 230 volts 

leg impedance = 18.97 ohms mag. 

leg current = 12.12.amp mag/ 

leg power = P 2 R — jI 2 Xl — 2,650 watts — j883 reactive 
volt-amperes 


For the Y load: 


leg voltage 



132.7 volts 


leg impedance = 9.43 ohms mag. 
leg current = 14.08 amp mag. 
leg power = 990 watts + j 1,585 reactive volt-amperes 


For the entire system: 

power = 3(3,640 watts + J702 reactive volt-amperes) 
= 10,920 watts + j‘2,106 reactive volt-amperes 
= 11,140 volt-amperes mag. 

702 

tan 0 — -= 0.193, and pf = 0.98 leading 

3,640 

11,140 

= — 7 =-rrr = 27.9 amp mag. 

V3 X 230 


line current 
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For the equivalent Y circuit: 

leg voltage = 132.7 volts 
leg current = 27.9 amp mag. 
leg impedance = 4.75 ohms mag., = 4.66 — j'0.90 ohm 


(6 + j2) (5 - j8) 

11 - j6 


= 4.66 - J0.90 


Any combination of loads would be treated in the above manner by adding the 
respective leg watts and reactive volt-amperes. Line impedance ahead of the 
loads is then taken into account through analysis using the equivalent Y for the 
parallel loads. 

6.14. Reversed Phase Sequence. In all of the discussion thus far, it has 
been assumed that the time sequence of the line voltages was Eab, Ebc, Eca, 
called standard sequence, and usually indicated by the order A-B-C. Should 
the voltages rise to their maximum values in the order Eab, Eca, Ebc, the phase 
sequence is said to be reversed. It then is indicated by the notation A-C-B. 
Reversing the direction of rotation of a generator supplying its own load will re¬ 
verse the sequence of voltages, as will the interchange of any 2 supply leads to the 
load. Obviously, generators are installed to run in a given direction, and con¬ 
sequently phase sequence is changed by switching line leads. 

Phase sequence for a 3-phase power supply can generally be determined only 
by test. There are several ways of doing this. One form of sequence indicator 


A 



C B 

Fig. 6.10. Phase rotation 
indicator. 


is essentially a small induction motor having 3 fixed 
coils connected either Y or delta to produce a re¬ 
volving magnetic field -when clipped to the supply 
lines. The clips are marked, and the legend on the 
face of the device states the voltage sequence corre¬ 
sponding to the direction in which the disk rotor 
turns. Interchanging the clips to the supply lines 
reverses the motion of the revolving field within 
the case and with it the direction of motion of the 


rotor. 


An indicator often used in the laboratory is composed of an inductance 
and 2 lamps connected in Y, Figure 6.10. This is purposely an unbalanced 
circuit. Analysis of the circuit (the method of analysis appears later in this 
chapter) supposes the coil to be pure reactance and the lamps to be pure re¬ 
sistance elements of equal ohmic values. Calculating the currents through the 
2 lamps for assumed standard sequence of terminal voltages, it is observed that 
lamp 1 will burn dimly and lamp 2 brightly. Hence if such conditions are re¬ 
alized with the indicator connected to a 3-phase circuit, the sequence of voltages 
then is A-B-C. Reversed voltage sequence causes lamp 1 to bum brightly, and 
lamp 2 to bum dimly. These 3 elements, enclosed in a case, with terminals 
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marked as shown and with the case carrying the legend, become a sequence 
indicator. Commercial indicators may employ neon tubes rather than a lamp, 
and the inductance may be replaced by a capacitor. In such case, the indicar 
tion on sequence is opposite to that we have discussed for the inductance. 

If the character of the load is known for a 3-phase circuit, that is, whether 
the power factor is lagging or leading, voltage sequence can be ascertained from 
the readings of 2 wattmeters connected in correct manner to measure 3-phase 
power. Again, by connecting a known artificial load to a 3-phase supply of un¬ 
known sequence, and observing the indications of 2 wattmeters, the voltage 
sequence of the supply can be found. These methods are essentially equivalent. 

With balanced line voltages, opposite voltage sequence for a balanced 3-phase 
load cannot affect the magnitudes of the line currents or the total power. It 
will, however, interchange the readings of 2 wattmeters connected to indicate 
that total power. Observe that this is the manner in which sequence is ascer¬ 
tained in the preceding paragraph. 

For the balanced system, Y or delta, there is but one solution for the mag¬ 
nitudes of all quantities to be calculated, except the individual readings of the 
wattmeters. The vector diagram for sequence A-C-B may be shown simply by 
interchanging any two leg voltage vectors and then proceeding from there in the 
usual way. A second manner of displaying the vector diagram is to draw the 
voltages as for sequence A-B-C, but to treat positive angles in clockwise sense 
rather than counterclockwise, as is the usual convention. These methods give 
the same results, for example, the read¬ 
ing of a particular wattmeter. 

6.15. Measurement of Reactive 
Power. In a balanced 3-phase system 
the reactive power is given by the ex¬ 
pression 

reactive power = -y/SE^ June sin 0 

( 6 . 11 ) 

and can be measured with one watt¬ 
meter as is shown in Figure 6.11a. 

The vector diagram is shown in Figure 6.11b. The current coil of the watt¬ 
meter carries the line current I a and the voltage coil is connected across the 
lines B and C. The wattmeter reading will be 

W = EbcIa sin 0 
- -EunJline Sin 0 



Fig. 6.11. Measurement of reactive power 
in a balanced 3-phase system. 


reactive power 


Therefore, the reactive power is equal to \/3 times the wattmeter reading. 
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The reactive power in a 3-wire, 3-phase system can be measured, whether the 
connected load is balanced or unbalanced, by using 2 reactive-power meters, as 
shown in Figure 6.12a. For comparison, the connection for measuring true 
power is shown in Figure 6.12b. The reactive-power meters are essentially watt¬ 
meters so modified that the current in the voltage coil is shifted in phase 90 de¬ 
grees. The 90-degree phase shift is obtained by substituting a high reactance 
for the resistor used in the usual wattmeter. 


Fiq. 6.12. 



Measurement of (a) reactive power and of (b) active power in a 3-phase system. 


The reactive-power meter reads the product of voltage and current and the 
sine of the angle between them. Referring to equations 6.5, it is evident that 
the individual readings of the reactive-power meters for a balanced load will be 

Qa = EacIa sin (9 — 30) 

Qb = EbcIb sin (0 + 30) 

and 

Qa Qb — \ /A 3Ei ine I lum sin 0 reactive volt-amperes 


Often wattmeters are used in connection with “phasing transformers” to 
measure reactive power. 

Although power factor has its usual physical significance for only balanced 
loads, it can be defined for unbalanced loads if the total active power and the net 
reactive power are known. This representative power factor is given by the ex¬ 
pression 


power factor = 


active power 

y /(active power) 2 + (reactive power) 2 


( 6 . 12 ) 


Often power companies meter both active and reactive power and determine the 
power factor of the load from these two sets of readings. 

6.16. Unbalanced 3-Phase Systems. In the balanced 3-phase system, it is 
understood that all quantities of the same character are equal, and that like 
voltages and currents are 120 degrees apart in time. All line and leg voltages 
and currents, in themselves, form balanced 3-phase systems. Actually, however, 
the balanced circuit is a condition which may be closely approached in practice 






POLYPHASE SYSTEMS 


151 


but one which usually never is reached exactly. The general case is the im¬ 
balanced system, the balanced circuit being but a special case. Although not 
strictly balanced, in perhaps most instances the system may be sufficiently near 
it to allow of the treatments presented up to this point. 

The analysis of the unbalanced circuit is relatively simple, both in method and 
calculation. The solutions following for the unbalanced Y and delta circuits are 
carried through with numerical values. The desire is to show the methods em¬ 
ployed in obtaining results, the same schemes carrying over to other problems 
having different numbers. The methods are general, regardless of magnitude 
or kind of unbalance, but specific cases are more to the point in underst anding . 
In general, the solutions can be obtained graphically or by means of complex 
numbers. A good graphical analysis is fully as satisfactory as any other method, 
and time requirements are practically the same for all. 

6.17. The 4-Wire System. We have seen that a lead between the common 
point of the 3 legs of a completely balanced Y circuit and the neutral point of the 
power source carries no current because the sum of the currents at the junction 
of the Y is zero. With a set of unequal impedances in Y, however, the sum of the 
3 leg currents will in general not be zero, and the fourth, or neutral, line will carry 
a current which is the vector sum of the 3 leg currents; that is, 

Ion = I ao + I bo + Ico (6.13) 

The presence of a neutral lead of zero impedance maintains at th- load the same 
leg voltages as at the supply, and each leg current then can be found immediately 
in magnitude and in phase position with respect to its corresponding leg voltage. 
From the standpoint of the vector diagram, the fourth line fixes the neutral at 
the geometric center of the triangle of line voltages, regardless of voltage un¬ 
balance of the lines or unbalance of the load impedances. The solution of such a 
circuit thus is obtained by solving 3 simple single-phase circuits. 

Power in the 4-wire system cannot be measured by 2 wattmeters only, because 
current flowing in the third main line returns to the power source through the 
neutral lead. The 4-wire circuit practically is a system of 3 separate single-phase 
circuits having a common return and 3 •wattmeters are required, their voltage 
coils being placed across the respective legs of the Y. The total power will be, 
of course, 27 2 R for the 3 legs, and the total reactive volt-amperes will be 2I 2 X. 
Each leg has its own power factor, and there is no single value of power factor, 
such as an average. The instantaneous power factor of any imbalanced system 
never has been defined. 

6.18. The Unbalanced 3-Wire Y System. Figure 6.13 shows a group of 
3 unequal impedances placed across a 3-phase, 4-wire supply. With the switch 
in the fourth line closed, the neutral current, Ion, is the vector sum of the 3 leg 
currents, that is, 

Zi Z2 Z3 

All currents can be found graphically or by means of complex numbers. 


(0.14) 
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If the switch is opened, the current in the neutral becomes zero, and a voltage, 
E no , appears across the switch. This voltage may be conceived to be that of an 

A 



Fig. 6.13. Unbalanced Y-connected load. 


equivalent single-phase generator in the neutral line which sends a current I NO = 
—Ion through that lead, thereby giving zero resultant neutral current. The 
voltage Eno acts on the 3 leg impedances in parallel, as shown in Figure 6.14, 
and consequently 

Ino = —Ion = Eno \— + — + — 1 (6.15) 

LZi Z 2 Z3J 

The voltage across any leg, Eao, for example, is no longer the line-to-neutral 
voltage maintained with the switch closed, but is given by the equation 


Likewise. 

and 


Eao = Ean + Eno 


Ebo = Ebn + Eno 


Eco — Ecn + Eno 


(6.16) 


These quantities are shown in the vector diagram of Figure 6.15, a general case. 


N I N Q 



O 

Fig. 6.14. Determination of the 
voltage Eqn of Fig. 6.13. 



Fig. 6.15. Location of 
neutral in unbalanced Y- 
circuit. 


The determination of Eno locates the point 0 on the diagram, since N is fixed at 
the geometric center of the triangle of line voltages, and 0 is displaced from N by 
the vector Eno • All leg voltages of the unbalanced Y system then become known 
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immediately, and all leg currents can be readily calculated, together with the 
corresponding values of power and reactive volt-amperes. The point O, often 
called the floating neutral because its position is altered with a change in the im¬ 
pedance of any leg, may be inside or outside the triangle of line voltages. 

The unbalanced Y circuit also can be solved in a different way using complex 
quantities only. From Figure 6.13 we may write 

Eab = Eao — Ebo 

= IaZ x - I B Z 2 

Ezc — IbZ 2 — IcZ 2 (6.17) 

Eca — IcZz — IaZ x 
I A + 7b + Ic = 0 

All voltages, currents, and impedances are expressed by complex numbers. 
These equations constitute a set of three (any two of the voltage equations give 
the third, because Eab + Esc + Eca = 0) from which the leg currents can be 
computed. The leg voltages and total power then follow. 

6.19. Power in the Unbalanced 3-Wire Y System. Regardless of the charac¬ 
ter or magnitude of unbalance in the circuit, the total power can be measured 
by using 2 wattmeters, and this will be equal to the sum of the values of I 2 R for 
the 3 legs. As before, for wattmeters in lines A and B, 

Wa — EacIa cos (Eac> I a) 

= Eag X projection of I a on Eac 

Wb — E S cIb cos ( Ebc , Ib) 

= Ebc X projection of Ib on Ebc (6.18) 

Wa + Wb = total power in watts 

= I a 2 Ri + Ib 2 R 2 + Ic 2 R 3 watts (6.19) 

where R\, R 2 , and R s are the respective resistances in the three legs. 

The general proof for the above statements, in terms of the voltages and cur¬ 
rents expressed symbolically, can be shown from the complete vector diagram for 
the circuit. Purely from the geometry of the vector diagram it can be demon¬ 
strated that 

W A + Wb = ( E A o X projection of I a on Eao ) + ( E B o X projection of 1 B on 
Ebo) + (Eco X projection of Ic on Eco) 

= Wa + Wc 
— Wb + W c 

The proof is suggested as a problem assignment for the student. 


( 6 . 20 ) 
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In measuring power with 2 wattmeters, there will be 3 pairs of readings, de¬ 
pending upon the choice of the 2 lines in which the instruments are to be placed. 
In general, no 2 wattmeter readings of the 6 possible will be the same for an im¬ 
balanced system, although each of the proper pair of readings will show the 
same total power. The power taken by the system is fixed by the leg im¬ 
pedances and the line voltages and is given by any two wattmeters connected 
correctly. 

In general, with any imbalanced system, reversed voltage sequence will re¬ 
sult in three entirely different readings for the line currents. Also, in general, 
all 6 new possible wattmeter readings will be different from each other and, 
in turn, different from the 6 possible wattmeter readings for standard phase 
sequence. Taken in proper pairs, however, the 6 possible combinations of 
wattmeter readings for the 2 sequences of voltage will give the same total 
power. This is equal to 2 I 2 R for the legs. The total circuit power is, of course, 
independent of voltage sequence if the same voltages are applied to the same 
impedances. 

Any unbalanced circuit, Y or delta, therefore, may require either one of 
two solutions. In an actual case, for instance on the laboratory floor, il 
voltage sequence is not ascertained, there is an even chance that a single 
solution carried out beforehand may agree with the instrument readings later 
found. 

6.20. Example on the Unbalanced Y System. Figure 6.16a shows an 
unbalanced set of impedances connected in Y to which are applied bal¬ 
anced line voltages. The impedances are given by their ohmic values and 


A 



Fig. 6.16. Example of an unbalanced Y-circuit. 

all the figures have been chosen as numbers easily handled in order to show 
the method of solution with a minimum of numerical computation. The same 
analysis will hold for other impedances and for unbalanced voltages applied to 

them. 
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Solving the problem first with a neutral line, ON, assumed present, 


y Ban Ebn Ecn 

Iox= ~zT + ~z^ + ~zr 

—j'57.7 ( — 50 + j28.85 ( 50 + y28.85 
“1-~-h 


10 


yio 


-yio 


= j4 23 amperes 

where the complex magnitudes of the leg voltages have been determined from the 
voltage diagram of Figure 6.16b. 

Now 


~ Im " Em Ik+h + 


whence 


= 0.1 Eno 

Eno — —j‘42.3 volts 


The leg voltages thus become, with the neutral line open, 

Eao — Ean + E no 
= -J57.7 - y42.3 
= -yioo 

Ebo — —60 — j'13.45 
Eco = 50 — yi3.45 volts 


The leg (and line) currents are 

Eao 


IA = 


Ib — 


Ic = 


Z i 
Ebo 
Z 2 

Eco 


-yioo 


10 


= -yio 


-1.34 +J5 
1.34 + j5 amperes 


The total power will be measured by wattmeters placed in any 2 of the 3 lines, 
and it can be calculated either by the graphical method, by means of complex 
numbers, or as the sum of I 2 R for the 3 legs. The latter usually is the most 
direct and for this problem shows 1,000 watts immediately, all the power being 
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consumed in the 10-ohm resistance of the one leg. The student can show that the 
other methods give the same result. 

It should be stressed that, although the solution to this problem is shown by 
way of complex numbers, each step and the entire analysis can be carried out 
graphically. The second form of solution, following directly, in which imped¬ 
ance drops of adjacent legs are added to give line voltages, permits of analysis 
only in terms of complex numbers. 

The second solution is carried through as follows: Referring to Figure 6.16a 
and equations 6.17 

Ebc = —100 + jO = Zb (j 10) — /<?(—jlO) 

Eab = 50 - j86.6 = Z A (10) - ZbO'10) 

Eca = 50 + j'86.6 = Ic(-jlO) - Za(10) 

Za + Zb + Zc = 0 

Solving these equations for the leg currents, we have, 

Za = -j'10 
Zb = —1.34 + j5 
Ic = 1.34 + j5 amperes 
from which the leg voltages are found to be 

Eao = IaoZao — — jl00 
Ebo — —50 — j'13.4 
Eco = 50 — jl3.4 volts 

The voltage diagram for the circuit is shown in Figure 6.17. The floating 
neutral O now is outside the triangle of line voltages. 



Fia. 6.17. Vector diagram for the unbalanced Y-circuit of Fig. 6.16. 


6.21. Example on the Unbalanced Delta System. A delta system, unbal¬ 
anced in every respect, is shown in Figure 6.18. The numbers opposite the cir¬ 
cuit elements are ohmic values, and the graphical solution is given. It might be 
said that measurement of circuit constants, voltages, currents, etc., in practice 
may not be sufficiently accurate, nor such accurate results desired in general, to 
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require a solution better than good graphics afford. Further, the graphical 
method, when it can be used, gives a better visualization of the problem and the 
steps in solution. 



Using Ebc as the reference and base of the triangle of vector voltages, the point 
A may be found as the intersection of the arcs of 220 volts and 200 volts swung 
about the points B and C, respectively, Figure 6.19a. This is merely a state- 

A 




Eab 

(a) Delta form of diagram (b) Star form of diagram 

Fig. 6.19. Vector diagram for the unbalanced delta circuit of Fig. 6.18. 


ment of the fact that the three line voltages form a closed system. Any con¬ 
venient voltage scale may be chosen. Figure 6.19b shows the corresponding star 
array of vectors. The leg currents are 


220 12 

7, = —====== = 11 amperes, leading Eab by the angle tan -1 — 

y / ( 16) 2 + ( 12) 2 16 

240 20 

/, = ■ - , r_—= = 8.49 amperes, lagging Ebc by the angle tan — 

V(20) 2 + (20) 2 20 

200 —i 

- = — —- = 8.95 amperes, lagging E C a by the angle tan 1 — 

3 V(20) 2 + (10) 2 20 


7 
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The actual phase angles in degrees between any quantities need not be known, 
only their trigonometric values. These functions locate the positions of the cur¬ 
rents with respect to their corresponding voltages, and in the end the projections 
of line currents on line voltages determine the circuit power. For example, the 
position of /i is found by going along the voltage Eab 16 units from A and out 
from the delta 12 units. Any magnitude of unit may be chosen so long as the 
two measurements are in the ratio 16/12. To a convenient current scale, I x is 
located in magnitude by measuring 11 units along this construction line and, 
therefore, is completely established. The same scheme determines the other two 
leg currents on the diagram. 

The line currents next are found by combining the leg currents in pairs. For 
example, I a is obtained by shifting I 3 parallel to itself and adding its negative, 
-h, to the tip of I\, Figure 6.19. Scaling the 3 line currents thus to be found 
in this manner, we have 

I a — 8.2 amperes, 1b — 18.8 amperes, and Ic — 13.6 amperes 

Wattmeters placed in lines A and B will give the following readings: 

Wa — Eac X projection of I a on E A c 
= 200 X 4.9 = 980 w r atts 
W B — Ebc X projection of 1 b on Esc 
= 240 X 16.7 = 4,010 watts 
Wa + Wb = 4,990 watts 

The total circuit power calculated as the sum of the power taken by the three 
legs is 

2 / 2 R = (ll) 2 X 16 + (8.49) 2 X 20 + (8.95) 2 X 20 = 4,980 watts 

This latter calculation always gives the total power most readily and is the best 
check on the results of other methods. The student may carry out the solutions 
for the individual wattmeter readings and the total power for wattmeters placed 
in lines A and C, as well as in lines B and C. 

It will be seen that the discrepancy between the numerical results for power 
calculated by the two different methods is about 0.2 per cent. This is well 
within usual required accuracy since, as stated before, measurement of circuit 
voltages and impedances may not be so exact as to demand refinements in sub¬ 
sequent computations. Again, calculations always are limited to some extent 
by the method of analysis used, and both graphical solutions and calculations 
by use of the slide-rule are subject to slight errors. Care exercised in these meth¬ 
ods, however, should readily permit accuracy within an acceptable range. 

Although the entire discussion on the unbalanced delta circuit has been car¬ 
ried through for a specific example, nevertheless the methods are general and 
apply exactly to any other unbalanced delta circuit. 
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6.22. Examples on Reversed Voltage Sequence. Referring to Section 6.20, 
for reversed voltage sequence we may treat the problem by n-ssnming any two leg 
voltages to be interchanged. For example, let E B n and E C n of Figure 6.16 ex- 
change positions in the vector diagram. Two of the line voltages also will have 
different positions. Note that the respective leg impedances are not to change, 
and that the lettering on the connection diagram of Figure 6.16a is not to be 
altered. A leading current is still ahead of its driving voltage in the counter¬ 
clockwise direction. Consequently, 


Ean 



Ecn 


_ —.767.7 _ 50+J28.85 ( -50 + ^28.85 
10 + - h /10 -;10 

= — jl5.77 amperes 

The student is asked to carry through the solution from this point to obtain the 
new leg voltages and currents. The equivalent impedance of the parallel legs is 
the same as before. 

In a similar manner, for reversed phase sequence on the unbalanced delta 
system of Figure 6.18, the new diagram for the voltages is shown in Figure 6.20. 



(a) Triangle of line voltages (b) Star form of diagram 

Fig. 6.20. Solution of the circuit of Fig. 6.18 with reversed voltage sequence. 


Eab and E C a have been interchanged arbitrarily in this case. The magnitudes 
of the leg currents do not change, and they have the same angular positions with 
respect to their corresponding voltages. Figure 6.20b shows the complete vector 
diagram for the leg and line currents. Thus, in magnitude, 

I a = 1\ — h — 19.8 amperes 

Ib — h ~ h - 8.1 amperes 

la = J 3 — = 16.4 amperes 
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Wattmeters placed in lines A and B give 

Wa = Eac X projection of I a on Eac 
= 200 X 17.30 = 3,460 watts 
Wb = Ebc X projection of Is on Ebc 
= 240 X 6.35 = 1,524 watts 
Wa + Wb = 4,984 watts 

The student should continue the problem from this point to obtain the other 
pairs of wattmeter readings. As pointed out earlier, the problem can be treated 
also under reversed voltage sequence by changing the convention for leading and 
lagging power factor and without an interchange of vectors in the voltage di¬ 
agram. Note, however, that with unbalanced line voltages, as in the present 
example, the leg currents and total power will not remain the same if reversed 
sequence is achieved by interchanging any two line leads. In that case the delta 
impedances have different voltages impressed on them. 

6.23. Combined 3-Phase and Single-phase Loads. Single-phase loads often 
are taken from two of the lines supplying power to 3-phase circuits. If the sys¬ 
tem is 4-wire Y, single-phase loads then 
may also be connected line-to-neutral. 
Viewed from the supply terminals, the 
over-all circuit is generally unbalanced, 
at least to some extent, and the problem 
may be that of any such system, that is, 
the calculation of line currents, total power, 
the readings on individual wattmeters, etc. 

By way of a single outlined example, let 
a single-phase impedance of 20 — jl5 be 
connected between lines A and C of the 
circuit shown in Figure 6.18, sequence 
A-B-C to remain. To the currents al¬ 
ready computed for lines A and C, there now must be added the single-phase 
current Ica(^4>) = 8 amp, at leading power factor with respect to the voltage 
Eca • The new line currents, Figure 6.21, are 

Ia = h — h — Ica(A4>) = Ia$4>) — Ica( H) 

Ib = 1 2 — Ii, as before 

Ic = la — 1% + Ica 0-4>) = Ic<&) + 7ca(1</>) 

Figure 6.21 is basically Figure 6.19, but with the vectors now drawn from a 
common point. The entire problem can be handled easily by graphics to obtain 



Fig. 6.21. Combined 3-phase load of 
Fig. 6.18 and a single-phase load. 
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the magnitudes of the resultant line currents and the readings of individual watt¬ 
meters. The total power in watts is that already calculated for the unbalanced 
delta circuit plus 8 2 X 20 = 1,280 watts for the added single-phase load. The 
total reactive volt-amperes are simply 2 I 2 X for the 4 branches of the circuit. 

In like manner, combined single-phase loads of any number and 3-phase loads 
of any number and character can be handled according to the general scheme 
just outlined. The analysis of any polyphase system is simply the calculation 
on single-phase circuits in combination, and any others added are treated by the 
same principles. Note also that in the above example the 2 impedances in 
parallel between lines A and C could have been combined to give a single imped¬ 
ance, thus leading to a new imbalanced delta circuit. 

6.24. General Equivalence of Y and Delta Systems. A balanced or unbal¬ 
anced set of impedances in Y may be represented by an equivalent set of im¬ 
pedances in delta, and vice versa. Such equivalent systems yield the same line 
currents, the same phase relations between line quantities, and the same power. 
It is understood that the line voltages between respective terminals are to re¬ 
main the same. The equivalent system is useful in breaking down a complicated 
network, single-phase or polyphase, into a much simpler one, and in treating Y 
and delta loads in parallel. The equivalent Y circuit may be of advantage when 
voltage drops across line impedances between load and supply must be con¬ 
sidered, and the equivalent Y circuit for a 3-phase machine usually leads to a 
simpler analysis. 




Fig. 6.22. Equivalent delta and Y systems. 

Referring to Figures 6 . 22 a and 6 . 22 b, which are to represent equivalent sys¬ 
tems, 

Zi(Z 2 + z 3 ) _ 

a ab — ~—;—„—;—— — z i t ^2 


Zbc = 

Zca — 


Zi + Z 2 + Z3 

% 2 (Zi + Z 3 ) 
Z\ + Z 2 + Z3 

Zs(Zi + z 2 ) 

Z\ + Zi 2 + Z 3 


= Z 2 ' - 1 - Z 3 ' 

= z 3 ' + z/ 


( 6 . 21 ) 


All impedances are to be given by complex numbers. These three equations 
can be solved for Zi, Z<>, and Z 3 in terms of Zy, Z 2 , and Z 3 ', or can be solved 
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for the latter three impedances in terms of the first. The results are 


and 


Zx 

Z 2 


Zx’Z 2 ' + Z 2 'Z z ' + Z 3 %' 
Zz 



Z' 

zj 


Zx' = 


Z\Z z 

Z\ -\- z 2 -\- Z z 


Z\Z z 

z 


Z 2 ' = 


ZxZ 2 


Zz' = 


Z 2 Z z 

z 


( 6 . 22 ) 


(6.23) 


For balanced systems of impedances, a delta circuit and a Y circuit are equiv¬ 
alent when the impedance of the delta leg is three times that of the Y leg. 

6.25. The 2-Phase System. Although the first concern is for the 3-phase 
system, a few words may be said with respect to the 2-phase (and quarter-phase) 
system. If the total coils on a generator are grouped into two parts of equal num¬ 
ber, and these winding groups placed on the armature at 90 electrical degrees 
from each other, they will produce voltages which are 90 electrical degrees apart 
in time. It is possible to bring the four separate leads for the two phase groups 
from the machine and have two distinct 1-phase systems. The usual practice, 
however, is to tie the phases together and as a result have a 2-phase system of 2, 
3, 4, or 5 wires as shown in Figure 6.23. 



2-wire 3-wire 4-u ire 



(d) 2-phase 
5-wire 


Fia. 6.23. Two-phase systems. 


If the phase voltage for one set of coils is E, as shown in Figure 6.23a, the 
line-to-line voltage is s/2E. In Figure 6.23b the line-to-neutral voltage is E, 
while the line-to-line voltage is the same as before. If the midpoints of the phases 
are connected as shown in Figure 6.23c, the line-to-line voltages now become 
\/2(E/2) and E. The voltages shown in Figure 6.23d are apparent from this 
discussion. Figures 6.23c and 6.23d show quarter-phase systems in that the 
line-to-line voltages are all equal and appear in time phase 90 electrical degrees 
from each other, taking the coil terminals in cyclic order. These relations on 2- 
phase systems are left to the student to verify. 
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Problems 

1. Draw 3 vectors, representing effective magnitudes of voltages, of approximately 
the same lengths but at various angles with each other. Label each terminal of each 
vector and indicate an assumed positive sense of direction of voltage for each. By dia¬ 
grams, and by corresponding equations, show the addition of the 3 vectors, all taken in 
the positive sense. Show the addition of the first and last and the subtraction of the 
second from this sum. Show the negative addition (subtraction) of the first two to the 
third. By a vector, and by subscript notation, show the negative of the resultant voltage 
obtained in each case. 

2. Refer to Figures 6.1 and 6.2. When e^N is maximum and is driving a current from 
A to N in a load circuit, what are the magnitudes and directions of the other two leg 
voltages? If current in line A is increasing and is 70.7% of its maximum positive value, 
what are the magnitudes and directions of the currents in the other two lines? Ass um e 
the three leg impedances to be identical. 

3. Refer to Figure 6.1. Three oscillograph elements are connected to measure the 
three line voltages but the connections to the element between lines A and C are inad¬ 
vertently reversed with respect to the cyclic order shown by the voltage waves. Sketch 
the voltage waves as they would appear on the oscillograph screen, or on a film , labeling 
each wave. 

4. A Y-connected generator delivers 7.5 kva at 220 volts, 0.8 pf lagging. Calculate 
the in-phase and out-of-phase components of the line currents. Draw the complete 
vector diagram showing all line and leg voltages and currents. 

5. A balanced Y load of 30 ohms, 0.866 pf lagging, per leg is connected to a 220-volt, 
3-phase supply. Determine the power taken by the load. 

6. At full load, a 40-hp motor takes 34.5 kva at 1.0 pf on 440 volts. Calculate the 
line and leg voltages and currents if the machine is Y-connected; if it is delta-connected. 
Draw the complete vector diagram for each case. 

7. A balanced delta-connected load draws 15 amp per line at 0.8 pf leading from a 
220-volt, 3-phase source. Determine the impedance components in each leg of the 
circuit. 

8. Three impedance coils are connected in Y to a 110-volt, 3-phase supply. Each 
coil has 6 ohms resistance and 3 ohms reactance. Three other coils connected in delta 
to the same supply draw the same line current and total power. Calculate the resist¬ 
ance and reactance of the second set of coils. Generalize from your results to give the 
ratio of delta leg impedance to Y leg impedance for equivalent balanced 3-phase systems. 
Check your conclusion by a second or third example of your own choosing. 

9. Three equal impedances of 4 ohms resistance and 3 ohms capacitive reactance are 
connected in delta to a 220-volt supply. Draw the complete vector diagram for the system. 
Calculate the power taken if the impedances are connected in Y to the same lines. What 
power is taken, in either case, if one line is opened? 

10. A set of balanced impedances in Y takes 2,650 watts at 0.85 pf leading from a 
115-volt, 3-phase supply. Calculate the impedance components of each leg. 

11. On a 220-volt, 3-phase supply, the wattmeter readings for a balanced Y load are 
Wa = +2,775 watts and Wb = +1,095 watts. What are the impedance components 
in each leg of the load? Phase sequence is A-B-C. 

12. Wc = +1,160 watts and Wb = +311 watts for a balanced Y load supplied from 
a 120-volt, 3-phase, 60-cycle power source. For phase sequence A-B-C calculate the 
circuit elements in each leg. 

13. A balanced delta load takes 12 amp line current from a 230-volt, 3-phase power 
supply. If the power factor is 0.8 leading, what are the representative circuit constants 
for each leg of the delta? What is the equivalent Y circuit? 
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14. Three capacitive reactances of 25 ohms each are connected in delta to a 220-volt 
3-phase supply. For voltage sequence A-B-C, what should be the readings on watt¬ 
meters connected in lines A and C? 

15. What are the equivalent delta circuits for the Y loads of problems 10, 11, and 12? 

16. In measuring the power taken by a balanced delta load connected to a 230-volt 
3-phase supply of voltage sequence A-B-C\ Wa ~ +1,446 watts and Wc — +824 watts. 
What are the equivalent circuit constants of each leg? Repeat for the load Y-connected? 
Answer the same questions should Wb = +1,763 watts and Wc = —400 watts. 

17. A 150-hp, 3-phase motor takes its power from a 4,000-volt supply. The motor 
has an efficiency of 92%, and the power factor is 0.9 leading. What is the line current? 
What ohmic values of impedance connected in delta could replace the motor so as to give 
the same terminal measurements? Repeat for impedances connected in Y. For voltage 
sequence A-B-C , what will be the readings of Wa and Wc? 

18. A balanced delta load takes 20 amp per terminal from a 220-volt supply. The 
leg pf is 0.8 lagging. A Y-connected load on the same lines takes 15 amp per terminal at 
0.707 pf leading. What is the line current, what is the power factor, and what is the 
power for these combined parallel loads? What single set of impedances in Y could 
replace the combination so as to give the same over-all instrument readings? 

19. A balanced set of impedances in Y, Z = 12 + j8 ohms per leg , is in parallel with 
a balanced delta set of impedances having Z = 20 — J10 ohms per leg. On a 220-volt 
supply, what line current is drawn by the combination, and what is the total power? 

20. Should all 4 loads given in problems 18 and 19 be in parallel, what is the simplest 
set of balanced impedances in Y that can represent the over-all terminal measurements? 

21. A factory takes 100 kw at 1.0 pf, 200 kva at 0.8 pf lagging, 150 kw at 0.9 pf leading, 
and 25 kva at zero pf leading from a 440-volt supply. What is the power factor at the 
input to the factory, and what is the total power? 

22. A plant has the following connected loads: 

(a) 80 kw at 1.0 pf. 

(b) 100 kva in motors, 0.8 pf leading. 

(c) 300 hp in motors, 0.85 pf lagging and 86% efficiency. 

(d) 250 kva at 0.75 pf lagging. 

Determine the total plant load and power factor. It is desired to add a load of 50 kw at 
0.8 pf leading. What kva in static condensers also must be added so that the supply 
transformers will not be overloaded if they are carrying full kva initially? 

23. A 3-phase, 350-hp, 2,300-volt motor having an efficiency of 92% and operating at 
0.6 pf lagging is in parallel with a motor taking 100 amp per terminal at 0.8 pf leading. 
Determine the line current to the combination and the resultant power factor. 

24. An industrial load on a 2,300-volt, 3-phase supply takes 60 kw at 0.8 pf lagging, 
20 kva at 1.0 pf, 30 hp at 85% efficiency and 0.9 pf lagging, and 20 hp at 90% efficiency 
and 0.75 pf leading. Calculate the total power, the kva, and the over-all power factor. 
What equivalent resistance and reactance per leg, delta-connected, could represent the 
combined loads? 

25. The present load of a factory is 266 kva and 200 kw, lagging power factor. A 50-hp 
motor, 90% efficient, 1.0 pf, and a 40-hp motor, 88% efficient, 0.8 pf leading, are to be 
added. With these motors installed, what is the over-all power factor of the plant? At 
$10 per kva of capacitors, what is the cost of raising the power factor of the plant to 95%? 

26. A balanced Y load draws 40 kw at 0.8 pf lagging at a terminal voltage of 440 volts. 
What are the equivalent ohmic values of the leg impedances? If the power is supplied 
over lines each having an impedance of 0.15 + j‘0.25 ohms, what are the voltage, power, 
and power factor at the input terminals of the lines? What is the efficiency of transmis¬ 
sion for the system? 
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27 . A balanced delta load has 220 volts applied to it and draws 7 amp at 0.707 pf 
lagging. If the supply lines have 3 ohms resistance and 6 ohms inductive reactance each, 
what is the voltage at their input terminals? What power is taken by the load, and what 
is lost in the lines? Calculate the pf at the input terminals of the lines. Recalculate 
the problem for a line impedance of 3 — j6 ohms . 

28 . A 200-hp, 3-phase motor, 93% efficient, takes 47 amp per terminal at 2,300 volts 
when carrying full load. If the power is supplied over lines each having an impedance 
of 1 + jS ohms, what are the voltage, power, and power factor at the input terminals of 
the lines? 

29 . A Y load takes 15 kw, 0.8 pf lagging at 230 volts. A parallel delta load draws 
20 kva, 0.707 pf leading. Each line supplying the total power has an impedance of 
0.3 + j0.6 ohms. What are the voltage, power, and power factor at the input terminals 
of the supply lines? 

30. A balanced delta load has a leg impedance of 54 + j36 ohms. A parallel motor 
load takes 11.4 kva at leading power factor for 9.5 hp output at 88% efficiency. If the 
load voltage is 440 volts, and each supply line has an impedance of 0.7 + J2.4 ohms, 
what are the voltage, power, and power factor at the input terminals of the supply lines? 

31. At the input terminals of a supply system the voltage is 220 volts , the current is 
12.7 amp, and the power is 3.87 kw, leading power factor. Each line to the load has an 
impedance of 2 + j'5 ohms. What are the impedance elements of each leg of the delta- 
connected load? 

32 . A 3-phase motor takes 2.46 kw at 0.4 pf lagging from a 220-volt supply. What 

should be the wattmeter readings Wa and Wb if the voltage sequence is A-B-C? If 
the voltage sequence is A-C-B ? * 

33 . The power taken by a balanced inductive load is shown by wattmeter readings of 
+930 and +1,525 watts for the 2 instruments. If the voltage sequence is A-C~B } asso¬ 
ciate the position of the instruments with the corresponding indications. 

34 . In making measurements on a 3-phase, 230-volt load containing resistance and 
capacitance, Wa = 4.62 kw and Wb = 2.95 kw. What is the load current, power factor, 
and voltage sequence? 

35 . From the results of preceding problems, generalize your conclusions with respect 
to wattmeter readings, voltage sequence, and character of power factor (leading or lag¬ 
ging). Is it possible for 2 wattmeters to give information on both voltage sequence and 
character of power factor? Will a polyphase wattmeter lend itself to the determination 
of either voltage sequence or character of power factor? 

36 . The power factor of a 3-phase motor is to be adjusted to 0.8 leading for an input 
of 20 kw. What will be the wattmeter readings if two are used to determine the power 
and the power factor? 

37 . Draw the connection diagrams for the following arrangements in measuring power 
taken by a 3-phase load, showing all polarity marks: 

(a) 2 wattmeters, potential coils connected directly to the lines but current coils con¬ 

nected to the secondaries of current transformers. 

(b) 2 wattmeters, potential coils with multipliers, current coils carrying line currents. 

(c) 2 wattmeters, both potential transformers and current transformers used in making 

power measurements. 

(d) A polyphase wattmeter with both potential and current transformers. 

38 . Two wattmeters are used to measure the power taken by a 3-phase load. Each 
instrument is rated 30/60 amp, 100/200 volts with 50% overload capacity indefinitely 
for both potential and current coils. Full scale for each wattmeter is 30 hektowatts for 
the 30-amp and 100-volt ranges. On a 449-volt supply, the instrument readings from* 
the scales are +29.3 and +11.7 hektowatts, respectively. What power is being meas- 
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ured if the 60-amp current terminals and 600-volt multipliers are used? What is the line 
current? 

39. Two wattmeters having ratings given in problem 38 are employed to measure the 
power taken by a 3-phase synchronous motor drawing 19.3 amp at 0.8 pf lagging from a 
545-volt supply. How would you connect these instruments, and what should be their 
scale readings? 

40 . A polyphase wattmeter is used in measuring the power taken by a 3-phase, 4,000- 
volt motor. The instrument has a maximum rating of 5/10 amp, 150/300 volts, and full 
scale is 10 hektowatts for the lower ranges of current and voltage. If the instrument 
indicates 4.15 hektowatts for connections to the 5-amp current coils through 40:1 current 
transformers, and with 20:1 potential transformers ahead of the 300-volt potential coils, 
what current is being taken by the motor? Assume 86% pf. 

41 . Ahead of a balanced delta load of leg impedance 8 — j3 ohms on a 220-volt supply 
is a single-phase wattmeter with current coil in line C and potential circuit between lines 
A and B . The current terminal having the polarity mark is on the supply side of the 
instrument, and the marked potential terminal is connected to line B. What reading is 
obtained from the wattmeter, taking into account any multiplying factors for its scale 
indication? The voltage sequence is A-B-C. If the voltage sequence is reversed, what 
reconnection must be made for the instrument, and what reading results? 

42 . Using 2 current transformers and 3 ammeters, sketch the connection diagram for 
the measurement of the line currents in a 3-phase, 3-wire circuit. 

43 . Show that for a balanced 3-phase load 

, COS 0 = - ■ -- :■■■ ■■ -r= • 

Vl + 3 (Wa - W b )V{Wa + Wb) 2 

44 . A 3-phase, 4-wire system supplies 120 amp per terminal to a balanced delta-con¬ 
nected load having a power factor of 0.8 leading. Three 1.0-pf loads between the main 
lines and the neutral take 60, 80, and 75 amp, respectively. Calculate the current in each 
of the 4 lines. Obtain solutions for both voltage sequence A-B-C and A-C-B. 

45 . Three impedances connected in star on a 230-volt, 4-wire, 3-phase supply have 
the respective magnitudes 15 + j7 , 20 — j 12, and 14 + j5 ohms. What is the current 
in the neutral line for voltage sequence A-B-C ? For sequence A-C-B ? Calculate the 
total power. 

46 . On a 100-volt, 3-phase, 4-wire system, 3 impedances in Y have the magnitudes: 
Zi — 5.77 + jO, Z 2 = 5 + j'2.885, and Z% = 2.885 — j‘5. What current is carried by 
the neutral wire under voltage sequence A-B-C ? With sequence A-C-B? Calculate 
the total power. 

47 . On a 100-volt, 3-phase, 4-wire supply Z 2 = 8.66 — j5, and Z 3 = 8.66 + j5 ohms. 
What must be Z\ if the neutral current is zero for sequence A — B — C? 

48 . Three impedances, Z\ = 4.33 — ^2.5, Z 2 — 5.77 + jO, and Z% = 8.66 — j5 ohms, 
are connected in star on a 220-volt, 3-phase supply. What voltage is read across an 
open switch in the neutral wire if the voltage sequence is A-B-C ? Draw the complete 
vector diagram for this circuit. What power should be indicated by wattmeters in lines 
A and C? 

49 . Repeat problem 48 for voltage sequence A-C-B. The neutral wire is to be open 
in obtaining wattmeter readings. 

50 . Solve the example shown in Figure 6.16 of the book but with Z\ — 17.32 + j0. 
What conclusions do you draw from your solution? (This is a practical circuit. It is 
used on the University of California campus to supply several hundred kw d-c excitation, 
through transformers and rectifiers, to the field coils of a large cyclotron.) 

61 . A phase sequence indicator, Y-connected, has a pure inductive reactance of 1,000 
ohms between terminal A and the common junction O, and two 1,000-ohm lamps of 
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resistance only in the other two legs. For voltage sequence A-B-C, which lamp bums 
brighter? For sequence A-C-R? Repeat the problem for a 1,000-ohm capacitor replac¬ 
ing the inductor. Assume a 220 -volt, 3-phase supply. 

52. Three impedances in Y (see Figure 6.13) have the respective values Z\ = 10 + jO, 
Z 2 = 17.32 + j 10, and Zz = 10 — j'10 ohms. If a neutral line is present, calculate all 
line currents and the total power for 100\/3 volts between lines, sequence A-B-C. 
Calculate the leg voltages and currents, and the total power, if the neutral line is opened. 

53. On a 440-volt, 4-wire supply, 3 loads in Y take, respectively, 9.12 kw at 0.707 pf 
leading, 12.9 kw at 1.0 pf, and 10.32 kw at 0.8 pf lagging. Voltage sequence is A-B-C. 
What is the neutral line current/ What power is taken by each leg if the neutral line is 
opened? 

54. Refer to Figure 6.18. The currents 1 1 , I 2y and I 3 flow through impedances of 
20 + 7 IO, 10 +, 7 * 10 , and 10 + j20 ohms, respectively. On 110 volts, sequence A-B-C, 
what will be the readings of wattmeters placed in lines A and R? Repeat for sequence 
A-C-B. 

55. Show that for any delta circuit, balanced or unbalanced, the line currents can be 
shown by the delta set of closing vectors of the leg currents if these are drawn in star 
array. 

56. Refer to Figure 6.18. Let the three currents meet, respectively, the impedances: 
8.66 + j5, 10 + jO, and 8.66 — j5 ohms. On a 200-volt supply, sequence A-B-C , deter¬ 
mine the readings of wattmeters placed in lines A and B, in lines A and C, in lines B and 
C . Repeat for sequence A-C-B. 

57. Refer to Figure 6.18. Eab = 200 volts applied to 12 + j5 ohms; Ebc — 220 
volts applied to 10 — j 10 ohms; and Eca = 250 volts applied to 10 + jO ohms. What 
will be the readings of wattmeters placed in lines A and B if the sequence is A-B-C ? If 
the sequence is A-C-R? 

58. Three impedances, Zi = 10 — jlO, Z 2 = 20 + jO, and Z 3 = 12 + jo are con¬ 
nected in delta on a 3-phase supply. Calculate the corresponding values of the leg im¬ 
pedances for the equivalent Y system. 

59. Calculate the leg impedances of the equivalent delta circuits using the Y values 
for the sequence indicators of problem 51. 

60. Four resistors of 15 ohms each form a square, and 15-ohm resistors also are con¬ 
nected between the diagonal points. By means of the Y-delta transformation, compute 
the power taken by the network if 150 volts is applied between 2 adjacent terminals. 

61. Calculate the line currents for the resistance networks shown. 



62. The voltage between each main line and neutral of a 3-wire, 2 -phase supply is 
220 volts. One phase carries 20 kw at 1.0 pf, the other phase carries 16 kw at 0.8 pf 
lagging, and between the main lines there is a 30-kw, 0.8-pf lagging load. Compute the 
currents in the 3 lines. The voltage across the 20-kw load leads the voltage of the second 
phase by 90°. 

63. On a 250-volt, 3-phase supply with voltage sequence A-B-C , a delta circuit has 
leg impedances Zab = 15 — 710 , Zbc — 12.5 +7*21.65, and Zqa = 25 + 76 ohms. 
Between lines B and C is a single-phase load having an impedance of 25 + jO ohms. 
What is the supply current of line (7? Of lines A and R? 
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64 . Between lines A and B, and B and C, of a 3-phase supply feeding an unbalanced 
Y load are single-phase impedances. Using double-subscript notation, write the general 
equations for the three line currents in terms of their branch currents. Repeat for the 
same connections of the single-phase loads, but with an unbalanced delta load replacing 
the Y system. 

66. On a 200-volt, 3-phase supply of voltage sequence A-B-C, a delta load has im¬ 
pedances Zab — 8 — j6, Zbc = 25 + jO, and Zca = 17.32 + jlO ohms. Between lines 
B and C is a single-phase load having an impedance of 10 — jlO ohms. The total power 
to the loads is measured by a polyphase wattmeter having a rating of 20/40 amp, 150/300 
volts, 4 kw full scale. What should be the scale reading of the wattmeter? 
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TRANSFORMER CONNECTIONS 

7.1. General. Our interest in the single-phase transformer centered around 
the fact that it was a very important link in the single-phase system and was 
more than just a machine. For that reason it was discussed before taking up 
the polyphase system. In exactly the same way, the polyphase transformer or 
groups of single-phase transformers are major elements in the tr ansmissi on of 
power over a polyphase network. 

Of first concern is the function of the 3-phase transformer or of the 3-phase 
bank of single-phase machines in raising or lowering the system voltage. While 
many ways of connecting units may be devised, only a few, because of their 
practicability, are of commercial importance. Deter mini ng factors are sim¬ 
plicity, cost, reliability, efficiency, and safety. 

Secondly, banks of transformers are used to convert from one number of 
phases to another number of phases. Three- and 2-phase systems are mutually 
convertible, for example, and from 3-phase circuits are obtained 6-phase, 12- 
phase, etc., circuits for the operation of synchronous converters and mercury-arc 
rectifiers. However, although polyphase power of one number of phases can 
be converted to polyphase power of another number of phases or can supply 
single-phase power, it is not feasible to draw polyphase power from a single¬ 
phase supply by means of transformer connections. 

The usual manner of connecting the primary and secondary windings of single¬ 
phase transformers comprising a 3-phase bank follows the Y- and delta-circuit 
arrangements discussed in the preceding chapter. Of importance are the bank 
requirements for balanced loads, the effect on load capacity of the open-delta 
connection, the effects of single-phase loads on a 3-phase bank, the effect of the 
neutral line for a Y-connected set of windings, the presence of third-harmonic 
voltages and currents in 3-phase banks, the transformation of polyphase power, 
and the parallel operation of polyphase banks. 

7.2. Three-phase Transformers. Although our attention is directed mainly 
toward banks of single-phase transformers connected to transform 3-phase power, 
brief mention might be made of the 3-phase transformer itself. The magnetic 
circuit comprises 3 vertical arms which are connected at top and bottom for the 
returning flux, the flux of any one leg returning through the other two. Each 
arm carries the primary and secondary windings of one phase, each set of high- 
voltage and of low-voltage coils being, in general, connected in one manner or 
another within the tank. Only 6 leads then are brought out of the case. 
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The 3-pha^e transformer thus becomes a single machine. As such, it contains 
less iron, weighs less, requires less space, and is a little more efficient than a bank 
of 3 single-phase transformers. In the larger sizes it is cheaper than 3 single¬ 
phase transformers, but the cost of spare units and of upkeep is, of course, higher. 
With the increase in transformer reliability that has resulted from design im¬ 
provements and better protection practices, the trend is toward the use of three- 
phase units in the larger sizes. 

As a consequence of the mutual flux paths for the 3 sets of windings on the 
polyphase transformer, the analysis of this machine is not so simple as that of 
the single-phase transformer or the polyphase bank. A discussion on the reac¬ 
tions within the polyphase unit, though, is beyond the scope of this book. 

7.3. Third-harmonic Voltage and Current. A sinusoidal voltage impressed 
on any coil requires a sinusoidal flux for the equal and opposite induced voltage. 
Consequently, in any iron-core circuit giving rise to magnetic saturation, the 
exciting current cannot be sinusoidal. The current wave will have an unsym- 
metrical shape and will be peaked increasingly as the degree of saturation is 
increased. Analysis of the wave shape by Fourier series shows the third-har- 
manic component to be by far the strongest of the harmonics present in the 
wave. 

In any transformer bank having saturation, either the third-harmonic voltage 
or the third-harmonic current will be present. The third-harmonic current will 
appear if a closed path is provided for it, such as in the delta connection. The 
third-harmonic voltage will be observed if there is no path through which it can 
force a current, for example, the Y-Y connection without a neutral wire. In 
this case a third-harmonic component exists in the line-to-neutral voltage of the 
bank. It should be understood that when third-harmonic current flows it only 
appears as part of the exciting current, To, and in comparison with the load 
component it represents but a few per cent of the total current. 

Harmonics represent distortion in the circuit, and hence certain disadvantages 
are, in general, associated with them. They do not contribute to the power flow 
as does the fundamental; harmonic currents lead to local heating and hence to a 
decrease in kva capacity of the apparatus; harmonic voltages give rise to an 
oscillating neutral in a Y-Y bank; resonant conditions may yield very large 
third-harmonic voltages with attendant insulation stress; and, of major practical 
concern, third-harmonic currents produce telephone interference where power 
and telephone lines run parallel to each other at relatively close separation. It 
is usual to suppress harmonics as much as possible, although there are some 
instances in which a given harmonic is employed purposely. 

7.4. Delta-delta Connection. In connecting 3 single-phase transformers for 
delta-delta operation, Figure 7.1, the primaries are closed upon themselves, 
and, likewise, the secondaries. The secondaries must be connected with due 
regard for the relative polarities of the windings; otherwise the windings might 
be short-circuited upon themselves. Properly connected, the instantaneous sum 
of the three voltages, 120 degrees apart in time, around the closed loop is zero. 
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As a precaution, before closing the delta secondary of a bank, a voltage reading 
can be taken between the 2 open ends so as to make certain that one secondary 
is not reversed, under which condition twice rated secondary voltage would be 
measured. The same precaution applies to any connection in which the trans¬ 
former secondaries close a path through themselves. 

The delta-delta connection is of advantage for relatively low voltages and high 
current. It allows third-harmonic components of the exciting current to flow in 
the closed paths and, hence, eliminates third-harmonic voltages between ter¬ 
minals. These voltages do appear between line and junction of a Y-Y bank. 
Transformers of different kva ratings can operate in delta-delta, and a bank still 
is operative if one transformer is taken out of service. On the other hand, no 
neutral is available for loading or grounding, high circulating currents are present 


D 
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Fig. 7 1 Delta-delta transformer connections. 


!■■■■■■ 


■SB 




if the ratios of transformation are not the same, and the division of a balanced 
3-phase load is imperfect if each transformer does not have the same impedance. 

The resultant current through any unit of a delta-delta bank can be computed 
as the superposed vector sum of the individual currents due to the 3 line-to-line 
loads. Balanced 3-phase loading on a bank of 3 identical transformers will, of 
course, load the transformers equally in current, kva, and kw, the power factor 
of each transformer being that of the load. As is the case in the delta-load, the 
transformer currents are less than the line currents by the factor \/3. 

Much low-voltage distribution, factory, and general commercial wiring is of 
the delta-delta type because of the advantages stated above. Primary voltages 
for these circuits are in the general range of 2.4 to 12 kv, and typical secondary 
voltages are 480/240 and 240/120 volts. Code practice usually requires the 
grounding of the midpoint of one transformer for the protection of life and appa¬ 
ratus. Single-phase lighting loads of an appreciable number of kw are normally 
carried by a separate transformer and are not superposed on the nominally 
balanced 3-phase load of the bank. 

7.5. Open-delta Connection. If one transformer of a delta-delta bank is re¬ 
moved, the two remaining can continue to supply 3-phase power to the secondary 
lines. Under load, the voltages of this open-delta bank will be slightly unbal¬ 
anced because of unequal voltage regulation for the 2 transformers. The bank 
is economical for systems which are later to expand and where the investment 
for the complete bank is not desired at the present time. 





172 


ELECTRIC CIRCUITS AND MACHINES 


The leg currents for the open-delta bank now are the line currents as well and 
are -\/3 times their former values. For safety to the individual units, then, the 
load on the open-delta bank should not exceed l/\/3, or 57.7 per cent, of full 
load for the closed-delta bank. If one unit of a closed-delta bank becomes de¬ 
fective, the open-delta serves as a temporary means of carrying power. 

Open-delta banks are used frequently. In the large central-valley agricultural 
region of California, for example, there are many such connections, the greater 
part of the output being for pump motors used for irrigation. These banks may 
carry a large overload over part of the daily cycle if there is the opportunity for 
the machines to cool at night. Much of the pumping load is at night; hence, the 
transformers can carry high overloads if the daytime load has not exceeded 
their capacity. Implied in these statements is the fact that in the initial rating 
of any electrical apparatus there is the consideration of the ambient temperature 
under which it must perform. 

7.6. Y-Y Connection. Because of insulation requirements, the Y-Y bank is 
better suited to systems having high line voltages and relatively low currents. 
The arrangement provides a neutral for grounding or for line-to-neutral loads. 
Spch loads, however, cannot be carried on the secondary unless the primary also 
has its neutral connected back to the power source. Without the primary 
neutral, a line-to-neutral load on one secondary requires load components in all 
primary windings, and current would have to flow through the extremely high 
open-circuit impedances of the other 2 transformers. The primary currents are 
therefore limited, and there is a large shift of the secondary neutral toward the 
loaded line. 

The neutral also is unstable because of third-harmonic components in the 
exciting currents, and perhaps because of unequal magnetizing currents for the 3 
units. Third-harmonic voltages exist between each line and the junction point. 
Circulating currents cannot flow, however, because of either the third-harmonic 
voltages or the unequal ratios of transformation. Unequal impedances of the 
transformers have little effect on load division. The Y-Y bank in practice is not 
operated in open delta if one transformer is removed, because the voltage stress 
on the other two usually is greater than that permissible. 

Frequently the Y-Y bank has a delta tertiary which may serve either one or 
both of two purposes. It stabilizes the neutral, and it can carry a load by itself. 
Synchronous condensers for voltage regulation are connected in many instances 
to high-voltage transmission lines by means of the delta tertiary. This type of 
connection, with both Y-neutrals grounded, is used to greater extent than 
any of the many forms of the Y-Y bank because of the advantage of the 
delta tertiary. Its application is almost solely to high-voltage transmission 
systems. 

7.7. Y-delta and Delta-Y Connections. This form of bank, Figure 7.2, with 
the neutral of the Y practically always grounded, has a stable neutral because of 
the delta, and good current balance is obtained even with transformers having 
widely different impedances. The general combination of a Y and a delta is 
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probably the most satisfactory connection for a 3-phase bank, and with a 4-wire 
Y it has a wide application in low-voltage distribution systems. Its disadvan¬ 
tages lie in the fact that the bank is inoperative if one transformer' fails or must 
be removed, and that the bank cannot be paralleled with a delta-delta or a Y-Y 
bank because of the phase difference of 30 degrees between line voltages of the 
banks on the secondary side. 

The Y-delta bank, with the primaries connected 4-wire Y, is used to a fairly 
large extent for supplying factory power. Line voltages on the primary side 
range from 4.16 to about 14.4 kv, with low-side voltages from 120 to 600 volts. 
Delta-Y banks are in common use for commercial combined power and lighting 
service and are popular for office buildings because the over-all loading can be 
closely balanced. High-side voltages are in the general range from 2.4 to 14.4 kv, 
with secondary voltages of 208/120 volts being most common for the 4-wire Y. 



Fig. 7.2. Delta-Y or Y-delta transformer connections. 

Lighting loads are connected line-to-neutral, and motor loads, elevator motors 
for example, are connected across the main wires. While 220- and 230-volt 
motors will not show the same performance on reduced voltage that they will 
under nameplate rating, general-purpose machines usually are built to operate 
satisfactorily within a voltage deviation of ±10%. Manufacturers now supply 
standard three-phase motors rated at 208 volts. One of the more recent ap¬ 
proaches to supplying a combined light and power service to industrial plants 
and large office buildings is the 480/270 volts 4-wire Y. The main part of the 
lighting load is carried by 277-volt fluorescent lamps. Economic considerations 
favor the higher voltage system where both the motor and lighting loads are rela¬ 
tively high. The 120 volts required for incandescent lamps and small appliances 
can be supplied from small 480 to 120/240-volt single-phase transformers. 

The delta-Y connection is practically always used in stepping up the voltage 
at the generator end of a high-voltage transmission line, while the Y-delta con¬ 
nection is used at the receiving end. One important reason for this choice is 
that the high-voltage winding need be insulated only for the line-to-neutral 
rather than the line-to-line voltage. In addition, since one end of the winding 
is either grounded directly or through a current-limiting impedance, only one 
high-voltage bushing need be used. 



174 


ELECTRIC CIRCUITS AND MACHINES 


7.8. Single-phase Loads. A considerable amount of power is delivered single 
phase from low-voltage, 3-phase distribution systems. The single-phase power 
may be in addition to 3-phase loads or may form a fairly balanced 3-phase load 
if an approximately even distribution in loading occurs between lines. In some 
instances only one single-phase load is carried. A single-phase load is an un¬ 
balanced condition for the polyphase system and, consequently, leads to unequal 
currents in the supply lines, unbalanced voltages, a loss in efficiency, and a 
decrease in economy of apparatus. 

It is evident at this point, from what has been said thus far, that a great many 
connections are possible when taking single-phase power from a 3-phase system. 
Figure 7.3 shows some typical connections, the transformers being indicated by 



(c) (A) 

Fig. 7.3. Typical connections for taking single-phase power from a 3-phase system. 

heavy lines. Although the diagrams show but a single load, it is standard prac¬ 
tice to distribute the various single-phase loads of the system among the phases 
so that the combination approximates a balanced 3-phase load. 

In (a) and (b), the secondary currents can flow in only one series path. With 
current in the secondary of any transformer, there must be a corresponding 
current in the primary winding. In (c), the secondaries are delta connected and 
the single-phase current will divide between the 2 parallel paths of the bank. 
For identical transformers or for 3 having equal ohmic impedances, one will 
carry two-thirds of the total load current and the other 2 will carry the remainder. 
The loading in (d) is the same as in (c) if the 2 single-phase loads are equal. 

As has been pointed out, a line-to-neutral load on a secondary of a Y-Y bank 
cannot be carried unless both neutrals are present, or unless there is a delta 
tertiary to maintain the secondary neutral. 

7.9. Combined 3-Phase and Single-phase Loads on Delta-delta Banks. To 
some extent, primarily for light commercial loads, a limited single-phase power 
load may be supplied by 2 lines from the secondary side of a delta-delta trans¬ 
former bank. The single-phase load is in addition to the nominally balanced 
3-phase load. In these instances, the transformer between the lines carrying the 
single-phase load is larger than the other two. Typical ratings are 2 transformers 
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of 5 kva and a third of 7.5 or 10 kva, or 2 of 7.5 kva and a third of 10 or 15 kva. 
The largest transformer carries its share of the 3-phase load and, in addition, the 
greater part of the single-phase load. The single-phase load is usually less than 
50 per cent of the 3-phase load. 

Since the bank is a generator with respect to any load on it, the current, kva, 
and kw of each transformer can be calculated by way of the corresponding quan¬ 
tities supplied the load system. The vector diagram for the bank and the nota¬ 
tion used with it will then have the same appearance as for the load itself. By 
this treatment there is eliminated the necessity of introducing a new set of conven¬ 
tions, with its ramifications, for the supply over that already adopted for the load. 

As an example, Figure 7.4a shows a single-phase load on a 15-kva, 3-phase 
bank, primary omitted, and Figure 7.4b the corresponding current distribution 



(a) (b) 

Fig. 7.4. One-phase load on a 3-phase transformer bank. 


with voltage sequence A-B-C. Transformer 1 carries two-thirds of the single¬ 
phase load current, and transformers 2 and 3 carry the re mainin g third. The 
magnitude of the system voltage is not necessary because any current and its 
associated kva are directly proportional. Thus, 

kvai = EabIab — 5 kwi = 5 cos 30° = 4.33 

kva 2 = EcbIcb — EbcIbc — 2.5 kw 2 = 2.5 cos 90° = 0 

kva 3 = E A cIac ~ EcaIca ~ 2.5 kwg = 2.5 cos 30° = 2.17 

The total power delivered by the 3 transformers = 6.5 kw = 7.5 X 0.866 and 
must agree with the sum of the kw’s for the individual units. Note that trans¬ 
former 1 has reached its full kva, and only a limited load at a power factor highly 
leading could be added without exceeding the rating of this unit. 

Suppose, for a new condition, that transformer 1 has a rating of 10 kva, and 
transformers 2 and 3 each are rated 7.5 kva. Assume, also, that all 3 have the 
same ohmic impedance quantities. Let the single-phase load be as before, and, 
in addition, let the bank carry 18 kva, 3-phase, at 0.866 pf leading. Figure 7.5a 
shows the circuit with the bank primary omitted, and Figure 7.5b shows the 
associated distribution of currents. 

The kva of the single-phase loads on each transformer are as before, but each 
now also carries 6 kva of the 3-phase load. Combining currents or kva com- 
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ponents vectorially to obtain the resultant loading on each transformer, we have 
kvaj = EabUab (34>) + Iab{ 

= kvai(30) + kvai(l$) = 9.55 kwj = 9.52 

kva2 = EbcUbc(^4>) + Ibc(14>)] 

= kva 2 (3<£) + kva 2 (l<£) = 5.22 kw 2 = 5.20 

kva3 = Eca[Ica(3<I>) + Ica( 1<£)] 

= kva 3 (3$) + kva 3 (l<^) = 8.50 kw 3 = 7.36 


Note that Skw = 22.08 = 7.5 X 0.866 + 18 X 0.866. Observe, also, that 
transformer 3 is overloaded. It is rather easy to overload one of the trans¬ 
formers, and possibly two of them, when a single-phase load is placed on a bank 
in addition to a balanced 3-phase load. 

The kva carried by a given transformer of a delta-delta bank can be calculated, 
regardless of the number of single-phase loads or their distribution between 
lines, by superposing the kva requirements of the several loads on that trans¬ 
former. Any 3-phase load is merely a combination of single-phase loads and 
can be treated in this manner if desired. The same method is applicable to banks 
in which the percentage impedances are unequal. For delta-delta banks, the 
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calculation of the division for each 
single-phase load becomes a problem on 
the parallel single-phase circuit discussed 
in Chapter IV. 

7.10. Conversion of 3-Phase to 2- 
Phase Power. A few applications of 
2-phase power still exist in this country, 


Fig. 7.6. Scott connection of transformers. and for a lon g P eriod of time the Scott 

connection, Figure 7.6, has remained 

the predominant method for transforming 3-phase to 2-phase power. Only 2 
transformers are employed, the primary of one being connected to a midtap of 
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the other. The transformer having the midtap is called the main unit, and the 
other is called the teaser transformer. The teaser primary winding must have 
an 86.6 per cent tap to act as one of the supply terminals, and the full secondary 
winding used in order to obtain equal voltages across the 2 secondaries. 

With balanced 3-phase voltages applied to the primary terminals, the voltages 
across the 2 transformers are in quadrature with each other, thus giving a 90- 
degree displacement between the secondary voltages. The secondaries may be 
distinct and may supply separate single-phase loads or, by diametrical connec¬ 
tions to the armatures of motors or synchronous converters, may drive them as 
2-phase machines. For distribution systems, the end of one secondary often is 
joined to an end of the other so as to form a neutral lead, and power is then 
supplied by 3 wires. The voltage between the outer lines is \/2 times the voltage 
of either winding. The several arrangements have been shown essentially, in 
discussing the 2-phase system, in the chapter on polyphase circuits. 

If the 2-phase load is balanced, the supply circuit also is balanced, except for 
very slight differences due to unequal voltage regulation of the 2 transformers. 
It can be said that, in general, with any polyphase-to-polyphase transformation 
of power, balanced conditions of the supply system exist with balanced loading 
of the bank. 

7.11. Conversion of 3-Phase to 6-Phase Power. Six or more phases are de¬ 
sired primarily for the operation of synchronous converters or mercury-arc 
rectifiers. In converting a 3-phase supply to a 6-phase supply, several types of 
connection are possible: diametrical, double Y, double delta, double T, and ring 
(mesh). For rotating machines, the diametrical form is by far the simplest and 
is almost always used. 

In the diametrical arrangement for the operation of synchronous converters, 
consider, for example, a 2-pole machine. The ends of one transformer secondary 
are connected to taps on the armature winding 180 degrees apart, or diametrically 
opposite each other. The second and third secondaries are connected, similarly, 
to taps 120 degrees and 240 degrees, respectively, farther around the armature 
winding. For a multipolar machine, all points at the same potential on the 
armature are connected together. A 6-pole converter would have 18 taps in 
all, the end of each transformer secondary being joined to 3 of them 360 degrees 
apart. 

Only by the connections to the closed paths through the armature winding 
does the output of the transformer bank become a 6-phase power supply for the 
machine, since the secondaries are independent of each other. This statement 
holds for all the methods of transformation given above. If, however, the mid¬ 
points of the secondaries are joined together, a true 6-phase star system of 
voltages is obtained without regard to connections to any load circuit. 

In all but the diametrical arrangement, double secondaries are required. Two 
Y’s, or deltas, or T’s are formed by the secondaries with, in each case, the voltages 
of one 3-phase grouping rotated 180 degrees with respect to the other set of coils. 
The double Y becomes the 6-phase star transformation if the 2 neutrals are 
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joined together. Figure 7.7 shows the vector diagrams for the double-Y, double¬ 
delta, and ring connections. Because the required neutral is available, the 6- 
phase star and double-Y circuits are adapted to rectifiers. 

Since a 2-phase supply can be transformed to a 3-phase system, it also can be 
transformed to a 6-phase source of power by means of double secondaries. 
Parallel operation of 3-phase banks, with relative phase displacements between 
their output voltages, are employed to obtain a greater number than six phases. 



(a) Double Y (b) Double delta (c) Ring or mesh 
Fig. 7.7. Vector diagrams of secondaries for transformation from 3-phase to 6-phase. 

7.12. Autotransformers and Autostarters. Three-phase autotransformers or 
groups of single-phase autotransformers are employed to a great extent to trans¬ 
form power 3-phase to 3-phase. The connections are the usual ones presented 
for the ordinary transformer. Single-phase units in combination also are used 
to transform power from one number of phases to another. For economic 
reasons, the application of autotransformers is usually limited to service in which 
the secondary voltage is greater than 50 per cent of the primary voltage. 

Autostarters, or starting compensators, are autotransformers used to reduce 
the voltage to a motor during its starting period. They are used where the line 
current at start must be reduced or where the starting torque must be reduced 
to meet the load requirement. Autostarters may be 3-phase units or combina¬ 
tions of single-phase units, Y or open-delta being the standard manner of con¬ 
nection. Usually 50, 65, and 80 per cent taps are provided. The starting current 
taken by the motor varies directly with the percentage tap or starting voltage 
at the motor terminals, and the line current ahead of the compensator varies 
with the square of the percentage tap. For example, if the motor is started on 
the 65 per cent tap, the starting current of the motor is reduced to 65 per cent 
and the line current, ahead of the compensator, to 42.3 per cent. 

7.13. Parallel Operation of 3-Phase Banks. Parallel operation of 3-phase 
banks of transformers requires the same general conditions to be met as for 
paralleling 1-phase transformers. In addition, the polyphase banks must have 
the same voltage sequence of secondary terminal voltages. Further, there should 
be no phase difference between corresponding line voltages of the banks to be 
paralleled. Y-Y and delta-delta banks can be paralleled with each other but 
not with a Y-delta combination because of a 30-degree phase shift between the 
output voltages. Again, if 2 Y-Y banks, for example, are not connected similarly 
with respect to polarity markings, both can have the same sequence on their 
secondaries, but a 180-degree phase displacement may exist between correspond¬ 
ing terminal voltages. 
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Problems 

1. To a fair size, draw the hysteresis loop (flux vs. exciting current) for an air-core 
coil. For one cycle of the sinusoidal flux wave having a peak value equal to the maximum 
of the hysteresis loop, draw the associated wave of exciting current. Repeat for a coil 
having an iron core with the magnitude of flux being the same as before and the core 
giving rise to appreciable saturation. Observe the phase displacement between the flux 
and current waves. If the flux wave and hysteresis loop are both increased 20% in mag¬ 
nitude, what is the relative effect on the fundamental and harmonic content of the excit¬ 
ing current? 

2. Three inductive coils having negligible resistance are connected in Y across 220- 
volt, 3-phase lines. What is the character of the leg currents? Of the leg voltages? 
Assume (a) no saturation, and (b) saturation. 

3. A voltage wave is given by the equation 

e = 160 sin cot + 60 sin 3 (cat — 30°) 

What is the effective value of the voltage as read on a voltmeter? What is the peak value 
of the voltage wave? 

4. A high-resistance voltmeter indicates 131 volts line-to-neutral for the circuit of 
problem 2. What is the magnitude of the third-harmonic component in the voltage wave 
if it is the only harmonic of appreciable magnitude present? 

6. Sketch the wave shapes representing the fundamental components of the exciting 
currents in the 3 legs of the delta primaries of a transformer bank. On the same diagram 
draw the wave shapes of the third-harmonic components of the exciting currents assum¬ 
ing magnitudes of 30% of the fundamental currents. For the purpose of this problem, 
assume that each third-harmonic crosses the axis in a positive direction along with its 
fundamental. From this sketch, state your conclusions with respect to the phase angles 
between the third-harmonic currents. 

6. A fully loaded, delta-delta bank of transformers, stepping down the voltage from 
12,000 to 480 volts, is carrying 360 kw at 60% pf lagging. Calculate all leg and line cur¬ 
rents for the bank. Can this bank carry an additional load of 120 kw at 1.0 pf? If so, 
under what conditions? 

7. A Y-connected, 11,000-volt generator supplies power to a delta-delta bank of 
transformers from which power is transmitted at 132 kv. At the receiving end, the 
voltage is reduced to 4,000 by means of a Y-Y bank. If the load is 240 hp with an effi¬ 
ciency of 80% and 0.75 pf, calculate all line and leg currents and voltages for the entire 
system. Neglect losses in the transformers and transmission lines. 

8. A Y-connected, 14,000-volt generator feeds a delta-Y transformer bank where 
the voltage is increased to 140 kv. At the load end, voltage is reduced to 26.4 kv through 
a Y-delta bank. Calculate all line and leg currents and voltages of the system if 10,000 
kw at 0.8 pf are taken by the load. Neglect losses in the transformers and transmission 
lines. 

9. Three 150 kva single-phase transformers form a Y-delta bank between a generator 
and a load. Each transformer has 1.3% R and 3.8% Z. At no load the generator voltage 
is 11 kv and the load voltage is 4 kv. What should be the generator voltage for a load of 
350 hp, 85% efficient, at 4 kv, 0.8 pf? 

10. Three balanced 3-phase loads of 10 kw at 1.0 pf, 15 kva at 0.8 pf lagging, and 
5 kva at 0.6 pf leading are supplied by a Y-delta bank which reduces the voltage from 
4,000 to 220 volts. Specify the ratings of the transformers. 

11 . A 3-phase, 800-hp induction motor load, 84% efficient, 0.7 pf lagging, and a 3-phase 
synchronous motor load of 500 hp, 92% efficient, 0.8 pf leading, are supplied by a Y-delta 
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bank of transformers. If the voltage is stepped down from 11,000 to 440 volts, specify 
the ratings of the transformers. 

12. An industrial plant has the following balanced 3-phase loads taking power at 
440 volts: 225 kw at 1.0 pf, 450 kva at 0.8 pf leading, 600 kw at 0.75 pf lagging, and 150 
kw at 0.8 pf lagging. What are the line currents in the high- and low-voltage mains if 
the plant is supplied at 2,300 volts through a bank of transformers connected Y-delta to 
step down the voltage? Specify the individual ratings of the transformers. 

13. The voltage between primary lines for a Y-connected bank is 132 kv. A Y-con- 
nected secondary supplies 20,000 kw, 0.7 pf lagging at 13.2 kv, and a delta-connected 
secondary supplies 4,500 kva, 0.9 pf leading, at 2.3 kv. What current flows in the high- 
voltage lines? 

14. Balanced 3-phase loads on a plant are 500 kva, 0.8 pf lagging, 440 volts; 270 kw, 
0.9 pf leading, 440 voids; and 150 kw, 1.0 pf, 220 volts. The supply voltage of 2,200 
volts is reduced to 440/220 volts by a transformer bank having midtaps on the secondaries. 
What will be the current in each section of the secondary windings if they are connected 
in Y? 

15. The 460-volt secondaries of a delta-delta transformer bank are tapped at the mid¬ 
points to give 230 volts 3-phase. 

(a) What are the currents in each section of any secondary winding if a 3-phase load 

at 460 volts is 60 kw at 0.8 pf lagging, and a 230-volt, 3-phase load is 20 kva at 

0.9 pf leading? 

(b) Repeat (a) for 60 kw, 460 volts, 0.866 pf lagging, and 20 kw, 230 volts, 0.866 pf 

leading. 

(c) If the bank had a rating of 100 kva, what 3-phase load, in kva, at only 230 volts 

could be placed on the bank without overloading it? 

16. A delta-delta bank of transformers steps dowm the voltage from 2,300 to 230 volts 
and supplies a load of 200 kw, 0.8 pf lagging. Calculate the initial current in each trans¬ 
former. If one transformer is taken out of service, what will be the currents in the two 
that remain, assuming the same load? 

17. Draw the vector diagram for an open-delta transformer bank carrying a balanced 
3-phase, 1.0-pf load and show that the power factor of each transformer is 0.866. Draw 
the vector diagram for the bank when carrying a balanced 3-phase load at 0.8 pf lagging. 

18. Two identical transformers in open-delta supply a balanced 3-phase load of 75 kw 
at 0.8 pf lagging. If the voltage ratio is 2,300/460 volts, what current is carried by each 
transformer? What is the required rating of each transformer? What kva at full load 
could be carried by a delta-delta bank, each transformer to have the rating just calcu¬ 
lated? 

19. For a given 3-phase load, what is the ratio of the copper loss in a delta-delta trans¬ 
former bank to that when carrying the same load in open-delta? 

20. An open-delta transformer bank comprises two 15-kva machines. If the load pf 
is 0.8 lagging, and the transformers can carry 15% overload for a short interval, what 
permissible load can be taken from them? 

21. The present 3-phase balanced load on a plant is 75 kw at 0.8 pf lagging and is 
supplied by an open-delta transformer bank. What should be the rating of each trans¬ 
former if the load eventually is to be 150 kw at 0.85 pf and is to be supplied by the full 
delta-delta bank? 

22. The transformers in an open-delta bank are each rated 75 kva, 2,300/230 volts. 
If the bank carries 125 kva at 0.8 pf lagging at present, what additional load at 1.0 pf 
can be added if the third transformer is installed to give a full delta bank? 

23. A delta-delta transformer bank carries 105 kw at 0.75 pf when fully loaded. On 
open-delta it must carry 75 kw at 0.8 pf. What is the per cent load on each transformer 
when in open-delta? 
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24. The pumping load for an irrigation district requires a transformer bank of 150 
kva. This rating includes 30% overload capacity. Since the mn.yimnrr) p ump load is 
carried during the cooler hours of the night, normal kva loading during the day is con¬ 
siderably less. What kva are required of each transformer if the bank is connected full 
delta? If connected open-delta? What is the economy of apparatus of the full delta 
bank over the open-delta connection? 

25. What kw load is carried by each transformer of an open-delta transformer bank 
which steps down the voltage from 2,300 to 230 volts for a 20-kva load at 0.5 pf? What 
effect does phase sequence have on the transformer currents? What should be the mini¬ 
mum rating of each transformer? if each transformer has a rating of 15 kva, what addi¬ 
tional unity-pf load can be carried by tbs bank should a third 15-kva transformer be 
added? 

26. The electrical specifications for a ship call for a delta-delta transformer bank hav¬ 
ing a voltage ratio 450/120 volts to supply single-phase loads. If the transformer ratings 
are based on an open-delta connection with balanced single-phase loads of 8 kw total, 
0.9 pf, what should be the normal kva of each transformer, and what kva can the full 
delta-delta bank carry so as not to exceed the temperature rise when on open-delta? 

27. An office building is supplied by a 500-kva transformer bank delta-connected on 
the input side for 4,160 volts. The secondaries are connected in Y for 208/120 volts. 

(a) What are normal leg and line currents for the bank? 

(b) If the line-to-neutral loads (for lighting) at 120 volts are balanced and are 350 kw 

total at 1.0 pf, what 3-phase motor load at 208 volts, 0.8 pf lagging, can be carried 
without overloading the bank? 

(c) What effect does a single-phase load have upon the bank? 

28. An office building is supplied by a 3-phase transformer bank connected for 6,900 
volts delta on the high-voltage side, and for 208/120 volts on the low-voltage side. If 
the connected 3-phase load is 75 hp, 0.8 eff., 0.707 pf lagging, and the single-phase load 
is 300 kw, 1.0 pf, balanced among the 3 phases, what currents are carried in the windings 
of each transformer? 

29. In preparing a statement on the energy cost for a feeder circuit in a shipyard, an 
ammeter test with a clip-on instrument showed 80, 100, 75, and 25 amp, respectively, in 
the 3 main lines and the neutral wire. The system voltage was 208/120 volts, with loads 
of resistance character only. At 7 mils per kwhr, what is the energy cost for a 30-day 
month, assuming these loads substantially constant over a 24-hour day? 

30. The primaries of a transformer bank are Y-connected. Each secondary has double 
windings, one set connected in Y and the other in delta. What is the character of the 
wave of exciting current when the delta is open, and when it is closed? What is the 
character of the line and leg voltages of the Y-connected secondary coils when the delta 
is open, and when it is closed? What is the character of the voltage wave between 2 ter¬ 
minals of the delta when it is open? With the delta open, what effects would be observed 
in placing a load on one leg of the Y-connected secondary coils? How does closing the 
delta change these effects? There is no neutral wire on either primary or secondary of 
the Y circuits. 

31. Three similar transformers have 1,000-volt primary windings, and 500-volt sec¬ 
ondary windings with 3 equidistant taps so as to give 125 volts per section. Show by a 
sketch some of the voltage ratios obtainable for delta-extended-delta arrangement of the 
coils. 

32. Three identical 10-kva transformers compose a delta-delta bank. What maximum 
single-phase load in kva can be carried by the bank? If the single-phase load is 12 kw 
at 1.0 pf, what kva and kw are carried by each transformer? Repeat for a single-phase 
load of 6 kva at 0.866 pf lagging; for a 10-kw, single-phase load at 0.8 pf leading. What 
effect does reversed sequence have on the loading of each transformer? 
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33. Three 10-kva transformers are connected in delta-delta. Across terminals A and 
B is placed a single-phase load of 7.5 kva at 0.8 pf lagging, and between terminals B and 
C is a 1-phase load of 8 kw at 0.9 pf leading. Calculate the kva and kw of each trans¬ 
former for sequence A-B-C. 

34. Show that for 3 equal single-phase loads, forming a symmetrical loading on a 
delta-delta bank, all transformers carry the same kva and kw. Note that this method of 
superposition reduces to the simpler treatment for balanced 3-phase loading on the bank. 

35. Two transformers of 15 kva and one of 20 kva compose a delta-connected bank. 
If they carry a balanced 3-phase load of 15 kva at 0.866 pf lagging, what maximum 
single-phase load can be carried by the 20-kva transformer at 1.0 pf without overloading 
any unit of the bank? Assume the transformers have the same ohmic values of resist¬ 
ance and reactance. Repeat, assuming all transformers have the same %R and %X. 

36. A balanced 3-phase load of 30 kva at 0.866 pf lagging and a single-phase load of 
10 kva at 1.0 pf are placed on a delta-delta transformer bank. What kva and kw are 
carried by each transformer? Assume equal impedances and sequence A-B-C. 

37. Occasionally, in residential districts, an open-delta bank may be composed of a 
large transformer and a small one for supplying a very little 3-phase power in addition to 
the much greater load of lighting and single-phase appliances. What is the advantage 
of the open-delta bank for this application rather than the delta-delta bank? For a 
single-phase load of 40 kw, 1.0 pf, across the large transformer, and a 3-phase load of 3 kw 
at 0.866 pf lagging, what kva and kw are carried by each transformer? 

38. A single-phase current of 20 amp is drawn from a bank of 3 transformers having 
turn ratios of 4:1. What is the current distribution throughout the bank for each of the 
following connections? 

(a) Delta primary—Y secondary (line-to-neutral load). 

(b) Delta primary—Y secondary (line-to-line load). 

(c) Delta primary—delta secondary. 

(d) Delta primary—one secondary reversed, all in series. 

(e) Y primary—delta secondary. 

39. Two transformers, both having voltage ratings of 1,200/240 volts, are connected 
T-T. What are the voltages across each winding of the transformers with 1,200 volts, 
3-phase, impressed on the high-voltage coils? What are the line voltages on the secondary 
side? 

40. Two 10-kva, 1,100/2,200//110/220-volt transformers are connected to convert 
3-phase power to 2-phase power. What are the output voltages between lines if the low- 
voltage windings are arranged for 3-wire service? What should be the ratios of trans¬ 
formation for the 2 transformers if the leg voltages of the secondaries are to be equal? 
In both cases, the low-voltage coils of each machine are placed in series. 

41. A 2-phase, 200-hp, 0.8-pf motor having an efficiency of 93% takes its power from 
a 3-phase, 2,300-volt supply through a Scott-connected transformer bank. If each 
secondary voltage is 440 volts, what is the kva loading of each winding of the transformer? 

42. Six-phase power is obtained from a 3-phase, 220-volt source through a delta-star 
connected transformer bank. If 42.5 volts are desired for the 6-phase load, what ratio 
of transformation is required of each transformer? What is the kva rating of the bank 
if each secondary carries 60 amp? 

43. With variable-tap autotransformers, what are limiting ratios of secondary to pri¬ 
mary voltage for Y and for delta connection? 

44. One campus of the University of California obtains its power from the Pacific Gas 
and Electric Company through two 3-phase autotransformers, each rated 2,500 kva, 
12,000/4,160 volts, 60 cycles, Y, 4.3% Z. For full loading on one of these transformers, 
what are the currents in the series and common sections of the winding on each leg, and 
what are the voltages across these sections? 
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46. A 440-volt motor draws 150 amp when starting on full voltage. What are the cur¬ 
rents to the motor and to the compensator when started on the 65% taps of an auto¬ 
starter? 

46. A motor draws 560% rated current on full-voltage starting. What percentage 
taps on a starting compensator will limit the current to the compensator to 200% of 
rated motor current? 

47. Each set of primary windings of 2 Y-Y banks is connected in an identical manner, 
both in forming the Y’s and in connecting them to the same supply lines. By connection 
diagrams, and related voltage vector diagrams, show that both b anks can have the samp. 
sequence on the secondary side, b 1 1 that corresponding line voltages may be 180° out 
of phase. Show polarity marks on all terminals of each winding in the connection dia¬ 
gram. Might this phase displacement also be present in paralleling delta-delta bankE 
or delta-Y banks? 

48. A generator is connected at its terminals to one transmission line through a delta-Y 
bank, and to a second transmission line by a delta-delta bank. It is proposed that the 
lines be paralleled at a distant point by means of a third transformer bank. Specify the 
type of connection. 

49. A steel pipe and fabricating plant has an average load of 500 kw at 75% pf sup¬ 
plied by three 200-kva transformers in a delta-delta bank. What corrective kva of 
condensers brings the kva load on the plant just within the rating of the bank? 

50. A local industrial company now has installed three 275-kva transformers. The 
average power factor for the plant is 83% lagging. An additional load of 100 hp, 88% 
efficient, 0.8 pf lagging, is to be installed. If the bank is fully loaded at present, what k 
the cost at $12 per kva of capacitors to bring the new over-all plant load within the rating 
of the transformer bank? 
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ELECTRICAL MACHINES 

8.1. Introduction. Up to this point little has been said on machines with 
the exception of the transformer which was introduced primarily as a circuit 
element. The presence of voltages of various magnitudes and frequencies has 
been assumed, our analyses starting from these given supplies. Now, however, 
we must extend our treatment on circuits to include rotating electrical machinery. 
This chapter will consider only the fundamental principles involved and the 
general points of similarity among all types of machines. The details of mechan¬ 
ical construction and of operation of particular machines are presented in later 
chapters. 

Although there are many variations among the different types of rotating 
machines, they all have certain common features. In terms of physical prin¬ 
ciples of operation, all electrical machines have decidedly similar properties, 
these basic similarities far outweighing those that are dissimilar. The similar 
characteristics are related to the electric and magnetic circuits of the machines, 
whereas the dissimilar characteristics are dependent primarily upon mechanical 
considerations. ' Except for the transformer, the dissimilarities arise from the 
speed and torque requirements of the prime mover or the driven machine, and 
they result in modification of mechanical design to yield certain electrical 
changes, or from desired variations in electrical qualities that necessitate altera¬ 
tions in mechanical design. The endeavor in this chapter is to present all ma¬ 
chines from the same viewpoint with respect to excitation, induced voltage, 
torque, frequency, speed, phases, energy conversion, losses, etc. 

From the standpoint of use, a rotating machine may be classified as either a 
motor or a generator. However, as was pointed out in Chapter II, the conduc¬ 
tors of a motor cut lines of flux and the motor is, therefore, at the same time 
generating a voltage.j Likewise, a generator under load has current-carrying 
conductors in a magnetic field, and the resultant force action is fundamental to 
every motor,' The difference between a motor and a generator is the use to which 
the machine is put and not its construction. To stress this further, consider a 
motor-generator set acting as a tie between 2 electrical systems, Figure 8.1. If 
the power flow is from system A to system B, machine No. 1 is acting as a motor 
driving machine No. 2 as a generator. A slight mechanical adjustment on one 
of the machines or a change in electrical terminal conditions may interchange 
their functions, in which case the power flow is from system B to system A. This 
change in direction of pow T er flow would not be indicated by external observation 
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of the machines, and, if it were not for the electrical instruments connected in 
the lines, it would be difficult to identify the function performed by each 
machine. 

In Figure 8.1, either system may be a-c or d-c. If power is transformed from 
a-c to d-c, or vice versa, the set then is essentially a rotary converter or inverter, 
respectively. Actually, however, in the rotary converter the 2 machin es are 
combined into one having a single armature winding connected to a commutato 
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Fig. 8.1. Motor-generator set connecting two electrical systems. 


at one end of the shaft and to slip rings at the other end. If the frequencies of 
systems A and B are unlike, the set then is a frequency-changer, also true if one 
system is a-c and the other d-c. Figure 8.1 may be generalized further by 
assuming either system to be mechanical rather than electrical, whereupon power 
is transformed from one kind to another. 

The relationship of the various rotating machines to each other can be indi¬ 
cated by a diagram such as Figure 8.2. Starting with the alternator, for example, 
which also can be used as a synchronous motor, the substitution of a • unmutator 
for the slip rings yields the d-c generator. The d-c generator, without any change 
in construction, also can be used as a d-c motor. The combination of the a-c 
and d-c machines gives the rotary converter. Substitution of a squirrel-cage 
winding for the d-c field coils of the synchronous machine yields the induction 



Fra. 8.2. Diagram showing the interrelationship of the various rotating machines. 


machine, either motor or generator. Single-phase machines employ the princi¬ 
ples of the synchronous machine, the induction machine, the d-c machine, or a 
combination of these principles. 

8.2. Basic Circuits in Machines. All machines have 2 fundamental electric 
circuits which are linked by a common magnetic circuit. The first of the electric 
circuits is called the field circuit because it provides the excitation, or flux, of 
the magnetic field. The exciting current may be d-c or a-c. Although, in gen- 
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ral, the excitation of the machine is provided by this one electric circuit only, 
t times it also may be supplied in part by the second electric circuit. The coils 
a which the field current flows may or may not move, and the volt-amperes 
equired for excitation are normally but a few per cent of the nameplate kva of 
he machine. 

The second electric circuit is on the armature of the machine. It is the source 
tf the generated voltage and of the developed torque, and hence is the power 
finding in which electrical power is converted to mechanical power, or vice 
rersa. This winding may or may not move, but one of these 2 electric circuits 
nust move with respect to the other, or else, as with the transformer, there must 
je an equivalent relative motion by way of the variation of the mutual magnetic 
ield. 

Both field and armature windings must be built for the same number of mag¬ 
netic poles, obviously always of even number and with alternate poles of oppo¬ 
site polarity. Further, there must be an air gap between them to permit of 
relative motion if energy is to be converted from mechanical to electrical, or if 
frequency is to be changed. Since both electric circuits work on the same mutual 
magnetic paths, they always will react against each other, and a change in the 
mmf of one will require a corresponding change in the mmf of the other. This 
effect of the mmf of the armature current is called armature reaction. 

It should be recognized that in any motor or generator the conversion of 
mechanical energy to electrical energy is made through the intermediate link 
of the magnetic circuit. This also is true in the transformer, wherein electrical 
energy is really transferred and not transformed in kind. The generality of the 
magnetic link between the electric circuits, thereby also relating the electrical 
power to the mechanical power of a machine, can be readily understood by con¬ 
sidering briefly the fundamentals discussed in Chapter II. Mechanical power 
is the product of force and velocity, and electrical power is the product of voltage 
and current. The mechanical force results from the current and the flux, equa¬ 
tion 2.3, whereas the voltage results from the flux and the velocity, equation 2.1. 
Thus, the flux of the magnetic circuit ties together the power expressions of the 2 
systems. 

8.3. The Revolving Magnetic Field. In all electrical machines, the mutual 
flux of the 2 windings varies with respect to the armature circuit. In the trans¬ 
former and the induction machine it varies with respect to the exciting winding 
as well. Each coil of any machine is a part of a single-phase circuit within that 
device, and hence the enclosed flux pulsates at normal frequency through the 
coil. In rotating machines, because of the mechanical spacing of groups of coils 
in consecutive slots, the maximum value of the pulsating flux is transferred uni¬ 
formly from one group of coils to the next in a given direction, thus giving rise 
to a revolving magnetic field. In any generator it is the forced motion of the 
rotor that produces ultimately the revolving magnetic field of the armature when 
it is carrying current, and, in any motor, it is the revolving magnetic field existing 
under the influence of the impressed voltage that causes the rotor to turn. 
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Although our attention is directed mainly toward the 3-phase machine, the basic 
ideas presented are applicable to machines of other numbers of phases, including 
the d-c machine, which is but a special case of the general a-c machine. 

In several previous instances, it has been pointed out that relative motion 
between a magnetic field and armature conductors leads to generated voltages 
in those coils, and that it is immaterial whether the exciting winding or the 
armature winding has the motion. In the study on 3-phase circuits, it was noted 
specifically that uniform motion of a generator gives rise to sinusoidally induced 
voltages in the three separate phase windings, and that these voltages appear 
120 degrees in time from each other because of the symmetrical manner in which 
the coils are placed on the armature. As a consequence of the rotating field of 
flux of the rotor, there exists at the stator terminals a symmetrical 3-phase system 
of supply voltages. 

If, now, this 3-phase voltage is impressed on the armature terminals of a second 
machine of like construction, it will force sinusoidal currents, 120 electrical 
degrees in time from each other, through the three phase windings. As a result 
of the position of the windings, the maximum current and its attendant flux will 
appear first in phase A, then in phase B, etc. This flux field moves progressively 
and’at synchronous speed around the armature periphery from one phase winding 
to the next and is called a revolving field. It is reversed in direction by inter¬ 
changing any two of the supply leads. 

Figure 8.3 shows the flux wave for phase winding A, with ft, the maximum 
flux density at a particular instant, in the axis of that winding. The maxi¬ 
mum flux densities for that same instant of time, and for phase windings B 



Fig. 8.3. Flux distribution of phase A at any particular instant. 

and C, are located 120 and 240 electrical degrees, respectively, along the armature 
surface. Using phase A as the reference, the resultant flux density ft at angle X 
measured from the zero of the first flux wave is 

ft = ft sin X + ft sin (X — 120) + ft sin (X — 240) 

which is the sum of the flux components at point x due to the position of the 
three phase win ding s. It is taken at any chosen instant of time, and, in general, 
ft 5^ ft ft. 
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Now 0i, 02, and 03 are flux densities, all having the same maximum value 0 m 
but varying sinusoidally in time 120 electrical degrees from each other. Thus, 
with each component modified by this time factor, for example, 0i = 0 m sin at, 

0\ = /3 m [sin X sin at + sin (X — 120) sin (at — 120) + 

sin (X — 240) sin (at — 240)] 

= f 0m sin (at + | - X^ 


= # 0m cos (X - at) 


( 8 . 1 ) 


Equation 8.1 is a special form of the wave equation, one of the small group of 
fundamental relations underlying mathematical physics. It is a function of both 
distance and time, and its interpretation shows motion. Observe, for instance, 
that if the position x is fixed, the resultant flux wave at that point varies sinus¬ 
oidally in time, whereas at a given instant of time the space variation of the wave 
along the armature surface is sinusoidal, with one cycle per pair of poles. If the 
space angle X is made to increase at the uniform rate a, that is, X and at increase 
at the same rate, the equation shows uniformly progressive motion of the flux 
wave around the armature periphery, with maximiim value %0 m . The syn¬ 
chronous speed in rpm is 120//F. 

8.4. The Transformer as a Coupled Circuit. From what has been said thus 
far, it is evident that any machine is merely a particular application of the 
coupled circuit. In view of this, consider Figure 8.4 showing 2 electric circuits 

linked by a flux 4>. Either coil may be 
the exciting winding, the exciting current 
may be of any form, and the coils may 
have any position with respect to each 
other. 

The simplest application of the coupled 
circuit is that of the transformer in 
which the 2 windings are fixed in position 
on the same iron core. With an a-c 
voltage applied to A, the field or exciting 
Current hence flows in both coils when 
the circuit is completed between the terminals of B. The frequency of both 
primary and secondary is the same, but in practice there usually is a change in 
voltage and current between them, this effect obtained by way of the turn ratio. 

Since neither winding moves, and therefore the input and output energies are 
not changed in form, except for the small amount of heat loss in the copper and 
iron, the electrical rating of the exciting winding is equal approximately to that 
of the secondary power winding. The volt-amperes for magnetization are but a 
very few per cent of the nameplate rating of the device. The transformer is 
merely a stationary 2-pole machine with no consequent torque but with a 
strong mechanical force of repulsion between the coils. 



Fig. 8.4. Application of the coupled circuit 
to the transformer. 

winding, an a-c voltage is induced in B. 
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The power factor at the terminals of the output winding always is that of the 
connected load, whereas at the terminals of the exciting winding the power factor 
is altered slightly from this value because of the losses and the volt-amperes for 
magnetization. As previously discussed, extensions of the basic idea include 
the single-phase autotransformer and the induction regulator. Further, A and B 
may be said to represent groups of coils arranged for polyphase transference of 
power, either group to be a single polyphase device or a connected set of single¬ 
phase units to serve the same purpose. 

8.5. Application of the Coupled Circuit to the Synchronous Machine. Figure 
8.5 shows the exciting winding A carrying direct current and mounted on a shaft. 
For an actual machine, A represents 
groups of coils, each of which is placed 
on a rotor pole. The power winding B 
also represents many coils, these coils 
being placed in slots in a cylindrical iron 
core surrounding the rotor. They are 
connected in groups for single-phase or 
polyphase operation and for the same 
number of magnetic poles as are on the 
rotor. The power winding will have 
either an a-c voltage induced between its terminals, if the machine is to be driven 
mechanically for generator action, or will have an a-c voltage applied to it, if 
the machine is to be a motor. In practically every instance, it is the power 
winding that is stationary, although occasionally, in small sizes, that winding is 
shaft-mounted. Except for a few single-phase generators, and the great number 
of tiny single-phase clock motors, B will be a 3-phase winding. Few 2-phase 
machines exist, and practically none of any other number of phases. Six-phase 
synchronous converters are adaptations for a 3-phase power supply. 

This application of the coupled circuit is the synchronous machine. As an a-c 
generator, or alternator, the frequency in B is fixed by the number of magnetic 
poles and by the speed of the rotor. With polyphase power supplied B, a revolv¬ 
ing magnetic field will be set up in the air gap by this winding. Once the rotor 
is brought near the synchronous speed of the stator field, the rotor magnetic 
poles will be forced to line up with the moving stator magnetic poles, the rotor 
thus being carried along also at synchronous speed. To say that machines are 
running in synchronism merely means that they are in step electrically with each 
other. This applies, of course, only to the present type of machine and to those 
connected to the same power system, the controlling tie among them being the 
system frequency. All synchronous generators on the same lines must run at 
such speeds as to produce the same frequency, and all synchronous motors must 
run at those speeds that are dependent upon the frequency and upon their re¬ 
spective numbers of poles. Any synchronous machine, therefore, must run at 
one and only one speed if connected with several others, else it cannot carry load. 
Briefly, the synchronous machine is an inherently invariable-speed machine. 



Fig. 8.5. Application of the coupled cir¬ 
cuit to the synchronous machine. 
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The revolv ing field produced by the 3-phase stator currents in the motor can 
be considered as actual physical poles mechanically moved at synchronous speed 
about the axis of the machine, as shown in Figure 8.6. Although the diagram is 
for a 2-pole motor, it must be remembered that what is said about the electric 
and magnetic characteristics of one pair of poles on a multipolar machine is true 
also for the other pairs of poles. It is easier, therefore, to confine any discussion 
to the simplest construction. The greater the magnetic strength of either stator 
or rotor poles, the greater is the attraction between them. The greater then will 
be the load torque that the shaft can carry and still allow the machine to run at 
synchronous speed. The driving torque in the air gap is, of course, tangential 

to the armature surface and directed 
along the periphery. The torque is 
zero if the stator and rotor poles are 
directly opposite each other, and it 
increases, as they separate, up to a 
maximum angle that depends upon 
several factors, as we shall see, but 
which for no synchronous machine 
can be greater than 90 degrees. 

As load is applied to the motor, the rotor poles lag in position behind the re¬ 
volving stator magnetic poles. This angle of lag is called the torque angle, power 
angle, or load angle of the machine. The rotor shifts in position with change in 
load, but it runs at synchronous speed thereafter. II load is too great, the rotor 
is forced past that angle of maximum torque and thus out of synchronism, which 
it can regain only by dropping some load. 

In the case of the alternator, the rotor is driven. It now leads, by the power 
angle, the revolving magnetic poles of the stator. In fact, whether or not a 
synchronous machine is functioning as a motor or as a generator can be deter¬ 
mined easily by observing the backward or forward motion, respectively, of a 
stroboscopic disk on the shaft. The displacement from no load is the power angle. 

If the rotor is of the type indicated in Figure 8.6 (salient-pole rotor), the motor 
can carry some load with no direct current in the field windings. Under this 
condition, the stator mmf induces magnetic poles in the rotor, and the rotor 
tends to line up so that the stator mmf acts on the path of minimum reluctance. 
For this type of operation, the machine is said to run on reluctance torque. 
Electric clock motors, for example, are reluctance-torque salient-pole synchro¬ 
nous motors with shading coils simply to start them. Many large salient-pole 
motors can carry appreciable load on reluctance torque alone. 

When the rotor is at standstill, the magnetic poles of the stator field are 
rapidly passing those of the rotor. As a stator pole passes consecutive rotor 
poles, the direction of the torque is reversed, with the result that the average 
torque is zero. There is not sufficient time for the stator mmf to magnetize the 
rotor projecting iron poles by induction with fixed polarities, nor, in general, 
would there be sufficient torque to accelerate the inertia of the rotor and perhaps 



Revolving Magnetic Field 
Produced by 3-Phase 
Stator Currents 


Fig. 8.6. Elements of the synchronous motor. 
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with it any shaft load. The synchronous motor, therefore, has no inherent 
starting torque and the rotor must be brought nearly to synchronous speed by 
some other means before it will “lock in” with the revolving stator magnetic 
field. In practice, the rotor is supplied with an induction-motor squirrel-cage 
winding so that the machine can start and be brought near synchronism. In 
starting, the d-c field circuit is opened, or closed upon itself, so that it cannot 
prevent the stator flux wave from reaching across the gap to the squirrel-cage. 

In the synchronous machine, the excitation is supplied by either or both wind¬ 
ings, although the field winding generally carries more than that required for 
normal open-circuit voltage. From fundamental physical principles on induced 
voltage, it is recognized that for a given voltage at a given frequency for the 
machine the air-gap flux then is fixed in magnitude. It hence can be reasoned 
at this point that there can be a particular value of current in the field winding 
such that it will supply all the required flux. Further, if windin g A supplies 
more, or less, than this amount, the current in B will change in both magnitude 
and phase position so as to maintain the required flux in the air gap. This 
phenomenon is of considerable consequence in the application of synchronous 
motors in that the power factor of the power -winding can be controlled by the 
amount of excitation of the field winding. Further discussion on this point is 
given in the chapter on synchronous machines. 

Since the synchronous machine transforms energy from mechanical to elec¬ 
trical, or vice versa, the electrical rating of the power winding, as given on the 
nameplate, is approximately equal to the equivalent mechanical shaft power. 
For the generator, the prime mover must supply the windage, friction, and iron 
losses, and the copper losses in the armature winding. Likewise, the input to 
the motor must be greater than the output by the amount of these losses. In 
both cases, the copper loss of the exciting circuit may or may not be supplied 
by the main source of energy; it may be taken from a separate excitation system. 
The excitation voltage and current have no relation in magnitudes to the voltage 
and current of the power winding, but the power for excitation is only a few per 
cent of the kw or kva rating of the 
machine. 

8.6. The Induction Motor as a 
Coupled Circuit. In Figure 8.7, 
winding A is stationary and carries 
a-c excitation, while B is mounted on 
a shaft so that it is completely free to 
rotate within the influence of the 
magnetic field of A. In practice, 

B is short-circuited upon itself, or 
r esistan ce. No power can be transferred, or transformed, of course, if current 
cannot flow in the secondary of any coupled circuit. 

The mutual force action between the 2 windings of the coupled circuit again 
becomes one of torque, and hence B will rotate by virtue of the magnetic field 



Fig. 8.7. Application of the coupled circuit to 
the induction motor. 


is closed through some small value of 
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f A. Consequently, electrical power supplied B from A, through the magnetic 
ield, will be converted to mechanical power at the shaft. The machine is the 
nduction motor in this particular application of circuit theory. If A is a single¬ 
phase winding, the motor must be started in some manner, but if A is a polyphase 
winding, a revolving magnetic field is produced and the motor will be self¬ 
starting with a large starting torque. 

In moving past the rotor conductors, the stator field induces voltages in them, 
and hence currents will flow through the closed rotor paths. In turn, a revolving 
magnetic field also is produced by the rotor currents, this field being exactly in 
time phase with the moving stator field but in space position at a large angle. 
The interaction of the 2 fields gives rise to the starting and running torque of 



the machine. If the rotor had resistance 
only, the torque angle would be 90 degrees, 
but, because of reactance and the sub¬ 
sequent time lag of the rotor current behind 
the induced voltage, the rotor produces its 
magnetic field at an angle greater than 90 
degrees with respect to the axis of the 
stator mmf wave. The interaction of the 
revolving stator field on the rotor can be 


understood from Figure 8.8 in which the 


stator field again is represented as an equivalent set of fixed magnetic poles 


on a frame that rotates about its central axis. 


The rotor always moves at some speed less than the synchronous speed of 
the revolving field. If it were to rotate at synchronous speed, there would be 
no flux cut by the rotor conductors, no induced voltage or current in them, and 
hence no torque. The difference between the synchronous speed of the field 
and the actual speed of the rotor is called the “slip.” When load is applied to 
the motor, the rotor speed decreases until the increased rotor current at the lower 
speed produces sufficient torque to carry the added load. The drop in speed from 
no load to full load is of the general order of 5 per cent for the usual induction 
motor, and this type of machine is classed as a constant-speed motor. The rotor 
will continue to lose speed as load is increased up to a maximum torque called the 
pull-out, or breakdown, torque. Beyond that point the machine will come to rest. 

Except for details in design and construction that may appear, the stator of 
the induction motor is the same as that for the synchronous machine. In fact, 
the same stator often is used for some small machines having interchangeable 
rotors. The simplest type of rotor for the induction machine consists of copper, 
brass, aluminum, etc., bars placed uninsulated in longitudinal slots in a laminated 
cylindrical iron core. The ends of the bars are electrically connected by end rings 
at each extremity of the armature, thus giving rise to the name “squirrel-cage” 
for this form of rotor construction. In many machines, the rotor carries a wind¬ 
ing in its slots similar to that of the stator, connected Y or delta, and with the 
terminals brought out through slip rings so that the rotor-circuit resistance can 
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be varied externally. This is the “wound-rotor,” or “slip-ring,” type of induction 
machine. It is a squirrel-cage winding on the synchronous motor that gives tha t 
machine its starting torque. 

Note that an increase in resistance of the power-winding circuit decreases the 
current and hence the torque at a particular speed. For a given torque, the slip 
then increases as rotor-circuit resistance is increased so that a greater induced 
voltage can maintain the necessary current for the torque. A given torque 
therefore can be obtained at any speed between a maximum speed, determined 
by the internal impedance of the windings, and standstill, by adjusting the 
resistance. This is the reason for the slip-ring induction motor. Starting torque 
can be made very high—equal to the pull-out torque if desired. As a corollary, 
speed control of this type of motor can be obtained by changing the external 
resistance, although the efficiency suffers because a good part of the energy 
crossing the gap to the rotor now is converted into heat rather than to mechan¬ 
ical energy at the shaft. 

Referring to Figure 8.7, the magnitudes of the induced voltage and the current 
in B depend upon the turn ratio of the windings and also upon the actual speed 
of B. At standstill, the frequency in B is the same as that in A, and it decreases 
toward zero as B increases in speed. Observe that, if B is of the wound type 
and is driven, the machine can be used as a variable-frequency supply with the 
frequency carried above rated value by driving B in the direction opposite that 
of the stator field. This application, though, is limited to special laboratory 
testing. The frequency is zero at forward synchronous rotor speed (slip = 0), 
is rated value at standstill (slip = 1), and is twice rated value at reversed syn¬ 
chronous speed (slip = 2). Note also that the rotor reactance varies ■with fre¬ 
quency over the speed range of the machine. 

The phase angle between the induced voltage in the rotor and the rotor current 
is fixed always by the relative values of net resistance and reactance of that 
circuit. At the terminals of the exciting winding, the power factor depends upon 
the amount of shaft power, the amount of rotor power converted to heat in any 
external resistance, the copper, iron, friction, and windage losses within the 
machine, and the magnetizing volt-amperes. For the motor, the current always 
lags the voltage at the input terminals of the machine, whereas for the induction 
generator it always leads. The volt-ampere rating of the field winding A of the 
motor is somewhat higher than that of the armature winding B because of these 
losses and the excitation. 

The induction machine is the most general type of all, as exemplified by the 
many ways in which it can be used. If the power winding B is similar to that 
of A, the machine at standstill is a transformer and can be so used. It also has 
been connected as an induction regulator, both single-phase and 3-phase, for 
laboratory work. If d-c excitation is supplied B, that winding changes in func¬ 
tion from an armature circuit to a field circuit, and the machine becomes the 
alternator or the synchronous motor. Again, it has been so used, and is the 
only true cylindrical-rotor type of synchronous machine. 
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The synchronous motor and the induction motor can be compared with the 2 
mechanical power transmission systems shown in Figure 8.9. Figure 8.9a shows 
power being transmitted through spring connecting links. Ihe springs are anal¬ 
ogous to the magnetic lines of force in the air gap of the synchronous 

motor. The load shaft must follow 



(a> Spring-drive (b) Fluid-drive 

Fig. S.9. Mechanical power transmission sys¬ 
tems. 


at the same speed as the driving 
shaft. As load is applied, the torque 
angle increases until Mich a point is 
reached that the connecting links 
break and the load is suddenly 
dropped. The same general relations 
apply to the synchronous motor. 
Once the motor is topped by over¬ 
load, the load mud be decreased and 


the motor restarted. 


A fluid-drive system is shown in Figure 8.9b. This system exhibits certain 
characteristics common to the induction motor in that the slip betueon the 
drive and load shafts increases with the load. Also, there is no definite “break” 


after a certain load is exceeded, and the motor will automatically pick up in 
speed if the excess in load is dropped. 

8.7. The D-c Machine as a Coupled Circuit. Figure 8.10 shows winding A 
stationary and carrying direct current for excitation, while the power winding B 
is shaft-mounted. At the immediate terminals of B the machine is a single-pha>e 
alternator or synchronous motor, but by connecting B to the external line-* 
through an automatic switching circuit, called a commutator, th^ entire system 
becomes the d-c machine. Electrical power In nee is converted fjom a finite fre¬ 
quency to zero frequency, or vice versa, depending upon generator or mot or action. 

As any particular coil moves in position from the influence ot one held pole 
to the next, the commutator at the same time reverses the coil connections with 



Fig. 8.10. Application of the coupled circuit to the direct-current machine. 

respect to the external circuit. Outside the commutator, the current is therefore 
unidirectional, but within the armature winding it is alternating at a frequency 
dependent upon the speed of the rotor and the number of poles, just as with 
the synchronous machine. By using a large number of coils and an equal num¬ 
ber of automatic switching elements (commutator bars', the output voltage 
and current of the generator can be made practically free of any pulsations 
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Conversely, the torque under motor action also is then more uniform. The 
commutator is intended to be automatic in its switching performance regard¬ 
less of the speed of the machine. Although conceivably the field coils might 
be rotated past a stationary armature, electrical simplicity and correspond¬ 
ing mechanical requirements dictate mounting the armature winding and 
associated commutator on the rotor. 

As with all generators, the speed and internal frequency in the d-c generator 
are determined by the prime mo T, er. The induct d voltage varies also directly 
with the speed and with the magnitude of the exciting current, saturation neg¬ 
lected. The d-c machine has no synchronous speed, and the motor can be ad¬ 
justed in speed over a wider range than that for any other type of motor. Speed 
control is achieved by varying th" magnitude of the voltage applied to the 
armature, by changing the exciting current, or by both methods. The motor 
will run at that speed at w hich it> generated x r oltage (counter-emf. or back-emf) 
allows just that power current to ilow to produce the required torque. The 
motor therefore will ieact by increasing in speed if either the applied X’oltage is 
raised or the Held current decreased. 

Since the external circuit is d-c, no reactive volt-amperes are either taken from 
or supplied binding B. Further, the voltage and current in B must rex T er&e 
together as the individual coils pass under the brushes on the commutator. The 
power factor within B, therefore, is always unity. The brushes must be set for 
current reversal when the 1 axis of each coil, in turn, centers on consec.. ive field 
poles so that no xoltage will bo induced in the coil as it is short-circuited. Only 
a few d< gives departure is permitted from this brush position without sparking 
at the commutator. Consequently, the axis of the armature mmf is held essen¬ 
tially at 90 degrees, the pow or angle of the d-c machine, with respect to the axis 
of the field mmf. The losses of the d-c machine do not differ from those of any 
electrical rotating machine. 

Adaptations of the d-c machine to give it shunt, series, or compound charac¬ 
teristics lie only in the manner of arranging winding *1 for excitation. Pince the 
external circuit is d-c. winding A may be connected across the lines for shunt 
excitation, in series with the lines for series excitation, or split with part of the 
winding across the lines and part in series for compound action. In the gen¬ 
erator, these methods lead to different voltage characteristics for the external 
circuit. In the motor, they control the torque and speed characteristics. These 
schemes of excitation and resulting effects are discussed in detail in the chapter 
on d-c machines. The power required for excitation seldom exceeds 5 per cent 
of the nameplate rating of the machine. 

8.8. Single-phase Machines. Since single-phase power is practically always 
taken from polyphase systems, single-phase generators are not common. Their 
use lies in a few special applications. There are, howex T er, many forms of single¬ 
phase motors. Xo single-phase device, though, inx'olves any principles beyond 
those already discussed for other types of machines. The basic problem with 
the single-phase motor is to give it starting torque and to insure a given direction 
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of rotation. In general, once a single-phase motor is started it will increase in 
speed to its normal value. 

A single-phase magnetic field is pulsating, but it may be considered to be the 
equivalent of a field moving in abrupt jumps from pole to pole in either direction 
or the combination of two equal and oppositely revolving fields each having 
half value. Accordingly, a single-phase induction motor, once started in either 
direction, may be said to follow its corresponding stator moving magnetic field. 
Starting methods employ one of two ideas: (a) the production of a 2-phase 
revolving field, one phase of which may be much weaker than the other, and 
(b) a commutator with brushes so as to fix the torque angle at some intermediate 
position between 0 degrees and 90 degrees. Those motors using the first scheme 
come under the classification of split-phase machines. Those using the second 
method are of the repulsion type. 

The following tabulation indicates the principle employed in the several forms 
of single-phase motors: 

Synchronous : 

(a) Single-phase synchronous. Small reluctance-torque motors. Geneially 
started as an induction motor. 

Induction: 

(a) Single-phase induction. Xot self-starting 

(b) Shaded-pole (essentially 2-phase'. 

(c) Split-phase. 

(dl Capacitor. Actually a split-phase motor. 

Direct-current'. 

(a) Series motor. Will run on either d-c or a-c. 

Combination Induction and Direct-current: 

(a) Repulsion. 

(b) Repulsion start-induction run. 

8.9. Summary. Summarizing the major points of circuit theory as they 
apply to all machines, the following general statements may be made: 

1. Any machine is but a particular application of the coupled circuit involving 
2 electric circuits having a mutual magnetic path. 

2. One of the electric circuits is the main exciting winding providing magnetiza¬ 
tion, although excitation may be supplied in part by the second electric circuit. 
The excitation may be a-c or d-c, or both if supplied by the 2 windings. The 
volt-amperes required for magnetization are usually but a few per cent of the 
kva rating of the machine. 

3. The second electric circuit on rotating machines is the power, or armature, 
winding in which electrical power is converted to mechanical power, or vice 
versa. In stationary machines, electrical power supplied the device remains 
electrical power at the output terminals. The kva, or equivalent horsepower, 
carried by the power winding is given on the nameplate of the machine. 
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4. All machines are built to provide the magnetic system with the same 
number of magnetic poles on both stator and rotor. The poles are even in 
number, ranging from a minimum of 2 to perhaps 150. The flux through each 
pole is determined by the voltage and frequency of the winding through which 
electrical power to be converted enters or leaves the machine. 

5. The mutual magnetic field has relative motion with respect to the power 
winding and perhaps also with respect to the exciting winding. Either or both 
of the electric circuits will have an induced voltage because of the variation of 
mutual flux through them. 

6. The magnetic poles created by the 2 electric circuits react upon each other 
to produce a mechanical force. In rotating machines, the product of the result¬ 
ing torque and the angular velocity is directly proportional to the electrical 
power converted to mechanical power, or vice versa. 

7. All power windings have a finite frequency which is fixed by the number of 
poles and the relative speed of that winding with respect to the magnetic field 
of the exciting winding. The exciting winding ha^ either normal frequency for the 
machine or the limiting case of zero frequency (d-ch 

8. The phase angle betw een voltage and current in d-c circuits is zero. In a-c 
machines, the power factor at the terminals is determined by the watts active 
power and the volt-amperes for magnetization. 

9. The torque, or load, or power angle of any machine is the angle between the 
axes of magnetization of the stator and rotor mmf s. It is fixed for commutator 
machines, and variable within limits for others. 

10. Copper losses accompany current flow' in all windings, and heat losses are 
present in the iron of the magnetic circuit whenever the flux is varying. Rotating 
machines have, in addition, windage and friction looses. 

11. All machines are tested by similar, or equivalent, methods for the same 
character of information. The tests are normally 

(a) Open circuit, giving knowledge on excitation characteristics and the fixed 

losses, and 

(b) Short circuit, giving knowledge on the internal impedance and the variable 

losses. 

12. The quantitative analysis of all machines may be carried out by means of 
equivalent electrical networks in which shaft loads can be replaced by variable 
resistances. 

Problems 

1. Three 100-turn coils are placed at 120° intervals along the circumference of a circle 
with their axes radial. Electrically they are connected in Y, and carry 10 amp maximum 
under a 3-phase impressed voltage. Using as a reference that time at winch the current 
in a particular coil is 10 amp, show' that the resultant ampere turns of the 3 coils is 1,500. 
Locate the axis of magnetization. Calculate the resultant ampere turns and locate the 
axis of magnetization for 30°, 60°, and 90° time intervals with respect to the reference 
coil. 
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2 . Sketch the general character of the magnetic field within the cylindrical air core 
of a 6-pole stator with the rotor removed. 

3. A 2-pole, 3-phase generator is connected electrically directly to a 6-pole, 3-phase 
motor. In one revolution of the rotating field structure of the generator, how far has 
the revolving magnetic field progressed in the motor? Answer the question for a 14-pole 
generator supplying power to an 8-pole motor. Answer the same question for a 6-pole, 
3-phase generator supplying power to a 4-pole, 2-phase motor through a Scott-connected 
transformer bank. 

4. Carry through the expansion of the terms in equation 8.1 to obtain the final result 
shown there. 

5. A soft-iron bar on a spindle is rotated slowly between the poles of a strong 2-pole 
electromagnet, the plane of motion being horizontal and parallel to the magnetic field. 
What determines the magnetic polarity of the bar? Does its polarity change during its 
motion? What position would the bar take if left to swing freely on its spindle? At 
what point* m the complete revolution of the bar is the torque on it zero? In what gen¬ 
eral positions is the torque *» maximum? Would you expect any torque oil a cylinder of 
iron if it were substituted lor the bar, its axis being normal to the magnetic field? Why, 
or why not? 

6. A coil carrying direct current replaces the bar of the preceding problem, the coil 
axis coincident with the axis the bar had. What is the manner of variation of torque on 
the coil during a complete revolution, movng in the same path as did the bar? How 
will the coil tend to place itself if left to swing freely on a spindle? 

7. Referring to the preceding question*, suppose the coil i^ now dipped over the bar. 
What determines the polarity of the bar? Assuming the torque variations to be sinu¬ 
soidal, and the maximum torque for the coil when carrying current to be four times that 
for the bar, plot the component and resultant torque-angle curves. If the polos of the 
electromagnet were to revolve about a point midway between themselves, vvlnt type of 
motor would this assembly represent? If the current to the coil were suddenly reversed, 
what effect would be observed? Would it be in the forward or rev (rse direction? What 
would determine this direction? Would the relative polarities of f-o il and bar be, in 
general, predictable? 

8 . The rotor of a 3-phase, fraotional-horsepovvor motor is removed and in it* place 
is mounted a solid iron cylinder. Will the cylinder have a tendency to lotate under the 
influence of a revolving stator field? Compare the physical observations you would 
expect for the solid cylinder with those for a cylinder laminated along its axis. What 
would be the effect of increasing the number of laminations? 

9. A small squirrel-cage made of brass is slipped over each cylinder, in turn, of the 
preceding problem. Would you expect an appreciable difference in torque to be noted 
in the two cases? Would the squirrel-cage rotate without either iron core, assuming it 
properly mounted and free to turn? How would the torque on the cage alone rompare 
with the torques with the iron cores present? What are the fum tions of the iron core in 
any machine? 

10. What determines the amount of flux in the stator cores of the synchronous and 
induction machines? How is this flux affected by the length of the air gap betwTen stator 
and rotor? What mechanical consideration* are required on a machine having a small 
air gap? What general electric and magnetic effects result from a long air gap? Does 
the length of the gap necessarily control the torque in the synchronous, induction, and 
d-c machines? 

11. In place of the squirrel-cage of problem 9, the laminated iron core is slotted to 
carry a 3-phase winding idmilar to that of the stator. If this rotor wfinding is short- 
circuited on itself, will the rotor behave as it did with the squirrel-cage around the core? 
Suppose the rotor winding is brought out through sli]wrings to external resistors. What 
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are the general effeets of increasing the resistance inserted in each leg of the winding, 
assuming a constant load torque applied to the shaft? 

12. A 3-phase. 220-volt, 5-hp motor of the type discussed in problem 11 has full volt¬ 
age impressed on the stator terminals. A d-c voltage is applied to 2 terminals of the 
lot or winding, alter the motor has been brought up to speed with the rotor windings 
initially short-circuited. What effect does the application of direct current have on the 
machine? What type of motor does the machine now lepresent? Can this type of ma¬ 
chine be driven as a generator? 

13. The rotor winding of the motor of problem 12 has 00% of the turns that are on 
the stator. Both windings are coi ected in delta. What is the approximate 1-phase 
secondary voltage if the rotor is blocked and the motoi F used as a 1-phase transformer? 
How is the output voltage afftcted by tuiiiing the rotor? Can the motor be used as an 
induction regulator? If so, what arc the approximate voltage limits? Can the motor 
lie med as a 3-phase transformer? If so, what would be th* expected secondary voltage? 
Would turning the rotor affect its magnitude? 

14. Single-phase j-ynchronous machine- usually are 3-phase, Y-connected machines 
with one leg left idle in operation. What is the ratio of the power which the machine can 
carry 1-phase to that it can carrv 3-phase? 

15. Two synchronous machine comprise a frequency changing set. They are mechan¬ 
ic ally tautened together, and electrically are connected to power systems, one to 25-cycle 
lines, the other to (>()-cy< lo lines. Pwwer thu- can be transferred back and forth between 
the two -v-teiii^. One the minimum number of poles of each machine and the speed of 
the -et. 

16. A 3-phase, l.SOO-rp 1 ' f>0-cyclo synchronous motor is built with the armature 
winding on the rotor and the d-c excitation is supplied coils on the stator. How many 
magnetic poles aie built v to the armatuie winding? How many piojectin pedes will 
be on the statoi? What is the direction of motion of the revohmg field of the armature 
with lespec t to the rntm 9 At lated -peed of 1 S00 rpm ioi the machine, what is the speed 
of the re'«dving armature field with rc-pect to the stator? Where w T ould the squirrel- 
cage winding ior starting be placed? 

17. Hull of the many cmF on the rotating armature of a d-e machine carries the same 
magnitude of current except during the brief time interval the coil is short-circuited by 
a brush and its current is being reversed. All coil? have approximately a 180° span. 
What should be the position of the brushes relative to the field poles? Where is the axis 
of m igneti/jtion ot the armature currents relative to the field poles? What is the approx¬ 
imate torque-angle of the d-c machine? 

18. Tor a given direction ot motion for a d-c motor, what is the direction of the gen¬ 
erated voltage in a single conductor under a given field pole? What is the direction of 
the applied voltage? Under wdiat conditions can the generated voltage become gteater 
than the applied voltage? Does the character of the machine change during this time 
inters al? Does the current reverse? Will the motor change in speed? Why, or why 
not? 

19. In making a speed test on a d-c motor the field circuit, containing a rheostat, is 
connected to a constant-voltage source. The armature circuit is placed across a variable- 
voltage supply. For constant field current, how does the speed of the motor vary with 
the armature voltage? If the field current is* increased and the test repeated, what posi¬ 
tion w'ould the latter characteristic have on a graph with respect to the first? If the 
armature voltage were held constant, what would be the general shape of the curve of 
speed vs. field current? 
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MACHINE WINDINGS 

9.1. General. Before entering upon the analysis and performance charac- 
teristics of specific types of machines, it is quite advantageous to treat briefly 
the type» of windings that they carry, since some knowledge of these features 
of construction leads to a better understanding of the operation of any machine. 
There is no desire here, however, nor is there any requirement, to follow details 
of mechanical construction of a machine, except insofar as these may assist in 
the knowledge of the electrical characteristics to be considered. Up to this 
point, a great many of the distinctive features of machines already have been 
presented. This chapter is intended only as an introduction to the extensive 
study of windings in general. 

Windings on machines come under two main classifications; armature and 
field. The armature winding is the seat of the generated voltage and the de¬ 
veloped torque. The field winding sup {dies the excitation for this voltage and 
the torque. Either winding may be located on the stator or on the rotor, depend¬ 
ing upon the type of macliine. The armature winding of the d-c machine is on 
the rotating element, and the field coils are on the stator, or frame. The armature 
winding of the synchronous machine practically always is on the stator, the field 
coils being placed on the rotor poles. In the induction motor, the excitation is 
supplied by the stator winding, hence those coils compose the field circuit. The 
armature is the rotor, holding either a squirrel-cage or a group of coils similar 
to those on the stator. The stator and rotor of the induction motor often are 
called the primary and secondary, respectively, because of the similarity to the 
transformer. 

In reference to machines in general, it often is more desirable to speak of the 
stator and rotor rather than armature and field, but if a particular type of ma¬ 
chine is understood in the discussion it should be immaterial. In this chapter, 
the comments made on the armature, or stator, winding of the synchronous 
machine are to be recognized to hold also for the stator, or field, winding of the 
induction machine. Further, a wound-type rotor winding for the armature of 
the induction motor is essentially the same as that on the stator. 

The armature of a machine is composed of an iron core with slots and teeth, 
the slots being filled with coils which compose the armature winding. The core 
is built up of many layers of thin laminations (or puncliings) of steel which may 
be circular or punched as segments. Stacked to a desired length, with spacers 
placed every few inches along the stacking length to allow for ventilation, and 
bolted together to form one compact unit, we have the armature core. 

900 
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In the case of the d-c machine, the core is on the central or rotating body and 
may be pressed onto the shaft or mounted on a spider which in turn is secured 
to the shaft. In the synchronous machine, the core is practically always the 
outer body and is stationary. It forms a cylindrical shell about the field struc¬ 
ture. Figure 9.1 shows sketches of these two general types of armature core, 
and the manner in which the field poles are placed with respect to tie 
armatures. 

The rotating body of the d-c machine also carries a com uutator placed directly 
adjacent to one end of the armature stacking. The commutator is in turn a 

group of copper segments f commu- _ _ 

tator bartO inflated from each other /y^\ N r\\ 

but connected in a manner to the ends / / <\JU 7 a> \\ /y ] ^ f 

of the armature coils. Brushes- resting | ^ ^ q \ / P ,n ^~ r ) 

on t lie commutator thus permit current —h H—yy / 

e\(‘hange between the armature and an sSJ 

external load or source of power As 

pointed out previously, the commu- (a) D . c machine (b' A-c machine 

tutor F nothing more than a median- n + , 

ical rotating switch which maintains 

a direct voltage and current at the machine terminals while the individual 
armature conductor^ have induced in them alternating voltages and currents. 
Figure 9.2 show-* two views of a commutator bar, the bar extending len ylrwise 
of the shaft and tapered in a radial direction. The end notches permit Y-sliaped 
damping rings to bind the assembly tightly together, and the riser carries a 
slot in the top in which is ^olaered the ends of tw v o coils. 

Idle rotating body of the iwial a-c machine carries tw^o slip rings on which 
rest brushes to permit direct current in the field coils carried by the rotor. If 
the :umature revolve^, the over-all appearance of the a-o machine then may be 
similar to that of the d-c mad line with the exception that the slip rings replace 
the commutator. In the case of the svnehronous converter, the same armature 


(a) Tl-c machine (b' A-c machine 

Fig. 9.1. General types of core. 


winding converts a-c to d-c, or vice versa. The shaft hence 
carries a commutator at one end of the armature winding and 
.slip rings at the other, connections being made usually at 
Fig 90 Com opposite ends of the winding. The rotor of the induction motor 

mutator bar. carries dip-rings for connecting the rotor, or armature, winding 

to external resistors when that winding is of the wound type. 

9.2. General Features of Windings. The types of winding to which this dis¬ 
cussion is limited are the most usual of those met in practice. Although there are 
variations, they are not of sufficient consequence to warrant treatment here. 
Further, for the sake of simplicity, it is better to restrict our attention only to 
those representing by far the greater number actually found on present-flay 
armatures. A knowledge of the essential features of the general winding will 
permit a ready understanding of the few departures or other details of construc¬ 
tion. 
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We diall treat with those armature coils which are wound on a special form 
of the shape the coils are to take, or which are wound in a loop and then pulled 
into final .diape by an adjustable spreading machine. The diamond-shaped coil 
is the most common form, Figure 9.3. The coil may have but a single turn, or it 
may have several turns. Each turn may have but a single strand, or it may 
have several strands of copper mechanically and electrically in parallel. Strand¬ 
ing gives greater flexibility in forming the (‘oil, and it decreases 
eddy-current losses caused by flux variations in the copper when 
the winding carries load current. 

The following statements are made by w'ay of definition: 

1. Strands of copper, electrically in parallel, compose a con¬ 
duct or. 

2. An ictive conductor here is defined as that length of copper 
lying in a single dot, and thus a single turn is composed of 2 con¬ 
ductors. The end loops of the coils -erve as connections between 
the conductors. 

3. A coil may be a dngle turn, or it may be composed of many turns, the turns 
being in series electrically. 

4. A coil has 2 coil side- which lie in slots approximately a pole pitch from each 
other. Looking dowm upon the coil in its position in the slot'-, wilh the leach 
to i \aid^ one, the coil sides will be seen to lie in slots approximately one pole 
pitch distant from each other. Either coil dde Heft-hand or light-hand) may 
rest in the top half of its slot, the other coil side then being at the bottom of (or 
at a lower position ini h> slot. 

5. A slot will contain at least 2 coil sides (this is equivalent to 1 coil), hut may 
have any even number. A slot for the usual a-c machine will have but 2 coil 
sides, one above the other. The d-c machine may show other configurations of 
coil sides such as 3 horizontal and 4 vertical, this being essentially the consolida¬ 
tion of 0 slots of 2 coil sides each. 

G. A winding 2 coil sides deep in a slot is a double-layer winding. A-c w indings 
are of this character; d-c windings may have more than 2 layers. 

7. The number of coils obviously is a multiple of the number of slots. 

8. Whereas coils in general have their coil sides approximately a pole pitch 

apart, most a-c machines have short-pitch windings in which the coil span may 
be as low' as 90 degrees. Common pitches are etc - f° r a ~ c machine. 

Short-pitching reduces the magnitudes of harmonics, improves wave shape, 
saves copper, and permits end-connections between coils to be made more easily. 

9. A coil span (or coil throw ) may be given in terms of the electrical degrees 
betw een its coil sides or by the numbers of the slots it occupies. A coil lying in 
slots 1 and 8 of a machine having 9 slots per pole has a throw of 7 slots, a pitch 
of -|ths, and spans 140 degrees. These statements all say the same thing. 

Beginning with any slot, the coils are laid in to fill all consecutive positions 
occupied by the upper coil sides. In passing around the armature once in this 
manner, the lower coil sides will have filled the other half of the slot openings. 



Fig. 9.3. The 
d i a in o n d - 
-h ipt‘4 arma¬ 
ture coil. 
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The winding is then in position for all end connections to be made. It is to the 
ways of connecting coil ends that we now turn our attention. 

9.3. A-c Windings. Treating the subject by way of a special case, consider 
a 3-phase, 6-pole, 54-slot machine. Eighteen slots in all are given to any phase, 
A, which means, for a symmetrical winding, 3 slot" under each pole. Slots 
1, 2, and 3 are assigned to phase A; 4, 5, and 6 to phase B (or C); and 7. 
8, and 9 to phase C (or B). The phase windings occupy the higher-numbered 
slots in the same sequence. 

The winding will be assumed to be double layer with 2 coil sides per slot and 
with a coil throw of 1 to 9. Figure 9.4 shows the positions and connections of the 



indicated. 

armature coils for phase A which lie under the first 2 poles. Starting at the en¬ 
trance lead of the first coil, the winding passes through the top half of slot 1 to 
the back of the armature and thence returns through the lower half of slot 9. 
After completing the several turns of the first coil, connection is made to the 
second coil which lies in slots 2 and 10, and then to the third coil. These 3 coils 
constitute a polar group of phase .1. All other polar groups for the 3 phases are 
arranged in an identical manner. There will be IS polar groups in all. 

The stator winding must of course be wound for the same number of magnetic 
poles as are on the rotor, and the polar groups then must be so connected that, 
when carrying current, they produce alternate north and south poles. This step 
is accomplished, as shown in Figure 9.4, by connecting the output, or right-hand, 
terminal of the first polar group to the right-hand terminal of the 4th polar group. 
The arrows on the coils and their connections show the path traversed. The 
paths for the 7th and 10th polar groups, and for the 13th and 16th, are exactly 
similar to that for the first two, whence the left-hand terminal of the 16th polar 
group becomes the output terminal of phase A when all of its groups are in series. 



204 


ELECTRIC CIRCUITS AND MACHINES 


If slots 4, 5, and 6 are assigned to phase B, it is observed that the windings of 
phase B aie 60 degrees in position from phase A, and that phase C is 120 degrees 
from phase A. Because of this placement of the coils, the generated voltages of 
the three phases will appear 00 degrees in time from each other in this order. 
However, for either Y or delta systems, these phase voltages must appear at 
the machine terminals 120 degrees from each other, and this step may be ac¬ 
complished in one or the other of two ways. In the first instance, which is that 
employed in practice, electrical symmetry is obtained by letting the starting ends 
of phases A and C, in slots 1 and 7, remain as they are. The terminals of phase B 
then are reversed in sense to let the coil lead from slot 4 become the output ter¬ 
minal, the other extremity to be its starting point. This is equh alent to reversing 
the vector voltage of phase B 180 degrees on a graph of the voltages of the three 
phase windings. The mutual connection of the three starting terminals thus 
gives a Y-connected winding, for example, or with the phases connected start-to- 
finish the closed delta w hiding is realized. 

The second scheme for a symmetrical 3-phase winding calls for the first polar 
groups of the three separate phases to be started 120 degrees in position along 
the armature surface. The-e three entrance leads then are corresponding ter¬ 
minals without reversal of the terminals of any phase. 

What has been said on this particular winding holds in general for other wind¬ 
ings. Differences between windings lie mainly in change of pitch or in the 
number of slots per pole per phase. We have treated here with an integral num¬ 
ber of slots per pole per phase, although in many cases this quant in is fractional. 
For a balanced winding, it is necessary that slots ior coils) phases = an integer. 
A 48-slot armature, for example, could be wound for t or 0 poles. The first case 
is that of an integral slot winding of 4 slots per pole per phase. The second is a 
fractional-slot winding of 2§ slots per pole per phase in which the number of 
slots under the first 3 poles assigned to the respective polar groups is 3-3-2, 
3-2-3. and 2-3-3. The next 3 poles repeat, to give in the end a balanced 3-phase 
winding of 16 coils per phase. 

9.4. Circuits—Parallel Paths. In the particular example just discussed, it 
is seen that the 7th and 10th polar groups in series, and the 13th and 16th polar 
groups in series, are exactly similar to the series connection of polar groups 1 
and 4, all assigned to phase A. This suggests the possibility of placing these 3 
pairs of polar groups in parallel to give what is called a 3-circuit winding. The 
input end of phase A then is the common junction of the left-hand (starting) 
terminals of polar groups 1, 7, and 13. The output end of phase A is the common 
junction of the left-hand (finish) terminals of polar groups 4, 10, and 16. The 
polar groups of phases B and C are connected similarly. Such a completed 
winding, either Y or delta, may be said to have 2 poles series, 3 poles parallel. 
Figure 9.5 is the schematic diagram for the 3-circuit Y winding. 

Likewise, all 6 polar groups of any phase can be connected in parallel to give a 
6-circuit machine wherein the left-hand terminals of the 1st, 7th, and 13th polai 
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groups, and the right-hand terminals of the 4th, 10th, and 16th polar groups are 
all connected together as the common input terminal of phase A. Again, the 
first 3 polar groups assigned to a given phase can be series-connected and placed 
in parallel with the second set of 3 polar groups of that phase to give a 2-circuit 
winding. The criteria for balanced windings are: 


poles 

--—-- = integer 
circuits 

(9.1) 

slots ^or coih) 

-- = integer 

circuits X phases 


For the same flux per pole and the >ame speed of the rotor, the terminal emf 
of the stator winding* decreases inversely with the number of circuits if the 
machine is a generator, or, if a motor, theie is 
required a correspondingly decreased applied 
collage. The line current, however, rises di¬ 
rectly with the number of circuits, thus main¬ 
taining the same kilowatt or horsepower rating 
for the machine. Fundamentally, for a given 
lotor speed and for normal flux and cuirent 
densities, the volume of a machine enclosed by 
the air gap and the stacking length represents 
a certain number of kilowatts or horsepower 
in output. Changes from Y to delta or in the 
number of circuits, therefore, should not alter 
the power rating of the derice. Change of cir¬ 
cuit permits change of voltage and current rating for a machine, and it is met 
in practice by way of factory design or in reconnection jobs. 

9.5. The D-c Lap Winding. In the lap-wound d-c armature the coil ends 
are fastened to adjacent commutator bars: that is. polar groups and phases do 
not enter now, but the output end of the first coil and the input end of the second 
coil find a common junction at a commutator bar. Likewise, the output end of 
the second coil and the input end of the third coil are connected together at the 
second commutator bar. This process is carried out for all coils, the total number 
of coils being equal to the total number of commutator bars. Theoretically, any 
number of coils maj' be used, with 2, 4, 6, etc., coil sides per slot. An average 
number for d-c machines may be 10 or 11 slots per pole. 

Figure 9.6 show's a 4-pole, full-pitch lap winding of 16 slots and 16 coils. An 
actual d-c machine will have more than 4 slots per pole, perhaps in the general 
range of 8 to 12. Also, the case of only 2 coil sides per slot is unusual, and even 
though tills w r ere so, the arrangement of the coil sides in the slot would be vertical 
rather than horizontal. The assumed conditions and the diagram, however, are 



Fig. 9.5. Three-circuit Y-connec- 
tion for a 0-pole a-c winding. 
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for the purpose of instruction, and what is said in this example holds funda¬ 
mentally for all lap-wound armatures. 

The following observations are made which should be verified by the student. 
For the direction of motion assumed, the induced emf’s in all conductors are 
given by the small arrows. In passing through the winding from commutator 
bar 1, first in one direction and then in the other, the same direction of induced 
voltage is followed until one leaches the commutator bars directly under the 
adjacent poles One half of the total number of coils are thus taken into account. 


N 



N 


Fig. 9.6. Lap winding for a 4-pole, 10-dot, J-c machine. Full pitch. Polarity shown is for 

geneiator action. 


Continuing, one arrives at commutator bar 9 by moving against the arrows and 
will have taken into account the other half of the coils. In passing halfway 
around the armature of a 6-pole machine, one goes with the arrows for the first 
span of 180 degrees, then against the arrow s over the next pole pitch, and finally 
with the arrows again for the last 180-degree span. 

Therefore, with brushes placed and given polarity marks as shown, it is seen 
that between positive and negative terminals of the machine there are 4 parallel 
paths, each including the same number of coils. Further, the brushes short- 
circuit the coils only when they are in positions of minimum or zero induced 
voltage and allow” reversal of current in the coils as they pass the brumes. Note 
that it is the arrangement of brushes, coil connections to commutator bars, and 
motion of the armature that gives automatic switching so as to maintain direct 
voltages between brush sets even though the coils have alternating voltages 
induced in them. 

Generalizing, for a lap-wound machine having any number of pairs of poles: 

1. Coil ends are fastened to adjacent commutator bars. 

2. The number of coils equals the number of commutator bars. 
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3. There are as many parallel paths through the armature winding between 
the 2 line leads as there are number of poles. The paths he under adjacent polos. 

4. There must be as many sets of brushes (or brush arms ) as there are number 
of poles, in order to utilize the complete winding. 

5. Brush position always is such as to short-circuit the coils when the}- are 
in the position of minimum induced voltage. 

The major mechanical difference between this type of d-c winding and the a-c 
winding previously described lies in the end connections of the coils. Lap wind- 



Fir.. 9.7. Armature winding for a t-pole, full pit eh, lti-slot, lti-eoil, lo-eommutator bar, wave- 
v nund d-c machine. Retrogressive. Dummy coil K in position but is not connected to com¬ 
mutator. 

mgs are especially adaptable to low-voltage machines because of the parallel 
arrangement of groups of coils. Iu this respect, the parallel paths through the 
d-e winding correspond to the circuits of the a-c winding. 

Irregularities due to mechanical or electrical construction may, in lap-wound 
machines, give rise to slightly unequal voltages in the different parallel paths 
through the armature. This results in circulating currents in the winding, with 
consequent difficulties in commutation, even at no load. To provide paths for 
these currents so as to keep them from the brushes, heavy copper straps are 
connected at the back end of the armature to similar points along the winding. 
All points so connected together are then brought to the same potential. Large 
machines usually are thus equipped and will have equalizer rings fastened to 
every few coils. In this case, the number of coils is divisible by the number of 
pairs of poles. 

9.6. The D-c Wave Winding. On mam- d-c armatures the coil ends are 
spread out from each other and are fastened to commutator bars approximately 
two pole pitches apart rather than to adjacent bars. Such windings are known 
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as wave (or series) windings. Figure 9.7 shows the fanned-out diagram for a 
4-pole, full-pitch, 16-slot, 16-coil, 15-bar wave winding. With all coils alike and 
spanning the same number of commutator bars, stepping once around the arma¬ 
ture must bring one to a commutator bar adjacent to that at -which he started, 
either to the left or to the right. Continued passage in this manner ultimately 
will have included all coils and have closed the winding at the initial commutator 
bar. 

The example chosen illustrates the point that the number of coils fastened to 
commutator bars (active coils) cannot be a multiple of the number of pairs of 
poles, else the winding closes the first time around the armature. In this case, 
with our chosen arrangement of slots and coils, only 15 active coils (and, of 
course, only 15 commutator bars) are permitted, the 16th coil being a dummy 
coil. It is like any other coil and mechanically balances the armature, but it 
never is connected. Some armatures may have more than one dummy coil for a 
w T ave winding. 

The following general statements concern wave windings and hold for any 
number of pairs of poles: 

1. Coil ends are fastened to commutator bars approximately 2 pole pitches 
(360 degrees^ apait. 

2. The number of active coils equals the number of commutator bars. Then' 
may be dummy coils. 

3. The number of active coils cannot be a multiple of the number of pairs of 
poles, else the w hiding closes upon itself the first time around the armature. One 
less or one more will be satisfactory. 

4. There are 2, and only 2, parallel paths between line terminals regardle^ of 
the number of poles. Any path i- under all pole-. 

5. IVo brush sets only are needed, but the machine carries as many sets as 
there are pole- so as to assist commutation. Brush positions are the same as 
for lap windings. 

6. If, in passing once around the armature, one returns to the commutator 
bar to the left of that at which he staited, the winding is said to be retrogressive; 
if to the right, the winding is progressive. 

Wave windings are used for higher voltages because of the series connection 
of the coils, that is. the minimum number of circuits. 

9.7. Pitch Factors. Consider the general a-c winding. The two coil sides of a 
full-pitch coil have voltages induced in them in exact time phase. If the coil i- 
short-pitched, however, the two coil-side voltages are then additive at that angle 
lo-t by short pitching, and the resultant coil voltage is less than twice the voltage 
of either coil side. For example, in the case of the a-c winding discussed, full 
pitch calls for a coil throw of 9 slots w'hereas the actual pitch is |ths, or a span 
of 160 degrees. The 2 coil-side voltages add at 20 degrees, hence 

^coil — collide COS (%p-) 

where co- is the pitch factor for this particular winding, Figure 9.8 
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In general, 

K t 


(pitch factor) = cos \ (angle lost by short pitching) 

-^ooil 


2 E, 


<; 1 


(9.2) 


coil-side 


K p is readily computed for each particular winding. 

9.8. Distribution Factors. Again, in the case of a-c windings, the several 
coils of a polar group add tugether at their respective slot angles measured from 
the first coil side. For the particular case considered, the angle between slots is 
20 degrees, hence the voltage of the second coil adds at 20 degrees with that of 



^coil side 

Fig. 9 . 8 . Di termination of coll 
voltage. 



Fig. 9.9. Determination of voltage of polar 
group. 


the first coil, and the third coil voltage adds at 40 degrees with respect to the 
fnvt. The resultant voltage of the polar group is less than 3 times the voltage of 
any coil because of the distribution of the winding among the 3 slots. Figure 9.9 
show s the manner of obtaining the resultant voltage of the polar group. 

By definition, 

K(j (distribution factor) = ^pohr^roup (9.3) 

hE 

where n is the number of coils in a polar group and E is the coil voltage. Distri¬ 
bution factors are fixed, depending upon the number of slots per pole per phase. 
They are given in the following table for 3-phase windings having 3, 6, 9, 12, 
and 18 slots per pole. 

Slots Pa PoU Slots Pa * Pole 


Pa Phme 

K d 

Per Phos( 

Kd 

1 

1.00 

4 

0.958 

2 

0.966 

5 

0.957 

3 

0.960 

(> 

0.956 


9.9. Generated Voltage. The average induced voltage in an armature turn is 

$ 

E avc = — volts per turn 
t 

where is the maximum flux in webers threading the turn and t is the time in 
seconds in passing from these maximum linkages to zero linkages, or vice versa. 
If the turn initially is in position to enclose the maximum flux, it w T ill have no 
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flux through it \ cycle later. Therefore, the time of cutting 4 webers is 1/4/ 
seconds, where / is the frequency. Thus, 

E^ e = -4/4 volts per turn 

Remembering that the total turns per phase per circuit, T, contribute to the 
generated voltage per leg of the a-c machine or per path of the d-c machine, that 
pitch and distribution factor.-* may modify this voltage, and that the effective 
voltage of the a-c machine is 1.11 times the average voltage for sine-wave genera¬ 
tion, we have 

P a . c = iA4f<i>TI\ p K d volts per leg, effective (9.4) 

Although equation 9.4 has been developed from the viewpoint of the a-c 
machine, it i- perfectly general and holds for all machines villi recognition given 
the significance of the modifying factor-. Ob-erve, for example, that with 
K p = 1 = Kj, and T becoming the total primary or secondary turns, equation 
9.4 is the voltage expression developed previously for the tiansfornier. Likewise, 
equation 9.4 is true for the d-c machine. Fundamentally, the electrical cimiit 
of the d-c armature i- that ot the single-pha-e armature and would give rise to 
the same a-c voltage between brushes were they permitted to revolve with the 
commutator. The coil span of the d-c machine i- always so nearly ISO degree- 
that K p is assumed unity in all ca-es and hence doe- not appear in the generated 
voltage expression. The di-tribution factor is 2 tt. just a- it i- for the -ingle- 
phase winding. Becau-e of the fixed position of the bru-he- of the d-c ma¬ 
chine, they always are in that po-ition to pass to the external circuit only the 
maximum induced voltage, which for sine-wave generation is 7r 2 time- the 
average. This numerical factor exactly cancels the distribution factor, and 
again these terms never appear in the generated voltage equation for the d-c 
machine. Both factors, nevertheless, physically are present even though not 
stated explicitly. The form factor 1.11 now does not show in the final result. 
The turns per phase per circuit of the a-c winding become the turns per path 
of the d-c winding, and they depend upon the type of winding—lap or wave. 

It is usual to develop the generated voltage expression for the d-c machine by 
observing that a single conductor cuts 4>P webers in one revolution of the 
armature. 4 is the total flux per pole and P is the number of pole-. The lines 
cut per second are 4PAY60 where N is the speed of the machine in rpm. With 
Z conductors total on the armature, arranged in p' parallel paths, the voltage 
between terminals is 

4PAZ 

Pd-c =-volts (9.5) 

60p' 

The student should show 7 that equations 9.4 and 9.5 are exactly equivalent 
under the interpretations discussed above on the several terms in the equations. 
It will be found that Pd-c — V^Pa-c- Such a result has an extended significance 
in that for the same single-phase machine, with slip rings at one end of the arma- 
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ture and a commutator at the other, we now have the conversion ratio between 
the input a-c voltage and the output d-e voltage, or vice versa. This is the syn¬ 
chronous converter which transforms electrical energy of one form to that of 
another. Note that we have explicitly assumed sine-wave generation in the 
entire discussion. Non-sinusoidal voltage generation leads to a form factor 
different from 1.11, hence alters the magnitude of the a-c voltage and, conse¬ 
quently, the ratio Z? a _ c /Z? d _ c . 

9.10. Field Windings. Any calculation- on held coils of machines follow 
knowledge on the ampere-tarns required to drive normal flux through the mag¬ 
netic circuit. The problem then becomes one of designing the field coils to 
provide this driving force, taking into account excitation voltage and limitations 
on heating and space. 

Field coils of synchronous machines normally are wound with many turns of 
relatively small wire, although edge-wound strap copper often is employed. The 
spool on which the coil is wound is slipped over the pole body before the latter 
is bolted or keyed in position. For large turbo-generators, the field coils are 
made of bar copper of large cross-sectional area, are preformed to give concentric 
gioup-, and are held in place in longitudinal slots on the rotor by non-magnetic 
wedges. 

Normal excitation voltages for the synchronous machine are 125 and 250 
volt-, frequently obtained from a d-c generator, called an exciter, mounted on 
the -haft of the machine. Depending upon the size of the synchr nous machine, 
and the manner in which it- excitation is obtained, the field current is controlled 
by a rheo-tat in the field of the main unit or in the field circuit of the exciter. 

The field coiF of the d-c shunt machine, in which the field circuit is in parallel 
with the armature, contain many turns of small wire. The magnitude of the 
field current is but a few per cent of the armature current. Control is usually 
obtained by a rheostat in the field circuit. The series-field coils of series and 
compound d-c machines carry the armature, or load, current and hence are 
composed of only a few turns of fairly large wire or bar copper. 


Problems 

1. Compute Kd for an 8-pole, 3-pha-e machine lming 120 -lot-; for a 6-pole machine 
having 10S slots. Compute Kd for a 6-pole, 2-phase machine having 48 slots. 

2. Draw the winding diagram and show the connections for one circuit of a 3-phase, 
6-pole, 36-slot machine ha\ing a double-layer winding of 4 turns per coil and \ pitch. 
Assume the machine to be, first, a 2-circuit, Y-connected alternator, and, second, to be a 
3-circuit, delta-connected alternator. 

3. An alternator has a double-layer winding of * pitch and 12 turns per coil. The 
pole-face area is 90 sq in. and the flux density is 40.000 lines per sq in. The stator carries 
72 slots and is to have a 6-pole, 3-phase, 1-circuit, delta winding. Calculate the terminal 
voltage for a speed of 1.200 rpm. 

4. A 60-cycle, 64-pole, 3-phase, 2-circuit, Y-connected alternator has 576 slots. Each 
coil of the double-layer winding has 3 turns and a throw* of 1 to 7. Calculate the terminal 
voltage for a flux per pole of 0.04 w r eber. 
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5. A synchronous machine has the following: data: 4 poles, 60 cycles, 3 phases, 24 
slots, 20 turns per coil, coil throw of 1 to 6 , 2 circuits. Y-connected. The flux density is 
80.000 lines per sq in. maximum at the pole center, with sinusoidal distribution. Arma¬ 
ture stacking length is 12 in., and the radius to the coils is 6 in. Calculate the no-load 
terminal voltage. 

6. A 3-phase, 60-cycle, 8 -pole, 72-slot alternator has a winding with 24 turns per coil 
and a throw of 1 to 9. The *tacking length is 6 in. and the inside armature diameter is 
16 in. What is the required flux per pole if the machine is to generate 440 volts between 
lines for a coil arrangement of 4 circuits delta? What is the flux density at the pole center 
if the flux distribution i* sinusoidal? 

7. A synchronous motor has a 6 -pole, 3-phase, 1-circuit, 72-coil, Y-connected winding 
with 5 turns per coil and a pitch of 75^c. Calculate the flux per pole for 440 volts between 
lines at 1,200 rpm. 

8. A 3-phase, 8 -pole, 900-rpm alternator has a flux of 0.036 weber per pole. The 
winding is distributed among 96 slots, is 2-circuit Y. ha* 3 pitch, and generates 440 volt& 
between lines. Sketch the winding configuration and it^ connection*. 

9. For a G-pole, 3 -phase, a-c machine, wiiat numbers of dot* between 36 and 72 will 
give balanced leg voltages? Which are for integral-slot, and which are for iraetional- 
slot, winding-.? 

10. The following stator windings are for 440-volt motor*. Select those which can 
be reconnected for 220 volt*; for 110 volts. 


Poles 

Slots 

Connection 

j poles 

Slots 

Connection 

4 

48 

1 eirc. Y 

! 8 

90 

2 rare Y 

6 

48 

1 circ. dtita 1 

! 10 

90 

2 care. Y 

6 

72 

1 circ. dolt a 

1 10 

10S 

1 fare. Y 

8 

72 

1 circ. delta 

! 10 

120 

1 care. delta 

8 

90 

1 circ. delta 

14 

120 

1 cut. delta 


11. An 8 -pole, 500-kva, 440-volt, 900-rpm, 3-pha*e synchronous motor ha* 96 sloK 
The winding is double layer with 38.3^ pitch and 4 turns per coil. The flux i* 3.92 X 10 * 
lines per pole. What is the connection of the winding? How should the winding be 
reconnected if it L to operate on 300 volt* approximately? 

12. A 3-phase, 10-pole, 880-volt. 600-rpm svnchroiiou* motor has 120 slot*. The 
winding is double layer, each coil having 12 turns and a throw r of 1 to 9. The flux is 
0.0287 weber per pole. How is the winding connected? 

13. A 2-phase, 8 -pole. 730-rpm motor has 96 *lot^. The coih have S turns each, are 
of | pitch, and are arranged in 4 circuit* per leg to ghe 4-40 volt* per phase. Can this 
winding be reconnected for 220, or 440 volt*. 3-phase, 60 -cyelcs, without changing normal 
flux more than 10 * 7 ? 

14. A 3-phase. 8 -pole synchronous motor has 10S slots. It is connected 4-circuit Y. 
Each coil has 10 turns of 2 parallel strand* 0.16 X 0.12 in. each. Mean length turn 
(MLT) is 61 in. Double-layer winding. Calculate the 60° re*i*tanee between terminals. 

15. The stator of a 300 kva. 3-phase. 500-hp. 8 -pole, 530-volt, 375-rpm motor has 
96 slots. Each coil of the double-layer winding has 8 turns, with conductors composed 
of 2 parallel strands 0.17 X 0.10 in. each. MLT =» 83 in. The winding is arranged 
4-circuit delta. What is the 60° resistance betw T een terminals of the winding? What is 
the per cent resistance of the winding? 

16. A 3-phase, 6 -pole, 250-kva, 500-rpm, 220 -volt motor lias a double-layer winding 
arranged 6 -circuit Y in 72 slots. Each coil has 4 turns, with conductors composed of 
2 parallel strands 0.25 X 0.10 in. each strand. MLT = 90 in. What is the resistance 
of the winding between terminals, and wiiat i* the per cent resistance? Assume 60°C. 

17. The 60° resistance between terminals of a 3-phase. 6 -pole alternator is 0.00142 
ohm. A spare coil has 2 turns, each turn composed of 2 parallel strands 0.225 X 0.10 in. 
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each. MLT = 60 in. If the machine has 108 coils what is the probable connection of 
the winding? 

18. A lap-wound, d-c generator has 720 conductors arranged in coils of 8 turns each. 
How many commutator bars are on the armature? 

19. A 6-pole, 1.200-rpm, lap-wound generator has 64 coils of 4 turns each. What is 
the flux per pole for a generated voltage of 250 volts? 

20 . An 8-pole, 1,150-rpm, wave-wound d-c generator is designed for 20 volts between 
commutator bars. If each coil has 2 turns, what is the flux per pole to give 500 volts? 
What would be the voltage if the same coils weie reconnected for a lap winding? 

21. A 4-pole, 1,800-rpm, 125-volt, lap-wound exciter has 36 armature coils. If the 
flux per pole is 0.0145 weber, how many turns are in each coil? 

22. A 4-pole, wave-wound, d-c machine is designed from a standard armature which 
can carry 48 coils. What number of commutator bars will the new winding have? Give 
the numbers of the commutator bars, tor both retrogressive and progressive windings, 
touched by the winding in moving twice around the armature. 

23. A 6-pole, 54-slot armature is to be wave-wound with 4 coil sides per slot. Give 
the commutator bar sequence numbers in moving twice around the armature. 

24. A 4-pole wave winding is to be placed in a 33-slot armature. Discuss the possi¬ 
bilities of Urdus: 1, 2, or 3 coils per dot. 

25. The armature winding of a 6-pole. 400-kw, 250-volt. 1.200-rpm. lap-wound, d-c 
generator is composed of 10S 1-turn coils. The cross-section of the copper is 0.50 X 0.21 
in. MLT = 70 in. What is the percentage loss in the armature winding at full load? 
Assume 60 C C. 

26. A 24-pole, lap-wound, d-c generator has 300 slots with 6 conductors per slot, each 
conductor composed of 2 parallel strands of rectangular copper 0.08 X 0.50 in. in section. 
MLT = J20 in. Calculate the 60° resistance of the winding. 

27. A 35-hp, 230-volt, 4-pole, 1,000-rpm, wave-wound motor has 81 commutator bars. 
Each coil has 2 turns, and the conductor section is 0.139 X 0.234 in. MLT = 44.5 in. 
If the armature efficiency is 89^ (, what is the per cent armature copper loss at 60°C? 

28. A 220-volt, wave-wound, d-c armature has 45 slots and 135 commutator bars. 
Each slot carries 12 rectangular conductors of 0.06 X 0.40 in. section per conductor. 
MLT = 52 in. Calculate the 60° resistance of the winding. 

29. A 3-phase, 12-pole, 250-rpm, 600-volt synchronous converter has 252 slots, 504 
commutator bars, and single-turn, full-pitch, lap-wound coils. What flux per pole is 
required? Could 250 slots be used? Why or why not? If not, what are the nearest 
higher and lower numbers that would be satisfactory? 

30. Show that Kd = 2 w for a 1-phase winding having a series connection of all coils 
in the slots over a complete pole pitch. 

31. A 6-pole, 400-kw, 250-volt d-c generator at normal excitation requires 5,600 NI 
per pole for its shunt-field circuit. Each coil has 920 turns. Wire size is 0.072 X 0.072 
in., and MLT = 42 in. What is the per cent voltage drop across the field coils at 60°C 
if the excitation voltage is 250 volts? 

32. At normal excitation a 35-hp, 230-volt, 1,000-rpm, 4-pole shunt motor requires 
3,320 NI per pole. Each field spool has 1,890 turns of No. 18 wire, 27.8 in. MLT. What 
is normal field current? Maximum field current? Total weight of copper in the field 
coils? Assume 60°C. 

33. A 4-pole, 250-kva, 750-rpm, 2,300-volt synchronous motor requires 11,500 NI 
per pole for normal field flux. Each coil has 875 turns of No. 10 wire, MLT = 46 in. 
What is the normal voltage drop across the field coils at 75°C? What is the maximum 
field current on 250 volts? 
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SYNCHRONOUS MACHINES 

10.1. Introduction. The essential principles underlying the synchronous 
machine already have been discussed. We have seen that uniform motion of the 
rotor of the alternator gives rise to a balanced polyphase system of voltages at 
the terminals of a polyphase armature winding. A similar machine, its terminals 
connected to those of the alternator, then is driven as a motor by virtue of the 
revolving field produced in its air gap. As pointed out. the diffeienee between 
any synchronous machine acting as a generator or as a motor lies in the direction 
of power flow'. The magnitude of the power flow is exhibited by the angular dis¬ 
placement of the rotor with respect to the revolving stator field, and the direc¬ 
tion of power flow is shown by the relative motion of the rotor. 

We come now to an analysis of the synchronous machine in which a study is 
made of its steady-state performance as influenced by characteristics of the 
magnetic circuit. Primarily, the 3-phase machine will be considered. Further, 
we shall treat as the fundamental and general type the salient-pole machine 
which has on the rotor definite projecting pole-' each with its own field coil. In 
general, all field coils are connected in series, although theie are a few instances 
in which the coils are placed in parallel or in a series-parallel arrangement. 
Excitation often is obtained from an exciter mounted on the shaft of the main 
machine. The stator winding, of course, will be w ound for the same number of 
magnetic poles as there are poles on the rotor. 

10.2. Types of Rotor Construction. Although the stator const met ion of the 
synchronous machine is basically the same regardless of physical size or any of 
the quantities in the nameplate data, the rotors may differ in form. Practically 
all synchronous motors have salient poles (see Figure 9.1b) in which the air gap 
over a pole pitch varies greatly, but generators may, as in the case of turbo¬ 
alternators, approach a more uniform air gap. 

The cylindrical-rotor machine is essentially a special case of the general 
salient-pole type, the interpolar regions now being equally filled with iron. The 
same magnetic effects are then obtained over those areas as over the axes of the 
field windings. The closest approach to cylindrical-rotor construction is that in 
which the rotor is slotted uniformly around the periphery the same as the stator. 
The rotor appears similar to the armature core of the d-c machine, Figure 9.1a. 
The rotor winding may or may not be similar to the stator winding, but it car¬ 
ries direct current. A wound-rotor induction motor, for example, can be operated 
as a cylindrical-rotor synchronous machine if direct current is supplied the rotor 
winding. Fundamentally, the salient-pole machine is the universal type, but the 
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theory of the cylindrical-rotor machine is simpler, and from the vector diagram 
for it the diagram for the other is obtained readily. 

The turbo-alternator rotor often is said to be cylindrical. However, the rotoi 
body is slotted deeply in the interpolar axes in order to carry the heavy field 
windings, and the equivalent air gap over the slotted regions may be large in 
comparison with the air gap over the rotor pole faces. That is, it is not the 
more rotor diameter which is of concern, but the equivalent air gap around the 
periphery of the rotor. The turbo-alternator hence may be looked upon as a 
salient-pole generator but With much less variation in air gap than that of the 
rotor of Figure 9.1b. 

Rotor construction has a pi onounced effect on torque production. As we have 
seen, reluctance torque exists in che salient-pole maeliine because flux is con¬ 
fined to fixed rotor areas. The stator mmf wave aligns the rotor so as to give a 
path of minimum reluctance for the air-gap flux, and the rotor has a very strong 
tendency to remain in that position with respect to the revolving stator field. 
Theie is no reluctance torque, though, in the cylindrical-rotor machine. It can 
carry load only v hen Held current is present to fix the position of the rotor mag¬ 
netic pole-.. Reluctance torque in the salient-pole machine greatly reduces the 
power angle as compared with the angle for the equivalent cylindrical-rotor 
machine. 

10.3. Viewpoint of Analysis. The effect of the highlv-variable air gap around 
the rotor periphery must be taken into account in the analysis of tL * synchronous 
machine. The machine F studied by considering any one of the phases of the 
..a’mature ithe other two are similar', thus reducing the problem to an analvsF 
of a simpler single-phase circuit. By assigning to the armature winding ap¬ 
propriate leactancos to account for the magnetic effects of the variable air gap, 
the peilormance of the machine then may be given by a vector diagram showing 
leg \oltage. leg cun cut, power factor, rotor angle displacement under load, ana 
excitation voltage which leads to determination of field current for a given con¬ 
dition of opei at ion. This is the scope of the present chapter. 

The alternator and the synchronous motor are studied together since, although 
some \ariations between them may e\Ft in mechanical design, the basic theon 
is identical. Essentially, they are the same machine, and either may serve as a 
generator or as a motor. The underlying philosophy in the presentation is that 
the machine is but an electric circuit and hence is discussed merely as an ex¬ 
tension and application of single-phase circuit theory, the analysis of any phase 
of the machine holding for the others. Also, it makes no difference whether the 
machine is Y- or delta-connected. Any general treatment does not require that 
one type of connection be distinguished from the other, and, in fact, no test at 
the terminals of a machine can give information as to whether or not the w ind 
ings are in Y or delta. One can gain such know ledge only by actually tracing 
out the connections. A delta-connected maeliine very often, if not usually, is 
analyzed by way of its equivalent Y circuit, that is, by assuming it Y-conneeted 
and treating it as such. 
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10.4. Armature Reaction and Leakage Reactance. For a single, unloaded 
alternator, only the flux created by the d-c field mmf is present to generate volt¬ 
ages in the armature conductors, and it is these voltages that appear across the 
terminals of the machine at no load. When the machine is carrying load, how¬ 
ever, the 3-phase armature currents produce an additional rotating field as was 
explained in Chapter VIII. This field of armature reaction rotates at synchro¬ 
nous speed, i.e., at the same uniform speed as the poles carrying the d-c field 
excitation, and, hence, are stationary with respect to the field poles for any 
constant value of load. For an alternator, with the armature current wholly 
leading, the armature mmf is directly along the axis of the field poles and is 
additive with the d-c field mmf. thereby tending to increase the resultant air- 
gap flux. If the armature current is wholly lagging (a 180 degree reversal from 
that of the leading case), the two mmf’s are directly subtractive. In the case 
of the synchronous motor the direction of the armature mmf is in the opposite 
direction, i.e., if the motor were taking a nearly 90-degree leading current, tin' 
armature mmf would directly oppose the field mmf. while for a 90-degree lagging 
current the two mmf’s are directly additive If the armature current is in phase 
with the voltage generated by the main d-c field, the armature mmf is said to be 
cross-magnetizing because it acts upon magnetic path* midway between the 
rotor field poles: this is true for either alternator or motor operation. Simply 
expressed, armature reaction is the effect of the armature mmf acting upon the 
magnetic circuit of the machine, the combination of armature and field mmf’s 
leading to a resultant flux which, in turn, yields a resultant air-gap voltage. 

The effects of armature reaction and leakage reactance are to be discussed 
now, to the extent that they may be taken into account in a vector diagram for 
either the alternator or the synchronous motor. The flux of armature reaction 
in the machine, at least the component acting along the pole axis, corresponds 
to the mutual flux in the transformer in that it exists in the magnetic path 
mutual to the field and armature windings. ('orresponding to leakage flux of 
the transformer, there is some flux produced by the armature mmf which links 
with that winding alone and does not reach the field coils. One component of 
leakage flux encircles the armature conductors by crossing the slots and closing 
its path through the iron below the bottom of the slots. Another component 
may link the conductors of several slots in this way. Another component en¬ 
closes the coils by passing from tooth to tooth in the air gap, or from tooth to 
pole face and back to a tooth, returning through the iron below the slots. And 
yet another component encloses the coil ends which project beyond the armature 
stacking. Armature leakage reactance produces a voltage drop in the machine, 
when it is carrying current, that leads the current by 90 degree* as is the case 
for any inductive reactance carrying current. 

If saturation does not exist (it is neglected in this discussion), one may think 
of component fluxes produced in the air gap by the field and armature windings. 
One also may go a step further and speak of the induced voltages caused by 
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the component fluxes. The induced voltage of armature reaction will be 90 de¬ 
grees out of phase with the armature current in the same way that the induced 
voltage in any coil follows the flux variation by 90 degrees in time. Since the 
induced voltage of armature reaction in any leg of the machine has the same 
direction and phase relation with respect to the leg current as the voltage drop 
across an inductive reactance inserted in the current path, it is treated in the 
synchronous machine by substituting for it an equivalent reactance. This is 
called the reactance of armature reaction. 

By means of a diagram uke that shown in Figure 10.1, one may indicate the 


Air Gap Generator i 



several voltages that exist in each leg of the machine. The circuit is applicable 
to both the alternator and the motor. The following tabulation defines and 
describes the quantities shown in the figure: 

1/ = d-c field current conceived to generate cj. 

ed = armature induced leg voltage caused by the main field flux. 
With saturation neglected, it is proportional to If. In the 
alternator, it corresponds to that voltage which would be read 
at the machine terminals if the external circuit were opened. 
i = armature and line current. 

ix arm. reaction = voltage induced in the armature coils due to the air-gap flux 
produced by the armature current i. 

Cair-gap = voltage generated by the net air-gap flux, the net air-gap flux 
being that which is created by the resultant field and armature 
mmf’s. 

f^arm. leakage = voltage drop of armature leakage reactance. 

ir = voltage drop of armature resistance. 

e t = terminal leg voltage. For the alternator it is the load voltage 
and for the motor the applied voltage. 

Since the values of ir and leakage are relatively small, the terminal and 

air-gap voltages are, to a first approximation, equal. To this degree of approx- 
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imation, it follows that the net air-gap flux, for constant terminal voltage, does 
not vary with load. 

10.5. Components of Armature Reaction. In the case of the cylindrical-rotor 
machine, the armature mmf acts on a path of uniform reluctance throughout 
the entire air gap, but with the salient-pole machine the armature mmf meets an 
air gap which is minimum at the middle of the field poles and maximum midway 
between the poles. As an aid to visualizing the effects resulting therefrom, con¬ 
sider Figure 10.2 in which an armature mmf of the same magnitude acts first 
on the direct axis passing through the middle of the pole and, second, on the 
quadrature axis midway between the poles. The flux waves of Figure 10.2 are 
typical for the two paths of greatly different reluctance, and the fundamental 
frequency components in general are in the ratio 2:1 for the direct and quad¬ 
rature axes. Since the vector diagram can include only those quantities having 
the fundament al frequency, harmonics are neglected. 



Fig. 10.2. Armature rea< turn flux in direct and quadrature axes of a salient pole machine. 

Because the armature mmf of a machine may have any position between these 
two extremes, depending upon the power factor, the stator voltage which ulti¬ 
mately is induced by it also will vary between limits set by the air gap. If the 
mmf lies over the poles, the flux, induced voltage, and consequent reactance of 
armature reaction are greatest. If the mmf lies over the quadrature axis, these 
quantities are a minimum. We are thus led to the scheme of analysis first pro¬ 
posed by Blondel in 1899 in which the armature mmf is resolved into two com¬ 
ponents, one acting directly over the poles and called the direct-axis component, 
the other acting over the axis midway between the poles and called the quad¬ 
rature-axis component. Such an artifice is entirely conceivable because any sine 
wave can be resolved readily into two sinusoidal components of different mag¬ 
nitudes but at 90 electrical degrees with each other. The IR and IX l drops of a 
coil, for example, are simply the 90-degree components of the applied voltage. 
Thus, each of the two complementary systems, the direct and the quadrature, 
90 degrees apart and revolving in the same direction at synchronous speed, has 
its own set of currents, mmf’s, reactions, reactances of armature reaction, and 
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reactive voltage drops within the machine. The armature mmf, then, regardless 
of position with respect to the field poles, will be split into two components which 
are referred to the direct axis of the poles and the quadrature axis midway be¬ 
tween them. The scheme is very convenient because, as we shall see, these two 
components of reactance of armature reaction are included in reactances which 
are readily obtainable. These reactances form part of the general design or test 
information on the synchronous machine. No resolution of these quantities 
into components is necessary, of course, for the cylindrical-rotor machine be¬ 
cause it is simply the special case of the salient-pole type in which the direct- and 
quadrature-axis components are equal to each other. 

10.6. Synchronous Reactance and Impedance. Since the effect of the arma¬ 
ture mmf reacting back on the armature winding can be expressed in terms of an 
equivalent reactance, armature leakage reactance and that of armature reaction 
are combined into a single constant for the machine and called the synchronous 
reactance. The terminology merely means that the total effect is that of a lumped 
reactance in the current path and that its value is to be determined at synchro¬ 
nous speed (rated frequency) for the machine. 

Corresponding to the direct and quadrature reactances of armature reaction, 
there will be, then, the direct synchronous reactance , x,j. and the quadrature syn¬ 
chronous reactance , x Q . Either of these two reactances usually is treated in 
whole; that is, it is seldom separated into its components from which we have 
formed it because of the difficulty in doing so. Test, as discus »\1 in the next 
section, gives the synchronous reactance directly in ohms or in per cent. 

If the resistance of the armature also is considered, there will result the direct 
and quadrature synchronous impedances. However, armature resistance for the 
usual machine is very small and, in general, will be only 1 to 5 per cent of the 
value of the direct synchronous reactance. The larger the machine, the smaller 
is the ratio of resistance to that reactance. The direct synchronous reactance 
drop in the usual machine, at rated current, will be 60 to 130 per cent of rated 
voltage, the quadrature synchronous reactance 50 to 100 per cent, and the re¬ 
sistance only 1 or 2 per cent. For this reason, since the percentage armature re¬ 
sistance is so small, and since synchronous reactance and synchronous imped¬ 
ance are practically equal to each other in magnitude, armature resistance is gen¬ 
erally neglected in all but very small machines. When desired, armature resist¬ 
ance may be found by a d-c test, although the value so obtained will be low be¬ 
cause the d-c test cannot include the eddy-current losses in the copper and sur¬ 
rounding iron created by the flux of the changing current. Such losses normally 
are assigned to armature resistance by giving it a slightly higher value and call¬ 
ing it the effective or a-c resistance, so that the I 2 R loss then calculated will in¬ 
clude these eddy-current losses as w r ell. 

It should be apparent that, because of the iron in the magnetic circuit of the 
machine, saturation will affect the fluxes and consequently alter the synchronous 
reactances. Saturation effects, however, are beyond the scope of this discussion 
and hence will be neglected. The circuit quantities with which w r e treat will be 
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given by their unsaturated values, and our ultimate results will therefore be 
correct within the limits imposed by saturation. For many machines, the errors 
may be as great as 10 per cent, but only by detailed analyses can they be elim¬ 
inated. Standard practice, in any case, is to state for any machine the un¬ 
saturated values of its constants, to calculate results on this basis, and later, if 
deemed necessary, to shade those results in view of the degree of saturation of 
the machine at its operating point. 

Armature resistance, armature leakage reactance, the reactances of armature 
reaction, the synchronous reactances, and the synchronous impedances may be 
expressed either by their equivalent ohmic values or by percentages. The per¬ 
centage designation means that the voltage drop of the quantity in question, 
when the machine is carrying rated current, is that percentage of rated voltage. 
This scheme of stating quantities is the same as that employed in giving per¬ 
centage values to the equivalent resistances, reactances, and impedances of a 
transformer. For the machine, of course, rated current and voltage are those 
for any leg of the machine, Y or delta. 

10.7. Test Determination of the Synchronous Impedances and Reactances. 

The direct synchronous impedance is readily measured by test. Figure 10.3 
shows on the same graph the saturation curve for a machine and what is called 
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Fig. 10.3. Saturation and synchronous impedance curves of a synchronous machine. 

the synchronous impedance characteristic. Both are obtained at synchronous 
speed, the second with the armature completely short-circuited at its terminals 
and an ammeter introduced to read the short-circuit current. The curves cor¬ 
respond exactly to the open-circuit and short-circuit tests on a transformer. If 
saturation were not present, the magnetization curve would follow the air-gap 
line, the abscissa of which represents the field current required to force the flux 
through the magnetic circuit of the machine against the high reluctance of the 
air gaps and the much smaller reluctance of the unsaturated iron. The short- 
circuit curve usually is a straight line up to 150 or 200 per cent of rated 
current. 

Interpretation of the curves show's that any particular field current will give 
rise to a certain open-circuit voltage as read from the air-gap line (no saturation), 
and to a certain corresponding short-circuit current as read from its straight line 
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characteristic. Neglecting saturation, then, the ratio of the voltage on the air- 
gap line to the armature current, both taken for the same field current, will be 
the unsaturated value of the direct synchronous impedance or the direct syn¬ 
chronous reactance Xj, if resistance is negligible. Since we are taking the ratio 
of points on two straight lines, the ratio is a constant for any value of field cur¬ 
rent. Only the direct synchronous impedance or reactance can be found in this 
way because, with negligible resistance, on short circuit the armatuie current 
lags the induced voltage by 90 degrees approximately, and the effect of armature 
reaction then is wholly in the direct axis over the poles as we already have pointed 
out. Further, since the mmf of armature reaction is in direct opposition to that 
of the d-c field, the net air-gap flux will have a low value and the magnetic cir¬ 
cuit will be in a completely unsaturated condition. The rut airgap voltage need 
be only sufficient to drive the short-circuit current through the resistance and 
leakage reactance of the armature circuit. The induced voltage produced by 
the main d-c field, e<?, is consumed in forcing the current against the direct syn¬ 
chronous impedance of the armature. 

The following method, referred to as the “slip method,” affords the best prac¬ 
tical means of obtaining x q and also may be used to obtain 14 . We shall here as¬ 
sume resistance negligible, otherwise we have the synchronous impedances from 
which resistance must be taken in order to obtain the synchronous reactances. 
The machine to be tested is left unexcited and a reduced 3-phase voltage is ap¬ 
plied to its armature. The machine is coupled to a driving met or of sufficient 
capacity to overcome the reluctance torque at the reduced voltage and is slowly 
passed through synchronism. In this manner, the poles are slipped slowly past 
the stator mmf wave, and the stator magnetizing current then is a function of the 
rotor position with respect to the revolving field. Corresponding readings of 
voltage and current can be taken in the supply lines of the synchronous machine 
and the resulting reactances plotted as a function of time, or better, of pole posi¬ 
tion. In some cases, it may be desirable to take oscillograms of voltage and cur¬ 
rent on the same film rather than to use instruments. 

If the speed of the driving motor can be controlled so that the synchronous 
machine is brought very slowly through synchronism, there will be no difficulty 
in following the swings of the voltmeter and ammeter needles. The pointers of 
both instruments will s\\ ing, the amplitude of the ammeter needle being much 
greater than that of the voltmeter and perhaps having a variation of 2:1 for 
maximum and minimum readings. 

When the poles line up with the axes of the mmf wave, the current will be a 
minimum, and the ratio of the voltage to that corresponding current will be the 
direct synchronous reactance in ohms. Similarly, when the poles are midway be¬ 
tween the axes of the mmf wave, the current will be a maximum and the ratio of 
the voltage to that current will be the quadrature synchronous reactance in 
ohms. It will be observed that the reactances X 4 and x q will be the maximum 
and minimum values, respectively. This is true because the less the reluctance 
of the magnetic circuit, the greater will be the flux, the greater will be the cor- 
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responding reactance, and the less the current for that position. The path 
reluctance for the armature circuit is a minimum when the poles are directly 

under the axes of the stator mmf; hence, xj is 
obtained at this position. 

Figure 10.4 shows the plotted synchronous 
reactance curve for a slip test. It is obtained 
as the ratio of corresponding voltages and cur¬ 
rents as read from an oscillogram. It simply 
happens that the design of the usual synchro¬ 
nous machine is such that the variation in 
reactance as a function of pole position is a 
second harmonic of the electrical angle meas¬ 
ured along the armature periphery. 

10.8. Vector Diagram for the Cylindrical-rotor Machine. From the discus¬ 
sion of machine reactances, one logically goes next to the vector diagrams which 
illustrate certain characteristics of the machine under normal steady loading. 
Although never so stated, the use of the vector diagram graphically to represent 
the machine has come about because of the simplifying steps shown in the pre¬ 
ceding sections of this chapter whereby the actual physical processes going on 
within the machine may be translated in terms of certain reactance coefficients 
Fundamentally, the machine is a circuit—a balanced one—and, in its treat¬ 
ment, is calculated on an equivalent line-to-neutral basis, whether Y- or delta- 
connected. Each phase winding is subjected to the same influences as the next 
one, although at a different time, and what holds for one is true for all. There¬ 
fore, by reducing the alternator or motor to an equivalent circuit containing 
resistance and reactance, it may be dealt with according to the principles ot 
elementary a-c circuits, the analysis of the circuit to represent faithfully the 
machine under steady-state conditions. 

The cylindrical-rotor machine will be considered first because it is the simpler, 
and because the vector diagram for it is needed later in the construction of that 
for the salient-pole machine. Furthermore, most of the basic principles and 
characteristics of the general synchronous machine can be explained in terms 
of the cylindrical-rotor machine and, for this reason, many texts present only 
the treatment that is applicable to this type. 

Figure 10.5 shows the equivalent circuit and vector diagram for the alternator. 
The load power factor is lagging. The effect of the armature mmf is accounted 
for by the single synchronous reactance Xd- The other quantities are as defined 
for Figure 10.1. The conventions adopted in Chapter IV have been used in 
placing the polarity marks on the circuit diagram. The vector diagram simply 
shows c,i as the vector sum of e t and i(r + jx,i)■ At no load, e,i and e t are one and 
the same voltage. Under load, however, they are separated by the angle a 
and, in general, have unequal magnitudes. Since e& is that voltage assumed to 
exist by virtue of the flux which the field ampere-turns produce in the direct 
axis of the poles, a is then that angle by which the poles have moved forward 



Fig. 10.4. Synchronous reactance 
curve for a synchronous machine 
obtained by a slip test. 
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from their no-load position when the alternator carries load. It is the torque 
angle, or power angle, or load angle of the machine. These angular displace- 

ix d 


(a) <b) 

Fig. 10 5. Equivalent circuit and vector diagram of the cylindrical-rotor generator. 

ments may be observed and very accurately read by means of a stroboscope 
illuminating a graduated disk fastened to one end of the shaft. 

Having found id from the vector diagram, it is taken to the air-gap line from 
which the corresponding value of If is obtained. If is the field current required 
to satisfy the given conditions of load. Conversely, if the load is removed and 
saturation is absent, this \ alue of field current will cause the terminal voltage 
to rise to the value ca. Actually, at no load and because of saturation, the termi¬ 
nal voltage will not be so great but will be approximately that re d on the satura¬ 
tion curve directly below the air-gap line value of ea. The percentage voltage 
regulation always is 

^no-load Cf u u lo.id 

-X 100 = per cent voltage regulation (10.1) 

£full load 

where the no-load voltage is taken from the saturation curve. 

Except in determining the no-load voltage, saturation can, in general, be 
neglected, and this method of calculating voltage regulation gives very close 
results for the usual machine. Under load conditions, ej should always be carried 
to the air-gap line and not the saturation curve because the combination of field 
and armature ampere-turns never results in a net mmf sufficient to produce 
saturation to any extent. 

In all vector diagrams and examples shown in the text material, voltages and 
voltage drops are expressed in terms of percentage values or their decimal equiv¬ 
alents. Normal terminal voltage and normal line-to-neutral voltage, therefore, 
are both given by e t = 1.0 or 100%. Of practical importance is the fact that on a 
percentage basis the vector diagrams of voltages are exactly similar to those of 
Figure 10.5b, where 100 per cent (or unit, 1.00) voltage is the rated voltage of 
the machine, and 100 per cent current is the rated value. The percentage values 
of armature resistance and the reactances are defined as were the constants for 
the transformer; 100 per cent field current is that which corresponds to rated 
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voltage on the air-gap line. If the vector diagram for the machine is drawn in 
terms of percentages, e d gives directly the percentage field current necessary. 
If, in any calculation or vector diagram, voltage quantities are expressed in 
volts, rather than in percentages, leg values must be used. 

The equivalent circuit and vector diagram for the synchronous motor are 
shown in Figure 10.6. The vector diagram for the synchronous motor is con- 




Fig. 10.6. Equivalent circuit and vector diagram of the cylindrical-rotor .\vnchr<mou> motor. 

Power faetoi lc leading 


structed in a manner similar to that of the alternator, with the exception that 
all voltage drops are reversed ISO degrees. For the motor, <j always lag' e t ; 
a is the angle by which the rotor drops back because of the load torque. With 
no load connected to the shaft of the motor, the torque angle, a, is practically 
zero. As load is applied to the shaft, the rotor continues to turn at synchronous 
speed, but falls behind its no-load position as was explained in Section b.o. The 
in-phase component of motor current is set by the shaft load requirement. Ad¬ 
justment of the d-c field current, which, in turn, sets the value of t a , controls 
the value of the out-oi'-phase component of armature current. Thus, it follows 
that the power factor of a synchronous motor can be controlled by varying its 
d-c field current. In general, the range of control is sufficient so that the motor 
can be made to operate at either lagging, unity, or leading power factor. This 
characteristic of the machine and, in particular, the ability to operate at a leading 
power factor is one of its more useful features since it can be used to control par¬ 
tially the power factor of a plant. These relations are further discussed in Section 
10.13. 

10.9. Vector Diagram for the Salient-pole Machine. The vector diagram 
for the salient-pole machine is somewhat different from that for the cylindrical- 
rotor machine because of the presence of two components of current and their 
respective voltage drops. These direct and quadrature quantities are introduced 
because of the unlike magnetic reluctances over the poles and in the interpolar 
regions. The vector diagram for the salient-pole machine is the general one, that 
for the cylindrical-rotor machine being but a special case, but the first is con¬ 
structed from the diagram for the cylindrical-rotor machine. We shall draw 
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first the vector diagram for the salient-pole alternator and, later, show the man¬ 
ner in which it is obtained. 

Consider Figure 10.7, for the alternator. Starting with the terminal voltage 
e t as before, the load current is drawn at an assumed lagging power-factor angle, 
6 . This total current is resolved into two components—one which leads to flux 
production in the pole axes and +he 
other v hich yields flux in the quad¬ 
rature axes. They, therefore, have 
components in phase and out of 
phase with c ( j. i,i is that component 
of armature current that results in 
an mmf directly along the axis of the 
field poles and. hence, is associated 
with the direct reactance, xj. To 
the extremity of e t is added the ir drop, not split into components because r is 
the hitmo for both i,i and i q . At right angles with u is drawn idXd, and next, 90 
degrees ahead of i q , is shown i Q x a . The diagram is completed by ed, the 
nominal voltage for the salient-pole generator, and which, carried to the air-gap 
line, determines the field current. The torque angle is a. 

Jn constructing the diagram for the salient-pole alternator, the direction of e,i 
must be known if the components of i are to be obtained. There is a simple and 
direct method for doing this. Consider Figure 10 8a which show's superposed 
diagrams for a machine. It is viewed first as a salient-pole generator, and next 


Fig. 10.7. 


Vector diagram for the .salient-pole 
alternator. 



(a) Superposed diagrams for salient- 
pole and cylindrical rotor alter¬ 
nators 

Fig. 10 8. Construction of vei 



(b) Construction of salient- 
pole diagram from that 
for the cylindrical-rotor 
machine 

diagram for salient-pole alternator. 


as the equivalent cylindrical-rotor generator having the same value of Xd . Load 
conditions, of course, are not to change. The full lines of the figure are for the 
salient-pole machine, and the dotted lines are for the equivalent cylindrical-rotor 
machine. From the geometry of the figure, triangle 1 is similar to triangle 2, 
whence that part of ixd between the outer end of it and the vector ed is ix g 
There is thus afforded a simple method for constructing the diagram for the 
salient-pole machine. To do so, the graph for the equivalent cylindrical-rot or 
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machine is drawn as in Figure 10.8b. On the vector ix d is located the point a, 
distant from the end of ir by the length ix q . The line oa thus gives the direction 
of e d for the salient-pole machine, and its length is determined by dropping a 

perpendicular to it from the outer end of the 
nominal voltage vector, shown now as c d , for 
the cylindrical-rotor machine. e d is the projection 
of e d on the line oa extended, as can be proved 
by geometry from Figure 10.8b. The excitation 
and torque angle for the salient-pole machine tints 
are found directly without recourse to current 
components. 

The vector diagram for the salient-pole syn¬ 
chronous motor carrying current at a leading 
power factor is shown in Figure 10.9. It is con¬ 
structed in the same manner as that for the gen¬ 
erator. but with all impedance drop** reversed. 

From the superposed diagrams, it is clearly shown that the toique angles for 
the two ty'pes of machine may have widely diffeient magnitude**. If j q F about 
50 per cent of x d , the angle for the salient-pole machine will be approximately 
50 per cent of that for the equivalent eyiindrical-rotor machine. This may' be of 
concern in problems involving pulsating loads, oscillatory condition**, transient 
conditions, and calculations on natural frequencies oi sets m which synchronous 
motors are directly' connected to reciprocating machine!y r Practically all wn- 
chronous machines are of salient-pole comtuiction and should so be tieated. 




Fig. 10.10. Numerical example for a salient-pole* alternator. 

10.10. Example. Figure 10.10 shows the \ector diagram for a 25-kva, 220- 
volt, 1,200-rpm, 60-cvcle alternator carrying 20 kva at 0.8 pf lagging. The ma¬ 
chine constants are 5% r, 105 % x d , and 60^ x q . A voltage of 220 volts on the 
air-gap line requires 3.2 amp field current. 

The quantities on the diagram are given in the unit system as decimal frac¬ 
tions of normal leg values on an equivalent line-to-neutral basis. The voltage 
drops in the machine hence are 80 per cent of normal. By r completing the di¬ 
agram, e d is found to be 165 per cent, wiience, from the air-gap line, the required 
field current for this particular load condition is 5.28 amp. The load angle is 
15.3 degrees. 
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As we have just seen, 5.28 amp field current is required under load in order to 
overcome, primarily, the effects of armature reaction and to maintain 220 volts 
at the terminals of the machine. The field current was found from the air-gap 
line because saturation under load is limited as a result of the opposing action of 
the field and armature ampere-turns. At no load, however, the field current is 
taken to the saturation curve (not shown), and 5.28 amp give an open-circuit 
terminal voltage of 253 volts. The voltage regulation of the generator, for the 
particular load and power-factor specified, then is 

253 - 220 

voltage regulation =-X 100 = 15% 


10.11. Power-angle Relations. The vector diagrams give the power-angle 
equations from which can be determined the rotor displacement as a function of 
load, the maximum power which can be delivered and the angle at which it oc- 
cur.s, and the synchronizing torque which is the torque per unit of angular dis¬ 
placement and irt in turn the slope of the power-angle curve. Beyond this, the 
analytical result permits the interpretation of the manner in which certain param¬ 
eters influence the power or the angle. 

Consider Figure 10.0, the vector diagram for the cylindrical-rotor machine. 
Neglecting lesistance, we have from trigonometry, 


from which 


Therefore, 


ixd (j U 


sin a .sin (ISO — 90 + 8 ) cos 6 

(j Mil a 
Jd cos 8 

„ Wd . 

power = e t i cos 8 — — sin a 


( 10 . 2 ) 


With saturation and resistance neglected, the power-angle curve thus is 
sinusoidal, with maximum power delivered when the angle between the terminal 
and nominal voltages is 90 degrees. This is, of course, the limiting angle. From 
zero to 30 degrees the characteristic is practically linear and is the usual operating 
region. Insulation requirements set the terminal voltage of a machine, field 
heating limits e<*, and xj is fixed once the machine is built. The potver of a ma¬ 
chine, therefore, is set within limits by these conditions. 

For the salient-pole machine, Figure 10.7, neglecting resistance, 


Also from the figure, 
and 


pov r er = c t i cos 8 

= c t i q cos a + e t id sin a 

ca = e t cos a + i d xa 

i Q x Q = e t sin a 
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Solving for i d and i q from these last two equations, and substituting their values 
in the equation for power, we obtain 


e t e d . , e t 2 {x d - x q ) . 

power = — sin a H-sin 2 a 

x d 2x d x q 


(10.3) 


Equation 10.3 is the power-angle expression for the salient-pole machine. It 
will be seen immediately that the first term of the equation is that which was de¬ 
veloped for the cylindrical-rotor machine. The second term has no dependency 
upon the excitation, but exists only because of the salient-pole construction. 
It is the reluctance power and. for most machines, depending upon excitation, 
may be a large part of the total power. Note that by letting x d — x q (cylindrical 



Fig. 10.11. Power-angle curve." for a ."alien)-pole .synchronous motor and the equivalent 

cylmdrieal-ro tor machine. 


rotor) the reluctance term disappears, as it should. For general-purpose, high¬ 
speed motors (514 rpm and above*, the torque angle at rated load is approxi¬ 
mately 34 degrees for 1.0-pf machines, and about 28 degrees for 0.8-pf machines. 
These values assume an average x d of 80 per cent and an x q of Go per cent, 
and excitation satisfying nameplate conditions of loading. 

Figure 10.11 shows the power-angle curves for a 0-pole, 435-kva, 0.8-pf, 
1,200-rpm, 2,300/4,000-volt, 3-phase synchronous motor. The comparison is 
pronounced. Both curves were plotted from the last power equation above 
in which only the first term is used to represent the machine as of equivalent 
cylindrical-rotor construction, that is, same x d . The particular values used 
were e t = 1, e d = 1, x d = 1.18, and x q = 0.45, all on unit basis. The power 
equation from these numbers is 

power = 0.847 sin a + 0.087 sin 2 a 

and is expressed as a decimal fraction of rated kva (435 kw at 1.0 pf). The max¬ 
imum load (pull-out) for the given figures is 585 kw and occurs at an angle of 55 
degrees. The displacement at normal load of 348 kw is 22 degrees. 
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If voltages and ohmic values of reactances are used in the torque-angle equa¬ 
tion, they should be leg quantities. The calculated power then is that per leg, 
which, when multiplied by three, will give the total power carried by the ma¬ 
chine. If percentages are used, the calculated power is expressed directly as a 
decimal fraction of the kva rating of the machine. 

Writing the power-angle equation in the manner 

P = A sin a + B sin 2a 

it can be shown readily that the angle for maximum power is a function of the 
ratio A/B. Figure 10.12 shows the general relation between pull-out angle and 



Fig. 10.12. Pull-out torque angle and reluctance torque as a percentage of the total torque 

versus .1 B. 


this ratio. On the same graph also is shown the percentage reluctance torque as 
a function of .4 B. The reluctance torque shown in the figure is a percentage of 
the total torque the machine carries at pull-out. 

10.12. Synchronizing of Alternators: Parallel Operation. Synchronizing is 
that process whereby an alternator or a synchronous motor is brought up to 
speed and then connected in parallel with the other machines on a power system. 
Briefly, the following conditions must be observed for satisfactorily synchroniz¬ 
ing a machine: (a) the incoming machine must have the same voltage as the power 
system, (b) the frequencies of machine and system must be the same, (c) the 
phase sequence of both must be the same, and (dl the voltages of both must be 
in phase when the machine is closed on the line. These requirements should be 
apparent in order that the incoming machine be placed in parallel with the others 
at zero or a minimum disturbance of existing conditions. 

A discussion of the dark lamp method of synchronizing will serve to illustrate 
the principles involved. Figure 10.13 represents a machine brought up to proper 



230 


ELECTRIC CIRCUITS AND MACHINES 


speed and voltage and connected to a power system through lamps, the sum oi 
the voltage ratings of each set of lamps being sufficient to take twice the voltage 
of either the machine or the system. A voltmeter can be used to check the two 
voltages. 

The lamps flicker at the frequency difference of the machine and the system, 
hence no flicker is observed when both have exactly the same frequency. If the 
phase sequence is correct, all lamps flicker in unison at the difference frequency. 
The lamps are brightest when the machine anti system voltages are additive 

across the lamps; they are darkest when the 
two voltages are equal and are in time phase 
with each other. The line switches, therefore, 

may be closed when the two voltages are equal, 
and when all lamps become dark together in 
slowly passing through this dark period. In 
Fig. 10.13. Dark-lamp practice, an alternator is almost ahvavs svn- 
niethod o^synchromzing an chronize(l using a synchroscope, perhaps with 

lamps in addition as a check. 

The prime movers of alternator- in parallel should have the same speed-load 
characteristics and these should be drooping in order that the sets operate stably 
together; that is, an increase in load on one should not permit it to attempt to 
gain speed, thus to pick up more load, with cumulative results. All alternators 
on the same line must ruu at the same frequency, but an attempt by the prime 
mover of one to gain speed for that set will result in an increase in load angle for 
its alternator, a direct measure of the alternator output. An alternator can 
change load only by a change in power input to its prime mover which is deter¬ 
mined by the governor setting of the latter. Although only the governor sotting 
determines the kw output of the alternator, the field excitation controls the re¬ 
active kva which it will deliver, either to the load or by way of circulating cur¬ 
rent among the other synchronous machines on the same system. The over-all 
power factor and the re-ultant reactive kva of the system is set, of course, by the 
system load. The power factor and the resultant reactive kva of a single gen¬ 
erator, in parallel with others, are determined by the amount of field current as 
well as by the kw output. The field current of each generator in parallel with 
others hence should be so adjusted that the alternator will take its share of the 
wattless current required by the system. 

10.13. Power-factor Correction, Voltage Control, and Synchronous Con¬ 
densers. From the discussion on vector diagrams for the synchronous machine, 
it is recognized that given load conditions of voltage, current, and power factor 
require a certain value of field current to produce the nominal voltage cj. If the 
pow T er factor alone is varied, the in-phase current therefore remaining constant, 
the field current required for the motor becomes greater and greater as the pow r er 
factor passes from a low lagging value to a low value leading. Figure 10.14, for 
the cylindrical-rotor motor of zero armature resistance, serves to illustrate this 
point, the above statement holding for the salient-pole motor as well. On the 
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other hand, if the shaft load is fixed and the field current is varied, the power 
factor of the motor automatically is changed in accordance with this principle. 
The out-of-phase component of current is just sufficient in its magnetizing or 
demagnetizing action to provide 
that decrease or increase in excita¬ 
tion lost or gained by the field 
current. Variation in armature 
current with respect to field cur¬ 
rent may be shown by \-curves, 

Figure 10.15. obtained at various 
shaft loads. The minimum points 
on the curves correspond to 
1.0 pf. 

In view of such action, the syn¬ 
chronous motor may therefore be 
operated overexcited (higher field current than needed for 1.0 pf) to draw leading 
reactive current, as well as in-phase current for its load. The machine thus 
slid to function partly as a synchronous condenser, and in so doing it can assist 
in power-factor correction by compensating for the lagging reactive current 
taken by neighboring inductive apparatus. Most general-purpose synchronous 
motors are designed for 80 per cent leading power factor for exactly this form 
of operation. They also can be run as synchronous reactors, drawing lagging 
current when the excitation is below that required for 1.0 pf. Field heating 
limits the leading power factor of general-purpose motors. 

Many large machines are designed to function solely as synchronous con¬ 
denses or reactors. They have smaller bearings, since shaft load is absent, draw- 

only a small energy component of current 
to supply their running losses, and are said 
to “float” on the line. Under such oper¬ 
ation, however, they act primarily as volt¬ 
age regulators. If the field current is set 
for a given terminal voltage at a load center 
and with no circulating current (cj = c t ), 
any increase in line voltage automatically 
becomes an underexcited condition for the 
machine. It then draws lagging current 
through the power lines from the supply, 
introducing a reactive drop in the lines 
which serves to maintain the initial load 
voltage. It will be recalled from studies 
on 1-phase circuits that a lagging current 
drawn through an inductive reactance lowers the voltage at the load end of 
the line, whereas a leading current drawn through the reactance can raise the 
load voltage to a value above that at the generating end. These principles are 



Fig. 10.15. Y-curVes for a synchronous 
motor. 
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Fig. 10 14. Relation between field current (ej), 
and power factor for the synchronous motor. 
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utilized in synchronous condenser or reactor operation. A 25,000-kva synchro¬ 
nous condenser, for example, can carry from 25,000 kva leading (overexcited) 
to 15,000 kva lagging. Under this latter condition, the field current is zero 
and the machine runs on reluctance torque. 

10.14. Starting Synchronous Motors. Synchronous motors do not have 
inherent starting torque. A synchronous motor may be brought up to speed 
by an auxiliary machine, synchronized as an alternator, and the auxiliary ma¬ 
chine then disconnected from its power supply. Most synchronous motors, 
however, are equipped with squirrel-cage windings for starting, these grids sur¬ 
rounding and being rigidly connected to the field structure. Such a winding is 
composed of many brass or copper bars placed in slots along the pole faces and 
running parallel with the shaft. Copper or brass rings at both ends of the rotor 
completely short-circuit the winding. 

Because of the revolving field of armature reaction, voltage applied to the 
stator gives rise to induced voltages and currents in the squirrel-cage winding. 
The resulting torque thereby produced in the air gap forces the rotor to follow 
the revolving stator field, thus bringing the machine to a speed near synchronism. 
If field current then is applied to the motor, it will pull into step with proper 
polarity between stator and rotor magnetic poles. Whether a motor may be 
started on full voltage or must be started on reduced voltage depends generally 
upon the size of the machine, the inertia of all moving parts, any connected 
shaft load, and limitations on fluctuation of line voltage caused by high starting 
currents. In some cases, shaft loads can be reduced during starting, an advisable 
procedure when possible since the starting torque is usually much less than the 
torque that can be produced at synchronism. 

Small motors may pull into synchronism at reduced voltage with no shaft 
load, or at full voltage with some shaft load, on reluctance torque alone without 
the application of d-c to the field coils. As indicated previously, reluctance tor¬ 
que is due solely to the induced magnetism in the rotor poles by virtue of the 
stator revolving field. If the rotor is sufficiently close to synchronous speed, the 
stator mmf may have time to magnetize, the rotor with fixed polarity and force 
it into step immediately. Once in synchronism, it is an even chance that the 
applied d-c excitation will give the same polarity to the rotor structure as it had 
previously by induction from the stator. If not, the rotor will “slip a pole,” 
that is. will drop back one pole position and then run in synchronism. Obviously, 
a synchronous motor will not have to slip a pole if brought into synchronism by 
field excitation. 

During starting, the field circuit carries no d-c current. If the coils are closed 
on the excitation system, a high induced field current will flow because of trans¬ 
former action and may prevent the revolving field from reaching the rotor. At 
starting, the field circuit is usually closed through its own discharge resistor. 
A high induced voltage that otherwise would exist at the field terminals is thereby 
eliminated, and, further, the field circuit also can contribute some torque along 
with the squirrel cage, this component of torque increasing as the slip decreases. 
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The maximum speed reached during the starting period by torque action of all 
closed rotor circuits depends upon the shaft load and the inertia of the moving 
system. When excitation is applied to the field circuit, the motor must have a 
“pull-in torque” greater than the reactive shaft torque in order that the machine 
synchronize. Pull-in torque is defined as the maximum constant torque under 
which the synchronous motor will pull into step at normal voltage and fre¬ 
quency when d-c field current is applied. Connected loads, such as fans, that 
increase considerably in their torque requirements as speed is increased will neces¬ 
sitate higher induction-motor speeds before field excitation is applied so that the 
pull-in torque of the machine will be sufficient to bring it into synchronism. 

Both the starting torque and the pull-in torque of general-purpose, high¬ 
speed synchronous motors designed for 1.0-pf operation are to be a minimum of 
110 per cent of full-load torque. For 0.8-pf motors the minimum value for these 
torques is 125 per cent. It is understood that starting is to be at rated voltage 
and frequency, and that normal field current is to be applied at the time of pull- 
in. In general, the value" given apply to all sizes of motor. Slow-speed motors 
have a darting torque in the region of 40 per cent, and about 30 per cent pull-in 
torque. 

10.15. Hunting of Synchronous Machines. The starting windings of the 
motor ako serve to reduce, or to eliminate in many instances, oscillations of the 
rotor, or hunting. The causes of oscillations may be change of load, pulsations 
produced by the type of load (reciprocating machinery, for example!, electro¬ 
mechanical characteristics of the machine, or line disturbances. The oscillations 
are "uperimposed upon the average running speed, and hence lead to induced 
voltages and currents in the squirrel-cage winding which react to reduce the 
amplitude of the rotor swings. Because of their action, these grids are often 
called amortissour. or damping, windings. Oscillations also may be reduced 
within limits by increasing the moment of inertia of the rotor (greater WR 2 \ 
perhaps through the addition of a flywheel. 

Alternators sometimes hunt because of poor governor control on the prime 
mover. Prime motors, such as gas engines, which produce periodic impulses 
require properly damped and not overly sensitive governors to minimize rotor 
swinging. Although generators may carry damping grids to reduce oscillations, 
the amortissour windings usually are not so strong as those for synchronous 
mot ors because t hey do not have to be used in starting. In addition to the damp¬ 
ing action of pole-face windings, iron losses in the pole faces of the synchronous 
machine, caused by the relative motion of flux across them under oscillations, 
also lead to some damping effect. 

10.16. Application of Synchronous Motors. Synchronous motors have been 
built for commercial application since about 1893. The first machines had re¬ 
volving armatures, but since 1898 that type has given way to those having re¬ 
volving fields. Although the first motors were not self-starting, induction-motor 
starting windings quickly came into use, and all synchronous motors now are 
equipped with them. Machines for general use are available in standard line 
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designs from about 20 hp to 7,500 hp. The largest yet built have ratings of 10,000 
hp, or thereabout, but 62,500-hp synchronous motors are proposed for the pump¬ 
ing installation at Grand Coulee, Washington. Synchronous condensers, of 
course, have been built for many years with ratings as high as 60,000 kva, but 
they carry no shaft loads and, because of their particular application, are apart 
from the discussion here on the synchronous machine as a driver. Standard 
frequencies are 25, 40, 50. and 60 cycles, and standard voltages range from 220 
to 13,200 volts, in general. Only a few motors of higher voltage have been built 
because of insulation problems and cost. Only three and two phases are found. 
There are no single-phase synchronous motors, unless one includes the tiny 
reluctance-torque machines. 

Factors of concern in applying synchronous motors are starting requirements, 
speed, overload, capacity, power factor, and efficiencv. Starting torque demand" 
vary widely, from 30 to 200 per cent of full-load torque, depending upon the 
particular job to be motorized. The starting torque of the mutoi must be suffi¬ 
cient to overcome static friction and to accelerate the rotor. It al"<> may have 
to provide for an inertia load or to bring up t o speed an active load. A" ah eadv 
stated, the general-purpose motor pioduce- both a starting toique and a pull-in 
torque somewhat above 100 per cent of full-load toique, the motor being biought 
to about 95 per cent of synchronous speed before d-c excitation i" applied. A 
few applications—-fans, for example—may require a much lover "lip befoie the 
motor can pull its load into synchronism. 

Low-speed synchronous motors develop much le-- starting and pull-in torque 
than do high-speed machines and will draw from tvo to three times noimal eui- 
rent when started on full voltage. They are started usually on full voltage, if 
the inrush current is permissible for the system, because of their relatively low 
starting torque. The power factor at starting also is low. perhaps 25 per cent. 
Some motors have amortisseur windings of double squirrel-cage construction so 
as to give them a better developed torque. 

At synchronism, the synchronous motor xx ill carry an increas'd "haft load up 
to a maximum called the “pull-out torque” at which the motor stalls. Pull-out 
torque is the maximum sustained torque the motor vill produce for one minute 
under normal voltage, frequency, and excitation. For the general-purpose, high¬ 
speed motor, the pull-out torque is a little better than 150 per cent for 1 0-pf 
motors and is about 200 per cent for 0.8-pf machines. Many motors have higher 
values, and it should be fully realized that in any application the motor xxill be 
designed for the requirements of the job. Values given here are merely of a rep¬ 
resentative nature. The power angle at pull-out is approximately 80 degrees for 
all general-purpose machines. 

Speeds of synchronous motors vary from 72 rpm or somewhat less, depending 
upon the number of poles and the frequency, to 3,600 rpm. Because of the dif¬ 
ficulties in rotor construction, the cost of the high-speed motor is considerably 
higher than that of those having low' speeds. Commercial machines are not 
built for 3,600 rpm below 250 hp in size. A great number of loads are inherently 
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of low-speed character, and the synchronous motor has a distinct advantage 
here over other types of drive. Absence of gearing and belting decreases cost, 
saves space, and gives a better over-all efficiency. Again, the synchronous 
motor is truly a constant-speed machine and is used for drives in which no 
speed regulation is desired. The maximum output of many types of load is 
obtained at rated speed, and in these cases synchronous motors lead to an in¬ 
creased output. 

For machines having high horsepower ratings and low speeds, the cost of the 
synchronous motor, even including the cost of the exciter, may be less than that 
of the squirrel-cage induction motor. The synchronous motor takes none or 
but a part of its excitation from the a-c lines, whereas the induction machine 
draws all of it'' excitation from the 'tator supply. The synchronous motor, 
therefore, utilizes to a greater extent than the induction motor the material built 
into it, and the ratio of pow er to volume is higher. The rotor structure of the 
synchronous motor, however, is more complex than that of the squirrel-cage 
machine. 

The power factor of the synchronous motor is controllable by field current ad¬ 
justment. and hence the machine can correct power factor as well as carry shaft 
load. Standard motors are designed for either 1.0 or 0.8 leading pf. although a 
greater react he kva can be carried by decreasing the active load. A motor of 
higher rating F purchased if a given hoisepower load is to be carried and the 
power factor is to be less than 0.8 leading. Power-factor correction results in 
savings on the power bill, releases kva of the system for active energy, means a 
lower imestment in apparatus and wiring, and yields better voltage regulation. 
Fffieiencio" of synchronous motors are high—in the range of 90 to 96 per cent. 
In general, tho\ are better than those of other types of driving machines and 
represent considerable savings. 

Synchronous motors find application in a great many fields, and others are 
continually appearing. In a large number of instances, because of better effi¬ 
ciency and because of pow ci-factor control, they are displacing other types of 
motors. In many ca^e-, they are replacing other motors so as to release capacity 
in generating, transmission, and distribution equipment. Without going into 
details on specific applications within the fields of use, they are found in ball, 
steel, lumber, pulp and paper, flour, and rubber mills, and in cement plants. 
One of the first applications, that of driving compressors of various sorts, lias 
been extended and they are now connected to fans, blowers, mixers, crushers, 
grinders, and pumps as well. They are a standard drive for shovel sets, and they 
always have had wide use as motors in motor-generator sets because of their con¬ 
stant speed. 

Small reluctance-type synchronous motors, from \ to 15 hp, have salient-pole 
rotor bodies with squirrel-cage windings. They start as induction motors, pull 
into synchronism on reluctance torque, and pass to induction motor operation 
when the load becomes high. Commercial application is limited, and they are 
used chiefly for governor control on water-wheel generators. 
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Problems 

1. A Y-connected, 100-hp, 440-volt, 1,200-rpm, 60-cycle, synchronous motor gives 
the following test data at full load: 440 volts, 106.5 amp, 1.0 pf, stator core loss of 2,270 
watts, d-e field excitation of 8.3 amp from a separate 220-volt supply. r a = 0.084 ohm 
per leg. 

(a) Determine the windage and friction losses. Draw a power flow diagram (refer to 

Figure 11.1) and on it show the values of input, output, and each loss. Calculate 
the efficiency including the field power as part of the input power. 

(b) A no-load test is made with the field excitation adjusted for unity pf. Calculate 

the a-c power input and the line current (assume the no-load core loss is 80^ of 
the value at full load). 

2 . A 3-phase cylindrical-rotor synchronous motor is rated 100 lip, 440 volts, 131 amp, 
60 cycles, 1,200 rpm, 0.S pf (leading). A field current of 6 amp produces rated \oltage on 
the air-gap line, xj = 120% and r a — 1.6%. Calculate the Inflowing, number of poles, 
efficiency for full load at 0.8 pf (exclude field power), Xd and r a in ohms, the armature 
copper loss for half rated current. 

3 . For the motor of problem 2, draw the vector diagram for rated conditions (O.s pf 
lead) and determine the torque angle ami the required field cun out. Express the toique 
angle in mechanical degrees. Repeat for a line current oi 65 amp at 0.8 pf lagging, 
calculate the individual readings of two wattmeters used to measure input power. Repeat 
for a line current of 52 amp at unity pf. 

4 . The motor of problem 2 is carrying no diaft load (looses may be neglected in this 
problem). The field current is set at 9 amp. Calculate the line current, kva, and the 
power factor. Repeat for a field current of 4 amp. 

5 . A Y-conneeted cvlindrical-rotor machine has a rating of 100 kva, 440 volts, 1,200 
rpm, 60 cycles. The synchronous reactance, xj, b 2.13 ohms, and the armature icM^tance 
is negligible. A d-c field current of 10 amp produce^ 410 \oit^ between torminab on the 
air-gap line at no load. Calculate Xd in per cent. For geneiator operation, with terminal 
voltage of 440 and 90 amp line current, draw' the vector diagram** and determine the 
required field excitation for each of the following power factoid unity, 0> leading, and 
0.8 lagging. Calculate the field current required to produce rated current on a short- 
circuit test. 

6 . The machine of problem 5 is used as a synchronous motor and b carrying 9s amp 
at 0.8 pf leading. Draw' the vector diagram and from it determine the torque angle and 
field excitation. Calculate the power output (consider machine losses negligible) lining 
both expressions of equation 10.2. For the motor drawing 50 ku and a field excitation 
of 15 amp, calculate the torque angle; draw the vector diagram and from it determine the 
line current and power factor. 

7 . A synchronous machine requires 12.2 amp field current for rated terminal voltage 
on the air-gap line at no load. 14.4 amp field current produces rated armature current 
on short circuit. Calculate Xd in ohms and in per cent. 

8 . An oscillogram for a slip test on a Y-connected, 3-phase, 25-kva, 220-volt, 1,200- 
rpm, 60-cycle alternator shows the following results as mis values: 

Cmax line-to-line = 203 volts e min linc-to-line = 183.5 volts 
“fimn ^ 5/ .5 amp bn.ix “ 91 amp 

Calculate Xd and x q from this analysis. Express in ohms and per cent. 

9. A 3-phase, 440-volt, 40-hp, 44.5-amp, 1,200-rpm, 60-cycle synchronous motor has 
an armature resistance of 7.1%, an Xd of 104% and an x q of 56.5%. Calculate the ohmic 
values of these quantities. 
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10 . A 3-phase, Y-connected, 220-volt, 7.5-kva, 1,200-rpm, 60-cycle, salient-pole alter¬ 
nator gives the following test results (voltage is measured between terminals): 

(a) 220 volts, i = 21.4 amp, 1.0 pf, motor operation. 

(b) 220 volts, i — 18.2 amp, 0.8-pf lagging motor. 

(c) 220 volts, i = 22.2 amp, 0.8-pf leading motor. 

(d) Repeat (c) for a terminal voltage of 176 volts. 

(e) 220 volts, i — 17.1 amp, 0.8-pf leading generator. 

(f) 220 volts, i = 22.4 ainp, 0.8-pf lagging generator. 

r a = 0.288 ohm per leg, x d = 5.35 ohms per leg, x q = 3.0 ohms per leg. 3.32 amp field 
current produces 220 volts between terminals on the air-gap line at no load. Compute 
the excitation and torque angle for these loads. 

11. The alternator of problem 19 is carrying a 1.0-pf generator load at rated voltage 
and with a 30° torque angle. What is the field excitation and the generator output? 

12. What is the* load and what is the torque angle for the alternator of problem 10 if 
it is carrying an O.S-pf leading load at rated voltage with minimum field current? 

13 . A circulating pump is to be driven by a 3-phase. 2,300-volt, 500-hp, 125.5-amp, 
0.8-pf, 900-rpm synchronous motor so as to allow* for pow*er-factor correction during the 
daytime. The pump load in terms of motor input is 400 kw r , and operation is 24 hours 
per day. 1.0 pi is held at night and 0.8 pf leading during the day. Over what range in 
ohms must the external field resistance be varied if the source of field voltage is 125 volts? 
2.300 ^>lt- at no load on the air-gap line requires 12 amp field current. The field coil 
resistance ^ 4.5 olum and x d = 110%. Neglect r a and x q . 

14 . A synchronous motor has an x d of 80% and an x q of 60%. What is the effect on 
the motoi ii the field-circuit resistance is doubled w*hile the motor is carrying full load at 
1.0 pi? 

15 . A- a motor, the machine of problem 10 is carrying 19.8 amp at 0.8 pf leading. 

(a) What is the armature current if the load is dropped? What is the kva? 

(b) What is the armature current ii the load is dropped and the field switch opened? 

\\ hat is the kva? 

(c) What change in excitation is required from no load, 75% kva, 0 pf lagging to no 

load, 50% kva, 0 pi leading? 

Neglect r a in this problem and make calculations as though the motor had a cylindrical 
rotor. 

16 . Why does the overexcited synchronous machine have a smaller torque-angle and 
a higher bieak-down torque than the 1.0-pf machine? 

17 . \\ hat maximum power can the machine of problem 10 carry if the field current is 
fixed at 4 amp? What will be the torque angle, the armature current and the pf? Neg¬ 
lect r a . 

18 . Calculate the torque angle for the case (b) of problem 10 with r a neglected and 
using the calculated value of excitation. Assume the same power input. 

19 A 500-hp, 1,200-rpm. 440-volt, 60-cycle, 0.8-pf synchronous motor has an x d of 
105% and an x q oi 60%. What is the synchronizing torque per mechanical radian dis¬ 
placement at lull load? 

20 . In a book on electric motors, the statement is made that “an 0.8-pf synchronous 
motor operating at rated load will supply more reactive kva to the system than will a 
1.0-pf motor at partial load or even no load.” Assuming cylindrical-rotor construction, 
and x d — 80%, calculate the leading kvar (reactive volt-amperes) draw*n at no load by 
each of these two types of motor. Express this kvar as a percentage of rated kva. From 
the comparison, would you consider it advisable to purchase a 1.0-pf motor to correct 
power factor at Up lit loads? 
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21. While operating under load, the field current of a synchronous motor is increased 
20%. State the effect upon the following quantities, and give the reasons: 

(a) speed (d) line current 

(hi load (e) torque angle 

(c) power factor (f) efficiency 

What is the effect on the above quantities of decreasing the shaft load on the motor? 
Of decreasing the frequency 5*7 ? 

22. A synchronous motor driving a pump and running at 75*7 rated hp load is to have 
its power factor adjusted to 0.8 leading. State the manner in which you would make the 
adjustment, using only the switchboard ammeter for line current to indicate the correct¬ 
ness of your steps. What precaution must be observed if the motor is to be run under¬ 
excited? 

23. What is the effect in attempting to start a synchronous motor with the field-circuit 
energized? Would the magnitude of the field-circuit resistance qualify your answer? 
What are the effects on starting a synchronous motor with the field circuit open, with 
it short-circuited upon itself, or closed through a discharge resistor? What conditions 
require reduced-voltage starting? 

24. Under what conditions of load would the addition of a Awheel to a synchronous 
motor be an advantage? Give one or two applications of this. Gh e one or two applica¬ 
tions in which a Awheel would be a disadvantage. What problems are attendant upon 
the use of a Awheel with a synchronous motor? 

25. A plant ha* a present load of 390 kw at 00*7' pf lagging and is to be enlarged by 
the addition of 100 kw carried by synchronous motors running at O.s-pf leading. Will 
the new kva taken by the plant be within the initial value? What added kva in capaci¬ 
tors are required to bring the over-all power factor to 85'? If 0 8-pf synchronous motors 
are added to the initial plant load to the extent that they bring the over-all power factor 
to 85*7, what kva in capacitor* will be required to keep the plant within the initial k\a? 
What kva and kw will be carried by the synchronous motor*? 

26 . The transformer bank supplying a plant carries rated Uva for an average loading 
of 800 kw at 707c pf lagging. It is desired to add motor load* of 250 hp to care for new 
requirements in the plant. If synchronous motor* having an average efficiency ot 93* 5 
and running at 0.8 pf leading are used as the driving machines, what further stop mud 
be taken so as not to overload the supply system? What added kw load could the supply 
transformers carry, and what would be the associated cost at $12 per k^a of capacitors 
installed? 

27. A 500-hp load of induction motors is operating at 70*7 pf lagging on a 4,000-voIt, 
3-phase circuit. The average efficiency is 85*7. Give the voltage, current, and kva 
rating of the synchronous condenser required to raise the power factor to 85*7. 

28 . What kvar are required to correct a 3(>0-kw plant load from 00* < to S5 r \ pf? 
Assume an 0.8-pf synchronous motor having an xa of 100*7 ^ installed to correct the 
power factor to 85* [ when carrying no shaft load. What should bo the kva rating of the 
motor? Sketch the kva locus of the motor from this power factor angle of 90° leading 
to full kva at 1.0 pf. To what maximum value can the motor correct the plant power 
factor, and what kw are carried by the motor at that point? Wlmt maximum kw can 
the motor carry and correct the plant power factor to 85( [ ? 

29 . A 200-hp induction motor costs $1,550 list price. An 0.8-pf synchronous motor 
which can replace the induction machine costs $2,200. What is the approximate invest¬ 
ment in dollars kvar for the synchronous motor? What advantages or disadvantages 
does the leading-power factor synchronous motor have with respect to the induction 
motor and static capacitors? 

30 . A 15.000-kva synchronous condenser carries 10,000 kva at rated terminal voltage 
and with zero field current. What is the percentage x<i for the machine? S:ate quanti- 
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tatively the effect of increasing the field-circuit resistance 25% with the machine initially 
operating under nameplate conditions. 

31 . A 25,000-kva, 11,000-volt synchronous condenser has a ratio of no-load field cur¬ 
rent at rated voltage to full-load field current of 0.4 to 1. During light loads on the sys¬ 
tem it is desired to run the condenser at lagging power factor. What maximum lagging 
kvar can it carry if the terminal voltage is 12,000 volts? Neglect saturation. 

32 . When an alternator, which is to be connected to a system to run in parallel with 
other generators, is first installed, it is “phased out” so that its phase sequence at all 
times in the future will be that of the system. What schemes can you suggest to check 
the phase sequence? State t 1 e manner of each form of test, sketch the circuits, and list 
the test apparatus required for each. 

33 . In synchronizing a 3-phase alternator, using a 3-blade switch with a set of lamps 
across each blade and associated clip, what is the ratio of the maximum effective voltage 
on each set of lamps to the system voltage? Assume generator and system voltages to 
bo equal. What is the maximum percentage effective voltage across each set of lamps 
shown in Figure 10.13 of the book? For these cases, state your conclusions on the voltage 
ratings of the lamps you would select. 

34 . What are the conditions requiring the use of 3 lamp circuits in synchronizing a 
3-pha^o alternator, and those permitting the use of 2 lamp circuits or only one lamp 
circuit? F"ing 3 lamp circuits, what is the effect of interchanging the leads to 2 of these 
circuits, either on the generator side, or on the system side, of the switch? Are there 
any advantages in Mich a scheme? 

What i- the inherent disadvantage of synchronizing using lamps when but one or 
2 lamp circuit" are used? 

Can \oltmeters be used in place of lamps? If not. why not? If so, are there any 
ad n ant ages or disadvantages? 

35. t’ndcr what condition can a single-phase synchroscope be employed in .synchroniz¬ 
ing a 3-phase alternator? Which of the requirement^ in synchronizing will be indicated 
by the "ingle-pha-u "Viiehro"Cop<\ and which will not? 

In practice, a single-phase synchroscope together with one set of lamps usually is used 
in synchronizing 3-phaso machines. What is the advantage of using both synchroscope 
and the "et oi lamp"? 

For a 3-phase alternator, employing a single-phase synchroscope together with one 
set of lam})", sketch the circuits when instrument transformers are required because of 
high "V"tcm \i>ltagO". Sketch the circuit in which 2 transformers with one lamp can be 
used. Is the knowledge of transformer polarity essential in connecting this circuit? Can 
you suggest the manner of building a special single transformer with only one lamp for 
indications on synchronizing? (This transformer would have to be the equivalent of 
2 traiHfonr.erO 

36 . Two alternators having identical ratings are operating in parallel. If the speed 
regulation of one prime miner is 4 r [ and that of the other is 6 r (l what will be the relative 
kw load on each machine for n given total load? 

37 . Two alternators in parallel supply the charging current of a long transmission line. 
Will there be any change in teiminul voltage of the remaining generator if one of them is 
disconnected from the line? Why or w r hv not? 

38 . What are the effects of varying the field current of a single alternator that is 
supplying power (a) to a group of non-motor loads? (b) To a single synchronous motor 
having a fixed field excitation? (c) To a single synchronous motor in which the excita¬ 
tion can be altered at wall? (d) To combined lion-motor and synchronous-motor 
loads? 

Follow^ through the reasoning for the case of 2 alternators working in parallel and 
supplying the above types of load. Consider the cases of an increase in excitation on 
both generators, a decrease in excitation on both, and an increase of excitation on one 
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but a decrease of excitation on the other. With several alternators in parallel and no 
connected load, what is the effect of changing the field current on any one of them? 

For the types of load given above, what factor or factors determine the power factor 
of a single generator? The power factor of a single generator working in parallel with 
another or with several others? The over-all power factor of a system between 2 or more 
parallel generators and the combined loads? 

39 . On many ships, a single 3-phase alternator supplies the power to a single synchro¬ 
nous motor for propulsion. What basic problem is involved in connecting the motor to 
the generator and bringing it up to speed? Suggest the manner of performing this opera¬ 
tion as smoothly as possible. 

40 . A manufacturer of electrical and mechanical equipment wished to make efficiency 
tests on a line of turbogenerators rated *500 kw, 230 400 volts Y, 1.000 rpm, 30 cycles. 
Tw> wattmeters were used for the electrical measurements, each instrument rated 
2.3 5 amp f '100 200 volts, with 500 watts full-scale graduation and a multiplying factor 
of | for simultaneous connections to both low ranges. The wattmeter* had a 200^ 
maximum rating for the current coils and a 150 r ^ maximum rating for the potential 
circuits. One wattmeter, having resistances of 4,592 and 9,181 o\iiw> for its potential 
circuits, was used with a 300 600-volt multiplier having a resistance of 3,100 9,308 ohms. 
The second wattmeter, having resistances of 4,958 and 9.917 ohm*, was used with a 
multiplier with a resistance marking of 3,125 9,375 ohms. For rated kw at 400 v>lts, 
the load being a water rheostat, what should be the watt* indication on the^e two instru¬ 
ments? The current transformers had 5-amp secondaries. 

41 . At a cost of $15,000, a paj>er manufacturing plant substituted synchronous motors 
for some induction machines, and replaced the squirrel-cage rotors in others by salient- 
pole rotors in order to improve power factor. For a yearly saving of $1,200 bocau-o «»f 
decreased losses, and a decrease of $3,000 per year because of better power factor, calcu¬ 
late the percentage return on the investment. 

42 . What factors can you mention which might influence a decision in correcting the 
power factor of a plant or a system to a given value? What factor*- can you mention 
which might be weighed in considering capacitors or synchronous condenser^ lor power- 
factor improvement? How do the number ot hours of yearly operation of a plant affect 
the investment return on changes made or equipment purchased to improve power i'actoi? 

43 . An increase in plant load of an industrial concern call* al-o for 250 kva of conec- 
tive apparatus in order to keep within the rating of the supply transtonnc r*-. IYr the 
following data, compare the cost of capacitor and synchronous-condenser installations 
on the basis of a 20-year life: $17 per kva for capacitor-, $8 per kva for the synchronous 
condenser, losses of \ c ' f c and 59c- respectively, 0.7 cent per kwhr energy charge, 8,500 
hours per year operation, 10^ fixed charges not including amortization of equipment. 

44 . Because of extremely low* power factor throughout the system, 1,800 kva total 
of corrective capacity is required by a small power company to impiou* iN operation. 
What major factors stand in favor of capacitors at the load centers rather than synchro¬ 
nous condensers, or rather than a single synchronous condenser at the generating station? 

Assume that the cost per kva is $15 for capacitors, $7 average for several small synchro¬ 
nous condensers, and $5 for a single 1,800-kva unit; that losses are 0.2 r r \ 59c, and 49^, 
respectively; that energy costs 0.4 cent per kwhr; that the corrective equipment is on 
the line 24 hours a day; and that the yearly .savings in transmission losses akme is $2,000. 
By what annual amount is one of these investments favored over the others? For a 
fixed charge of 159£. how do the capitalized savings of the favored investment compare 
with the difference in purchase prices? What additional factors, not yet considered, 
make power-fa (dor improvement of greater value than shown by any of the above calcu¬ 
lations? If these last factors represent a yearly saving of $400, what is the yearly return 
of total savings on the purchase of capacitors? 
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If power-factor improvement adds 1,000 kw to the generating apparatus, what is the 
cost per kilowatt of this increased system capacity? 

46 . A 400-hp, 2,300-volt, 1,200-rpm, 60-cycle synchronous motor drives a d-c genera¬ 
tor supplying 250 kw at 500 volts to a resistance load. If the motor is disconnected 
from its supply, in what approximate time will the set drop to 20% speed? The set has 
a TIT? 2 of 2,500 lb-ft 2 , the generator carries constant field current, and 40 kw of normal 
rotational losses of the set are assumed to vary as the square of the speed. What elec¬ 
trical angle will the motor have lost with respect to the supply system in 0.25 sec? WTiat 
is the per cent slip of the motor at the end of 0.25 sec? W T ould you expect the motor to 
pull into synchronism if the -apply switch were closed at this time? 

46 . A 3-phase, 250-hp, 120-rpm, 2,400-volt, 60-cycle, 1.0-pf synchronous motor drives 
a compressor. Xd = 120%, x q = 80%, and full-load efficiency is 92%. Assuming 3% 
of the losses within the stator, calculate the synchronizing torque in the air gap of the 
motor in pound-feet per mechanical radian displacement of the rotor. If the squirrel- 
cage windings produce 40% of rated torque at 95% synchronous speed, calculate the 
damping torque in pound-feet per mechanical radian per second slip of the rotor with 
respect to the stator revolving field. Calculate the polar moment of inertia in mass 
units for the set if the total 117?-, including a large Awheel, is 250,000 lb-ft. 2 Write the 
general torque equation for the set with displacement angle a as the dependent variable. 
From the coefficients of the left-hand members of this equation, calculate the natural 
frequency of oscillation of the rotor. Assume that rotor oscillations have no effect on 
line frequency or voltage. 

47 . If damping torque of the amortisseur winding- is neglected, show that the approx¬ 
imate natural frequency of oscillation f,. of a synchronous motor connected to a large 
system is 




cycles i>er second 


where N is rated speed in rpm, f is line frequency, and P, is the synchronizing power in 
kilowatts per electrical radian displacement at the operating point. 



CHAPTER XI 


POLYPHASE INDUCTION MOTORS 

11.1. Introduction. In 1888, Ferraris of Italy found that a copper cylinder 
suspended between two coils placed at right angles with each other was set into 
rotation if alternating currents of the same frequency but of different phase were 
sent through the coils. The explanation that he gave was that the resultant 
field of the tv o currents revolved around the common center-line of the coih 
and, by means of eddy currents created in the copper, dragged the cylinder after 
it. At about the same time, independent investigations by Tesla in the United 
States led to similar results, his practical development being the induction motor. 

The induction motor is an application device, its function being almost wholly 
that of a driver for general-purpose use. It is the most serviceable of all elec¬ 
trical machines and, because of simplicity, reliability, ruggedness, and low cost, 
it long ago took the lead in the field of motive power for needs other than voltage* 
generation. Industrial requirements are Mich that polyphase induction motors 
alone are built in sizes ranging from b hp to the large 22,500-lip drivers installed 
in some airplane carriers. Ratings of induction units in frequency sets have 
reached 37,500 kva. 

The enormous total amount of electrical energy which this type of motor 
utilizes has made it one of the greatest factors in the development of the a-c 
system. The invention of the induction motor wais the practical fulfillment of 
the desire for an a-c machine that would compete with the d-c shunt motor and 
wdiich would give, because of its powder requirements over the middle of the day, a 
more uniform electric pow'er demand on generating stations. The universal 
employment of the induction motor and the several outstanding applications of 
physical principles which it embodies make a brief study of the machine of con¬ 
siderable value, particularly to one interested in application of electric circuits 
and machines. 

11.2. Elements of Construction. Three-phase machines are by far the most 
common of polyphase induction motors, hence only this type will be discussed 
here. All are practically alike in performance, and what is said of the 3-phase 
motor applies to the others except for a few r details. Mechanically, the induction 
motor consists of a cylindrical body called the rotor separated by a relatively 
small and uniform air gap from the surrounding stator. The rotor core is similar 
to the core of the d-c armature, and the stator is like that of the synchronous 
machine. Both rotor and stator are built of thin laminations of sheet steel so 
as to reduce iron losses. 

As with practically all machines, the induction motor has two electrical cir- 
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cuits—the stator and rotor windings—and one magnetic circuit common to 
them. What has been said previously on armature windings for the a-c machine 
applies to the induction machine. With a 3-phase voltage impressed, the winding 
gives rise to a revolving field in the air gap, identical to that in the synchronous 
motor. An interchange of any two line leads reverses the direction of rotation. 
Instead of fixed rotor poles following the stator field, however, induced poles on 
+he rotor provide the force action. 

Rotor windings may be of either two types—squirrel-cage or wound. In the 
squirrel-cage tj'pe, hea^y Dars of copper, brass, or aluminum are placed in longi¬ 
tudinal slots in the rotor iron, the ends of the bars being joined by end rings. 
The starting, amortisseur, or pole-face windings of the synchronous motor are 
merely variations of the induction motor squirrel cage; they are lighter, however, 
hecause they are not required to carry running loads. In the second type (wound- 
rotor), the rotor winding is composed of coils made similar to those on the stator. 
The winding of the wound-rotor motor must have the same number of poles as 
the stator and usually is wound for the same number of phases although the latter 
is not necessary. It may be connected Y or delta, the first predominating. The 
three winding terminals are brought out to slip rings &o that a variable resistance 
can be inserted in the circuit, as will be discussed later. 

All rotor windings must be closed, either upon themselves or through some 
small external resistance, in order that currents flow' and torque be developed. 
The rotor has no electrical connection to the stator, and no vohages are applied 
to the rotor windings under usual operation. Electrically, the squirrel-cage and 
wound-rotor windings are equivalent. The squirrel-cage machine is more 
rugged, is more adaptable to service in which dust or fumes may be present, 
and costs less because of the absence of slip rings and because of the lesser require¬ 
ments in rotor construction. 

11.3. Rotor Motion: Slip. W'e already have discussed somewhat the manner 
in which the revolving stator field causes the rotor to follow it. Referring to 
Figure 8.8, the moving air-gap flux induces voltages in the rotor bars in such 
directions that the resultant currents are into the paper over those regions under 
the stator north poles, and out of the paper under the stator south poles. Hence 
there will be a decrease of flux on the forward side of the rotor conductors, and 
an increase of flux on the far side. Motor action, therefore, takes place, and the 
rotor moves in the direction of the stator field. 

A second explanation, again coming from first principles in physics, is that the 
rotor currents will produce alternate magnetic poles on that body but in the 
regions between the stator poles. As can be observed from Figure 8.8, the rotor 
poles will lie ahead of the stator poles of like polarity. Mutual force action 
betw’een rotor and stator poles thus results in counterclockwise motion ot the 
rotor of Figure 8.8. As already indicated, induction-motor action i& analogous 
to the action of the friction clutch or the fluid drive. The induction motor is one 
of the outstanding practical applications of induction and, equally, of the re 
volving field. 
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The actual speed of the rotor always is less than synchronous speed, the differ¬ 
ence being called the slip. Slip is expressed either in rpm or as a decimal fraction 
(or equivalent percentage ) of synchronous speed; that is, 

synchronous speed — rotor speed 

per cent slip = ---- X 100 

synchronous speed 

X - S 

= — — X 100 (11.1) 

A 

where the symbols represent, respectively, the quantities in the first expression. 
The slip of a 6-pole, 60-cycle induction motor running at 1,140 rpm under load 
is 60 rpm, 0.05 as a decimal, or 5 per cent. 

The drop in speed from synchronous speed allows torque to be developed of 
such magnitude that it will be sufficient to care for the shaft load and the rotor 
losses. The greater the slip, the greater will be the rotor induced voltages and 
currents, and the greater the developed torque. The relation between load and 
slip is not linear, nor, in general, will torque and dip increase together to 100 
per cent slip, which is zero speed (standstill). For the usual motor, slip increases 
with load to a maximum torque called the pull-out. or breakdown, torque at 
which the motor stalls. This maximum torque is perhaps from 200 to 300 per cent 
of rated torque for most machines. The motor is self-regulating and, as shaft 
torque is altered, will adjust its speed for required load* over the range from no 
load to pull-out. The slip can be controlled by design and is generally v ithin the 
range of 2 to 5 per cent at full load for squirrel-cage motors. Over this range, the 
speed-load characteristic is practically linear. Wound-rotor motors have a greater 
speed regulation, perhaps as high as 15 to 20 per cent for some applications. 

11.4. Power Relations: Efficiency. From elementary principles in me¬ 
chanics, the power input to the rotor is directly proportional to the product of 
the air-gap torque T and the synchronous speed N. The synchronous speed is 
the speed at which the power is leaving the stator and crossing the air gap to the 
rotor. Similarly, the rotor output i* proportional to the product of that torque 
and the rotor speed S. The difference between the power input to the rotor and 
its power output, therefore, is proportional to the product of the torque and the 
slip s and corresponds to losses within the rotor. Assuming windage and friction 
losses of the machine and the small rotor iron loss to be part of the rotor output 
(that is, treated as part of the shaft load), the rotor losses then are copper losses 
entirely- Thus, we have 

2ttTN 

pov r er input to rotor =-X 746 = KT watts 

33,000 

power output of rotor = A’(l — s)T watts (developed power) 

rotor copper loss = KsT watts (11.2) 

= slip X rotor input 

rotor efficiency = (1 — s) X 100, in Der cent 
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The complete power relations for the induction motor are conveniently set 
forth by a power flow diagram, Figure 11.1. In computing the stator copper 
loss, the machine is considered to be If-connected, and the resistance per leg 
is, therefore, \ the value measured between terminals. 


Air Gap 


Stator 


1 

1 

i Rotor 


Shaft 

Input 


1 Input 


Output 



".j m a 

1 

1 

r 1 




Stator Stator Rotor Windage 

Copper Iron Copper and 

Loss Loss Loss Friction 


Fig. 11.1. Power flow diagram for the induction motor. 

The no-load readings foi an induction motor include a small stator I 2 R loss, 
the stator iron loss, windage and friction, and the very small rotor iron loss. 
Because of the small slip, the rotor copper loss at no load can be neglected. The 
rotor iron loss always is relatively small because the rotor frequency is propor¬ 
tional to the slip and the iron losses vary with frequency as do those of the 
transformer. The sum of the stator iron loss and windage and frietion consti¬ 
tute the fixed loss (relatively independent of load) of the machine. The fixed 
loss is obtained by subtracting the stator copper loss from the no-load input. 
The components of the fixed loss cannot be separated without further detailed 
data. 

The question then arises on the manner of taking the fixed loss into account, 
whether it should be assigned to the stator, to the rotor, or partly to each. 
Because the results obtained are considered adequate in general, it is often the 
practice to subtract the fixed loss, as well as the stator copper loss, from the 
stator input in calculating the input to the rotor. 

The following example shows the manner in which calculations on the induc¬ 
tion motor are carried out in accordance with the above statements. The method 
is applicable to those eases in which input quantities may be obtained readily, 
but where running torque is difficult of measurement. Test data on a 3-phase, 
7.5-hp, 220-volt, G-pole, 60-cycle induction motor are 

running light: 236 volts, 6.5 amp, 610 watts, 1,197 rpm 
under load: 235 volts, 18.4 amp, 6,700 watts, 1.164 rpm 
resistance between stator terminals is 0.54 ohm 

The problem is to determine the power factor, output, and efficiency of the 
motor whe" loaded. 
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From the above readings, neglecting rotor copper loss at no load, 


fixed losses = 610 — 3 X 6.5 2 X 0.27 = 576 watts 
stator I 2 R under load = 3 X 18.4 2 X 0.27 = 274 watts 

rotor input = 6,700 — (576 4- 274) = 5,850 watts 
rotor I~R = 0.03 X 5850 = 179 watts (3% slip) 
motor output = 5,850 — 179 = 5.071 watts, 7.59 hp 
5,671 

efficiency =-— S4.7% 

6,700 


power factor = 


6.700 

\/S X 235 X 18.4 


= 89.3% 


Should the fixed losses be included in the rotor input and then later subtracted 
after the rotor I 2 R has been calculated, the output is 7.58 hp and the efficiency 
is 84.4 per cent. From a Pronv brake te»t on the motor, the efficiency was 84.1 
per cent for 7.5 hp output. The calculated efficiencies are high, as they should 
be, for there are additional losses (mainly eddy-current looses in the copper and 
surrounding iron) present under load that do not appear at no load. These may 
affect the efficiency \ to 2 per cent. 

11.5. The Induction Motor as a Circuit. Essentially the induction motor is 
a transformer having a revolving secondary kept within the field of the primary. 
The mutual action of force between primary and secondary coils of the trans¬ 
former now becomes one of torque in the motor. With the rotor stationary, the 
squirrel-cage machine becomes a short-circuited transformer. The wound-rotor 
machine may be short-circuited or may have a small external resistance in the 
rotor circuit. It is of interest that wound-rotor induction motors having suitable 
turn ratios between stator and rotor windings are occasionally, and very con¬ 
veniently, used as static transformers and as induction regulators. With a d-c 
voltage applied to the rotor, they also have been used as cylindrical-rotor syn¬ 
chronous machines. 

Because of the similarity between the induction motor and the transformer, 
it is possible to represent the motor by the same equivalent electrical circuit as 
that for the transformer. The treatment of any leg of the motor thus permits 
immediate reduction of the machine to an equivalent, simple, single-phase 
circuit easy of calculation and lends itself to an added qualitative understanding 
of the motor by way of its physical interpretation. The major difference between 
the static transformer and the induction motor is that the latter is a rotating 
device, thereby calling for the inclusion in the equivalent circuit of the relative 
velocity of the rotor with respect to the stator mmf wave. The transformation 
for the circuit diagram, however, is obtained very simply in terms of slip. 

Consider, first, the motor with the rotor at standstill and open-circuited. 
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Actually, of course, the rotor circuit of the squirrel-cage machine always is 
closed. That of the wound-rotor motor can be open, in which case it will not 
run. Because of the electrical equivalence between squirrel-cage and w r ound- 
rotor motors, the complete rotor winding of either type may be assumed to be a 
group of Y-connected coils of which w r e shall treat only one leg. Each stator 
leg is thus only an inductance coil having a high ratio of reactance to resistance. 
With Ei volts impressed per leg. an exciting current 7 0 flows, giving rise to a re¬ 
volving field. The input to the stator is the sum of the copper loss I 0 2 ri and the 
stator and rotor iron losses. 

The total flux of the revolving field has two components, leakage and mutual 
These components are exactly similar to those in the transformer and in the 
synchronous machine. The mutual flux is tliat which crosses the air gap to the 
rotor iron and corresponds to the flux of 
armature reaction discussed in the preceding 
chapter. E\ will be consumed in small part 
by the stator resistance r x and leakage react¬ 
ance Xi and, in a much greater part, by the 
reactance of the winding due to the large com¬ 
ponent of the air-gap flux. Letting E 2 be the 
counter emf generated by the synchronously 
moving field in the air gap, we have the 
equivalent circuit for the stator, Figure 11.2. 

The parallel branches of R and A' form the exciting circuit for the motor. 
With voltage impressed on the machine, an exciting current always is present 
in tin* stator, whether the machine is at rest or is carrying load. The two com¬ 
ponents of /o which flow through R and A represent, respectively, the current 
that cares for the iron lo>se- and the current that produces the total flux. 
The exciting circuits for the induction machine and the transformer are ex¬ 
actly similar, although 7 0 was so small in the transformer it usually could be 
neglected in calculations and was not introduced in our treatment. It is much 
larger for the induction motor, however, and must now be taken into account. 
Further, under running conditions. R is adjusted to include windage and fric¬ 
tion as well as iron losses. 7 0 then is the no-load, or running-light, current 
and includes an increased power component for windage and friction. 

At standstill and with the rotor circuit closed, the induced voltage in the rotor 
gives rise to a current flowing through the resistance and the leakage reactance 
of that winding. Treating the induction motor as a transformer, these impedance 
quantities may be expressed in terms of equivalent olrniic values, r 2 and x 2 , as 
viewed from the stator terminals, thus giving a 1:1 ratio of transformation. At 
standstill, E 2 is then that component of the applied voltage consumed by the 
impedance of one leg of the rotor. The rotor frequency now is the rated fre¬ 
quency of the machine, and ,r 2 consequently is a maximum. 

When the rotor is moving under load at speed »S (slip s), the rotor-induced 
voltage is .vZi’a, the rotor frequency is sf (which leads to low iron losses), and the 



Fig. 11.2. Stator circuit of the indue 
tion mo* or. 
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rotor leakage reactance is sr 2 . The rotor current, therefore, is 



= — _ , ■ ,, .■ =• amperes per leg (11.3) 

V{r 2 f,y + xo- 

Examination of the above relation thus reveals the possibility of treating the 
rotor of the loaded motor as an equivalent electrical circuit comprising a constant 
leakage reactance, x 2 , and a variable resistance, r 2 on which is impressed a con¬ 
stant voltage, E 2 . Note that the resistance term alone includes the actual 
motion of the machine. 

Thus, in the completed equivalent circuit of Figure 11.3, r 2 's is the total 
apparent resistance of the rotor circuit. It includes the rotor resistance as well 
as the equivalent load resistance which is to represent shaft output. This latter 
quantity, hence, is 

r 2 (1 — si 

— — r 2 = r 2 - -= equivalent load resistance (11.4) 

s ~ ~ s 

These results are in agreement with those obtained from the former analysis of 
the motor in which 

3/A 

total power input to rotor = KT =-watts 

s 

total actual copper loss = KsT = 3 1 2 2 r 2 watts (11.5) 

3/o 2 ,- 2 (1 - a) 

total rotor power output = A’(l — s)T = -watts 

s 


where K = N 7.05 (equation 11.2). It is to be noted that equations 11.5, 
w r hich are for total power, are three 1 time" the power for any leg of the motor. 



Fig. 11.3. Equivalent circuit for the induction motor. 


It is by way of reasoning from the circuit of Figure 11.3 that the induction 
motor often is said to lie equivalent to a transformer supplying a resistance load. 
The outstanding point of interest is the concept of placing the rotor speed only 
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in the resistance term, thereby eliminating it in considerations on rotor induced 
voltage and leakage reactance. It should be stressed that r 2 is the actual rotor 
resistance referred to the stator, and that the total actual copper loss in the rotor 
is 3/2 2r 2 only. The resistance r 2 (l — s)/s is purely fictitious and is used solely 
to represent the load taken from the motor shaft. There is no loss within the 
machine that corresponds to it. 

The equivalent circuit has many advantages. In the first place, it permits the 
ready determination of machine performance by way of expressions involving 
the machine constants. From these relations, the motor may be analyzed both 
qualitatively and quantitatively. Secondly, the circuit allows all changes in the 
constants that represent the machine and its performance to be handled easily. 
Again, it enables the quick and accurate comparison between characteristics of 
different motors. The one disadvantage of the method is that it does not permit 
as readily as other devices the visualization of motor performance that may be 
desired. 

Because of the value of the equivalent circuit, it is used greatly as the basis 
for design calculations, and the A.I E.E. accepts power-factor and efficiency 
guarantees obtained in this way. The equivalent circuit represents the loaded 
motor quite faithfully, and power delivered to the load resistance, for example, 
v ill be exactly that power delivered to the load through the moving motor shaft. 
It should be pointed out, however, that commercial design requires slight modi¬ 
fications in some of the machine constants and their resulting calculations, but 
recognition of these modifying factors is not given here. One simplifying 
assumption adopted for the transformer, but now not so applicable to the motor, 
w as to neglect the exciting current and its circuit. How ever, whereas the no-load 
current of the transformer is but a small percentage of rated current, the no- 
load induction motor current may be from 20 to 40 per cent of normal value. 
The error in neglecting the exciting current hence is much greater for the motor 
because of the larger impedance drop in the stator produced by the no-load 
current 7 0 - 

11.6. Interpretation of the Equivalent Circuit. From first principles in physics, 
the air-gap torque in any machine is directly proportional to the product of the 
flux, the current in the conductors which lie in that field, and the cosine (pf ) of 
the angle between the flux and the current. Thus, for one phase winding of the 
motor, 

Toe <l'/ 2 cos 02 


cc E 2 h eos 62 

1 E 2 2 r -2 _ j 2 r _* 

K [(ro/s) 2 + X 2 2 ] s K 2 s 


( 11 . 6 ) 


which is the same result shown by equations 11.5 under total rotor power input 
The rotor voltage E-> is proportional to the flux, and the final factor of propor¬ 
tionality is 1 K = 7.05 A\ 
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In terms of the impressed voltage and the circuit constants, 


Ei — E\ — I\(ri + jx i) 

= Ex — loin + jx i) - I 2 (ri + jx j) 

= Ci - h(ri -r jxi) (11.7) 


where e\ = Ei — 7 0 ( r i + jx 1 ) and is an equivalent reduced impressed voltage 
to account for the impedance drop in the primary due to the no-load current. 
It might be pointed out that 7 0 is directly proportional to Ej if saturation is 
neglected, whence iq and E\ are directly proportional to each other and both are 
independent of load. For a given impressed voltage, ci = Ei( 1 — k) and is 
constant; k may be of the order of 10 per cent. 

Solving equation 11.7 for the magnitude of E 2 and substituting it in equation 
11.6, we have 


T = 


N A»» O j 

/.On rfr 2 

"a 7 "[(n -f 7* t)~ 2 + (xi + x,)-] 


pound-feet per leg 


fll.S' 


Differentiating equation 11.8 with respect to slip, the developed torque is found 
to be a maximum when 


r 2 

"V ri~ t (.Xi t x 2 1" 


(11.9) 


and hence the maximum developed torque will be 


maximum developed torque = 


F05_cr_ 

-V 2[r i -f- v i'i~ + (a + 


pound-feet per leg 


( 11 . 10 ) 


Interpretation of the last three equations sho\\> that 

(a) The developed torque is proportional to the square of c\. In view of other 

statements given above, it also i> approximately proportional to the 
square of the impress'd voltage. 

(b) The slip at which maximum torque is obtained varies directly with rotor 

resistance. 

(c) The maximum torque is independent of rotor resistance. 

(d) Starting torque (.s* = 1) can be increased by increasing r 2j and it will be 

equal to the maximum torque when 


r 2 = Vr/ + (j x + x 2 ) 2 


The practical application of this information lies in the fact that the rotor 
resistance can be adjusted to give maximum torque at any desired slip and that 
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Full Load 


Maximum Torque 


the starting torque can be controlled in the same way. The squirrel-cage motor, 
once built, has a fixed rotor resistance and, hence, control is lost over any change 
of maximum torque with respect to slip. Its starting torque can be changed 
only by a change of the impressed voltage. The wound-rotor motor, though— 
and this is the reason for its type—retains these advantages in that resistance 
can be inserted in the rotor circuit to alter th^ slip (or speed) at which maximuir 
or any desired torque is to be obtained. The starting torque also can be in¬ 
creased by added rotor resistance. 

Figure 11.4 shows a group of speed-torque curves for a wound-rotor motor 
with a variable resistance in the rotor circuit. As the total rotor resistance r 2 
is increased, the maximum (pull¬ 
out, or breakdown) torque occurs 
at lower \alues of speed (higher 
slip). The motor can be made to 
start with maximum torque, the 
rotor resistance being gradually 
reduced as the motor speeds up 
until all the external resistance is 
out of the circuit. Graphically, 
from Figure 11.4, the motor is 
made to operate successively on 
one speed-torque curve after the 
other until it reaches the final 
characteristic shown by the top 
line. It should be pointed out 
that a high rotor resistance, while 

giving high starting torque, mean-* a high slip at normal load and hence a high 
rotor loss with correspondingly decreased efficiency. A large speed change 
with load can be obtained only at the expense of a lower efficiency. The 
region of stable operation is above the point of maximum torque. 

11.7. Effects of Motor Design on Characteristics. The operating region of 
the induction motor is over the first portion of the speed-torque curve which is 
practically linear. As has been discussed, an increase in rotor resistance lowers 
the speed at which a given torque is obtained, increases the starting torque, and 
lowers the motor efficiency. It decreases the starting current and increases the 
power factor, the power factor increasing faster than the starting current de¬ 
creases, thus leading to better starting torque. In a squirrel-cage motor, the 
value of rotor resistance will be a compromise between the opposing require¬ 
ments of good starting torque and good speed regulation. It can be increased 
for a given motor by reducing the cross-sectional area of the end-rings. Nor¬ 
mally, the resistance of the squirrel-cage motor, referred to the stator, is less than 
that of the wound-rotor machine of the same rating. The stator resistance 
should be as low as possible so as to reduce stator copper losses and the stator 
impedance drop. An increase in r x lowers the maximum torque. 



Fig. 11.4. Induction motor -peed-toique curve- 
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The leakage reactances are affected by changes in air gap and in slot openings. 
As the air gap is increased, these reactances are decreased, but a higher exciting 
current flows as a consequence, and at a lower power factor. Open slots give the 
same effect. Increase in reactance also lowers the pull-out torque. Induction 
motors are built with as small an air gap as possible (calling for heavier shafts, 
with ball bearings very often used) so as to reduce 7 0 . General practice also is 
to design motors for semi-enclosed slots, many having totally dosed slots on the 
rotor. Again this is a compromise in that partially or totally closed slots de¬ 
crease J 0 and the tooth losses but increase the reactance, and they reduce the 
power factor, the starting torque, and the pull-out torque. 

Some squirrel-cage induction motors are built with very deep dots or with 
slot configurations as shown in Figure 11.5a and are called double-&quirrel-cage 

T S 

—11— — -I 

r~i jSl 

25 C—3 

(a I 

Fig. 11.5. Slot configurations ia 1 and speed-torque curve ib i for double-squirrel-cage indue! ion 

motors. 

machines. The effect is to give the high starting torque of the wound-rotor 
motor and the good running characteristics of the single-squirrel-cage machine. 
The effects of the double-squirrel-cage type, or its equivalent, may be analyzed 
in the following way. At starting, the rotor frequency is highest, being equal 
to line frequency. The reactance—and therefore the impedance—of the con¬ 
ductors or the low T er portions of them more deeply embedded in the rotor iron 
is highest. The current flow' consequently is greater in the outer conductors 
that have lower reactance and that also mat’ be made of material having greater 
resistance. The motor thus is said to start on t he outer winding with it- higher re¬ 
sistance and better power factor due to the increased ratio of resistance to 
reactance. 

Under running conditions the rotor frequency is the slip frequency and the 
above phenomena now are reversed. The impedance of the lower winding is 
less than that of the outer one, it carries the greater current, and its ratio of 
resistance to reactance is less, giving the effects of a low-resistance squirrel-cage 
motor. The resistance at starting may be several times that under running 
conditions. When up to speed, the motor is said to run on the inner squirrel 
cage. A typical speed-torque curve for a double-squirrel-cage motor is shown in 
Figure 11.5b. 

An analysis of the double-squirrel-cage machine requires a modification of the 
equivalent circuit of Figure 11.3. 



(b) 
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11.8. The Circle Diagram. From the equivalent circuit of Figure 11.3, 


V (r 2 /s) 2 + X 2 2 

_ #2 _J2_ 

*2 VWs) 2 + X 2 2 

= a constant X fein 6 (11.11) 

which is the polar equation of a circle, the locus of 7 2 . The stator applied voltage 
Ei and the no-load current 7 0 may be shown graphically as in Figure 11.6. 



1 2 and, consequently. 7j (7i = / 0 + 7 2 , vectoriallv) then follow a circle, one end 
of the diameter of which is at the tip of 7 P . Since two points will determine the 
circle, the second may be found most conveniently by blocking the rotor so that 
it cannot turn and by reading the applied voltage, the current, and the power 
input. 

Although the blocked-rotor test may be taken at reduced voltage, the corre¬ 
sponding current and power input can be adjusted readily to conform to a full- 
voltage test. The diagram is based throughout on normal voltage. The blocked 
rotor current is laid off at its known power-factor angle with respect to E\. The 
intersection 0 , which the perpendicular bisector of the line joining the extremities 
of 7 0 and the blocked-rotor current makes with the horizontal drawn from the 
tip of 7 0 , thus fixes the center of the circle. The diagram is constructed by 
treating one leg only of the motor, that is, all voltages, currents, and power 
components shown on the diagram are leg quantities. Note that both points 
used in locating the circle are obtained by tests which correspond exactly to the 
open-circuit and short-circuit tests on the transformer. 
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The total in-phase component of the blocked-rotor current is divided further 
into components which represent the various losses. That is, referring to Figure 
11 . 6 , 

3 Eiia'd') = total blocked-rotor input 


3Ei(a'b') = no-load loss of motor 

3Ei(b'c') = total stator copper loss at blocked rotor 


(11.12J 


ZEiic'd') — total rotor copper loss at blocked rotor 


For any load current J 1( the diagram gives the power factor at the machine 
terminals, the equivalent rotor current /_> referred to the stator, the component 
losses, and the output in watts, all per leg of the motor. The \ ertical components 
of current between the rays drawn from Iq gi\e these respecthe value-, of losses 
and power output per leg w lien multiplied by the leg \oltage E\. At no load, 
1 1 and Iq are one and the same current, and the power factor is a minimum. As 
load is increased and Ii moves along the circle, the power factor is luiscd, the 
limiting value being determined by the tangent to the circle. Note that the powor 
factor of an induction motor can net or be leading, as w it 1 1 the synchronous motor, 
nor can it even be so very close to unity. The normal working lunge i- below the 
point of tangeney. 

Summarizing the above statements, we have for the assumed load point ( of 
Figure ll.G 

3Ei(a< > = total motor input 
3Ei(ab) — no-load loss 
3 E x (hc) — total stator copper loss 
3Ei(cd) = total rotor copper loss 
3E\{di) = motor output 


slip 

delivered torque 


max. motor input 
max, rotor input 
max. motor output 


cd 

ce 

7 05 


= 3E l (r() pound-feet 
7.05 

= 3Ei(dr) - -— pound-ieet 

A"(l — s) 

= 3Ei X max. value of ac 
= 3Ei X max. value of ce 
= 3 Ei X max. value of de 


(11.13) 


Calculations based upon the circle diagram may be fully as accurate as those 
obtained from the equivalent circuit, and both methods are employed in practice. 
Both require, however, for commercial design and resulting efficiency guarantees, 
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certain modifications of these basic methods, but a discussion on them is beyond 
the scope of this treatment. 

11.9. Starting. The induction motor at standstill is purely an R—X circuit 
of low impedance, and at starting on full voltage the current therefore is very 
large and at a low power factor because of a high ratio of X to R. The inr ush 
current may be from 4 to 8 times normal current. Although the motor itself 
is generally quite able to withstand line starting, it often is advisable or necessary 
to start the motor at a -educed voltage This will depend upon the nature of 
any connected load, the frequency of starting duty, the degree of acceleration 
desired or permitted, heating during the accelerating period, and voltage fluctu¬ 
ations produced on the supply y.-tem that would affect lights or other apparatus. 

Either resistance or reactance in the motor leads will serve to limit the starting 
current because of the increase in impedance. As the motor gains in speed, the 
impedance may be reduced in step-' oi in w hole. Automatically, as the speed 
ri-es and the current falls, the voltage at the motor terminals increases. 

Resistance in the rotor circuit to lower starting current and to raise the start¬ 
ing torque and power fac + or already ha-5 been discussed. This method is applica¬ 
ble, of course, only to the w ound-rotor machine. 

Y-d'-lta starting reduces the initial current to 33 3 per cent and the input 
power to 33.3 per cent of the \alues obtained with the delta connection. It is 
equivalent to starting the motor on the 57.7 per cent taps of a hurting compen¬ 
sator. It can be used for a motor in which all (5 of the leg tern mals are available 
and tin- stator designed for normal voltage with delta arrangement of the wind¬ 
ings. The method is not in common Use in this country. 

The autostarter, or starting compensator, is most usually used for motors 
requiting a low voltage at starting. It is simply an autotransformer, connected 
either open-delta or Y, with one or more sets of taps available. The compensator 
is automatically disconnected from the lines when the motor is finally thrown on 
full voltage. A motor that takes 500 per cent normal current on full-voltage 
starting and develops 150 per cent of full-load torque would draw 325 per cent 
current at its terminals and develop approximate!} 03.4 per cent rated torque 
when started on the 05 per cent taps of a compensator. 

11.10. Calculation of Starting Torque. Under normal running loads, the 
power transferred across the gap to the rotor provides for the shaft output, 
windage and friction, the rotor copper loss, and a very small rotor iron loss. At 
standstill, the total rotor input is consumed only in losses. This power, dissi¬ 
pated as heat in the rotor copper and iron, is productive of torque to accelerate 
the machine. Because the rotor frequency is normal at standstill, the iron losses 
at usual starting voltages are considerably greater than at rated slip. Because 
of their manner of variation, for approximate results it often is assumed that the 
rotor input and. thus, the starting torque vary as the square of the stator im¬ 
pressed voltage which essentially determines the air-gap flux. Hence, if the 
starting torque is known for any particular voltage it then can be calculated 
fairly closely for any other voltage. This is not true when saturation is present. 
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A more exact calculation on starting torque, based on running-light and 
blocked-rotor tests, takes certain of the losses into account. For a given different 
starting voltage, the stator current and power input are computed directly from 
the blocked-rotor data. The stator copper loss then is subtracted from the input, 
as in the power flow diagram. Next would be subtracted the stator iron loss, 
but its magnitude is unknown. A practical approximation is to substitute for 
it the entire fixed loss of the motor after that loss has been modified by the 
square of the ratio of the starting voltage to full voltage. The starting torque 

t, in pound-feet, is then 

7.05 

T at =-X (rotor input in watts) (11.14) 

X 

The resulting rotor input may appear somewhat pessimistic, but the total 
fixed loss of the motor is but a very small part of the motor input at starting, 
even at a reduced voltage of 50 per cent. Moreover, actual test results show 
starting torque somewhat and, in many cases, appreciably less than the calculated 
value. The reason lies in the fact that the flux nave is nun-sinusoidal, a- as¬ 
sumed. The fundamental, which is the only component productive of torque, 
is lower than might otherwise be expected. Again, lock-in torque between stator 
and rotor teeth, depending upon the position at which the rotor last came to 
rest, may require an increase of several per cent in starting torque over a cal¬ 
culated value. Consequently, a computation that is pessimistic to a slight degree 
has a practical value. 

Starting torque usually is calculated in pound-feet, or is stated as a percentage 
of rated torque. Rated torque is given indirectly in the horsepower and speed 
ratings of the motor. Often, however, starting torque is expressed in terms of 
synchronous watts or synchronous horsepower, which is simply the power input 
to the rotor at starting. The word ‘‘synchronous” merely means that that is the 
speed at which power is given the rotor; hence, it is the speed to be used in the 
horsepower equation when calculating the torque in pound-feet. The minimum 
starting torque at full voltage for 2- and 4-pole squirrel-cage motors has been 
set at 150 per cent of full-load torque. This value of normal starting torque 
varies progressively downward to 105 per cent of full-load torque for 10-pole 
motors. All are to have a minimum breakdown torque of 200 per cent. 

11.11. Example. A 3-phase, 15-lip. 440-volt, 17.5-amp, 1,155-rpm squirrel- 
cage motor drives a pump in a mechanical engineering laboratory. Calculate 
the starting torque of the motor at 05 per cent rated voltage from the following 
test information; 

no load: 402 volts, 9.2 amp, 816 w r atts, 1,196 rpm 
blocked rotor; 223 volts, 74.8 amp, 16.0 kw’ 
resistance between stator terminals = 0.93 ohm 

At 65 per cent rated voltage (286 volts), the stator current is 95.9 amp and the 
motor input is 26.3 kw. The stator copper loss is 12.84 kw. 
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Fixed losses are C98 watts, which modified by the square of the ratio of the 
starting voltage to the test voltage are 2G8 watts. Hence, the rotor input at 
65 per cent rated voltage is 

26,300 — 12,840 — 208 = 13,192 watts (13.19 synchronous kw, or 17.09 syn¬ 
chronous hpj 

13.192 X 7.03 

starting torque --= 77.4 lb-ft 

1,200 

normal torque = 08.3 lb-ft 

starting torque = 113.5% of rated torque at 05% voltage 

11.12. Speed Control. Speed changes in induction motors are accomplished 
in the following ways: 

(a; Inserting resistance in the rotor circuit 

(1)' Changing the number of pol(s. 

(c) Changing the frequency. 

(d; Concatenation. 

(e) Introducing an cmf into the rotor circuit. 

Method (a) lia- been treated. It should be remarked, however, that this 
method is primarily one for increasing starting toiqiie even tV ugh it will effect 
control of speed. It leads to lowered efficiency when used for speed control. 

Some very large motors, for example, for ship propulsion, are designed with 
stator coils having 50 per cent pitch and the terminals of the polar groups brought 
out to a throw-over switch permitting reconnection of the coils. In this way, it 
is possible to obtain a 2:1 speed change by doubling or halving the number of 
poles, as the case may be. Motors having 2 independent stator windings, each 
arranged for pole changing, will Lave 4 synchronous speeds for the stator mmf. 

Changing frequency requires a controlled supply which, by speed variation 
of the prime mover, give- a frequency change over a desired range. The method 
is limited in that all motors on that supply must change speed to the same degree. 

If the rotor leads from a wound-rotor motor are carried to the stator of a 
second motor rigidly connected to the first, the 2 are said to be connected in 
cascade or to be in concatenation. The speed of the set will be equal to that of a 
motor having the number of poles equal to the sum of the poles of the 2 machines 
if they are so connected as to run in the same direction alone. If they are con¬ 
nected so as to run alone in opposite directions, the speed of the set will be equal 
to that of a motor having the number of poles equal to the difference in numbers 
of poles of the 2 machines. 

Method (e) is discussed in Section 15 of this chapter by way of the BTA 
motor. 

11.13. The Induction Generator. As long as the stator of the motor Ls con¬ 
nected to supply lines, a revolving field is maintained in the air gap. If, now r , 
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the rotor is driven above synchronous speed (negative slip) by a prime mover, 
the rotor winding will have voltages and currents induced in it in directions 
opposite those for positive slip. The machine then functions as a generator 
with power flow from mechanical to electrical. Because the rotor carries no 
exciting current, as does the synchronous machine, it is necessary that the re¬ 
volving field, which is the exciting flux, be produced by the stator winding. 
This requirement is met by having one or more synchronous machines of any 
type always connected to the same lines. 

The load carried by the machine as a generator is dependent upon its negative 
slip and, for a given percentage .dip, will be about the same as the load it would 
carry under motor action. Whereas the power factor of the motor always is 
lagging, that of the generator is always leading. Any lagging components of 
current required by a load must be supplied by other synchronous apparatus on 
the same system. 

Applications of induction generator? are few. but they are worth noting. In 
raihvav locomotives, induction motors often are driven overspood as the train-, 
move downgrade, thus git lug rise to generator action. Mechanical energy lo-t 
in descent is converted to electrical energy and given back to the power s\-tem. 
Regenerative braking thus b a factor in safely, saves power, and greatly reduce- 
the wear met in mechanical braking. The induction generator abo forms a \ci\ 
good constant-speed, high-torque load for letting purposes, for example, Diesel 
and gas engine-. Further, it b used as a stand-by unit in power stations. A 
small turbine, direct-connected to pumps, normally dri\es the pumps with the 
motor idling. The motor, howe\er, can carry the pump load should the turbine 
be taken out of service, and it can function as a house generator if trouble occur- 
on the main lines. Means of excitation, of course, mist bo available. 

11.14. Applications of Induction Motors. The polyphase induction motor 
has always been the standard all-around, general-purpose motor and lias a held 
of application which is almost unlimited. It is the simplest machine built as an 
electrical driver and has been Used in practically every held in which an electin' 
motor can be employed, The-o motors are built with ratings from \ hp to man) 
thousand horsepower. Commercial sizes are listed up to 15,000 hp, but not at 
all speeds. At 3.000 rpm, the large-t are about 3,000 hp; at 1,800 rpm, they are 
about 5,000 hp. Frequencies, voltages, and number of phases follow those of 
the synchronous motor. 

As with the synchronous motor, requirement of the application determine 
the characteristics for which the induction motor is designed. The load require¬ 
ments to be a-eertained include knowledge on starting torque, breakdown 
torque, and any desired speed regulation under running load. Such demands 
on the motor are not necessarily of concern in the order given. The minimum 
starting torque of single-squirrel-oage motors lies between 150 and 105 per cent 
of full-load torque, a?* previously stated, these values applying only to full voltage 
at rated frequency. Iligh-rotor-re-btanco, high-slip, squirrel-cage motors lane 
starting torques oi the order of 275 to 300 per cent. The starting torque of dou- 
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ble-squirrel-cage motors is from 200 to 250 per cent, but they may be designed 
to give 300 per cent of rated torque at starting. Since the rotor resistance of 
these machines is high, the double-cage motor has a somewhat higher slip at 
full load than the usual single-cage motor. 

The starting torque of wound-rotor motors can be varied by changing the 
rotor-circuit resistance by means of the associated controller, and m xximum, or 
breakdown, torque can be obtained at starting. Maximum starting torque of 
perhaps 250 per cent m? be produced with only 350 per cent or less rated cur¬ 
rent. The power factor is increased, and the inrush current decreased, with 
increasing rotor-circuit resistance, but btvond the optimum value the torque 
will decrease. A primary advantage of the slip-ring motor over the squirrel-cage 
machine lies exactly in its high starting tor pie and low starting current, this 
latter factor sometimes limiting the use of the squirrel-cage machine on certain 
systems because of voltage fluctuation Again, if accelerating time and conse¬ 
quent rotor heating are excessive for a squirrel-cage motor, the wound-rotor 
motor would be selected for the drive. 

Jt is to be remembered that the starting current is proportional to the applied 
voltage, and that the starting toique is approximately proportional to the square 
of the \ oltage. Whore starting currents do not full within an accepted maximum 
•value, or where the character of the load or factors affecting the motor dictate 
reduced \ oltage at starting, it may be necessary to employ compensators, Y-delta 
starting, or resistance or reactance in the motor leads. The ' . t method is the 
most common scheme lor- starting both .synchronous and induction motors when 
low-voltage starting is required. On (»0 per cent voltage, for example, the motor 
current is (>0 per cent that at rated voltage, and the line current to the com¬ 
pensator is 3(> per cent. If high starting torque is required, but the starting 
current is limited, squirrel-cage motors generally are not applicable, and the 
wound-rotor machine then is the best to use. 

The pull-out torque of most induction motors is at least 200 per cent of full¬ 
load torque and mav be as high as 300 per cent. This maximum torque occurs 
at about 20 per cent slip for squirrel-cage motors and wound-rotor motors having 
their slip lings short-circuited. The slip at which maximum torque is developed 
in the wound-rotor machine is controlled by rotor resistance. The maximum 
torque of the double-squirrol-eage motor is developed at starting, and the motor 
Usually will not stall unless loaded to this maximum torque. If the maximum 
torque exceeds that for the upper part of the speed-torque curve (Figure 11.5b), 
though, the motor will drop greatly in speed. 

The induction motor is classed as a constant-speed machine, but it does not 
have the invariable speed of the synchronous motor. Its speed-load character¬ 
istics are similar to those of the d-c shunt motor, but the speed regulation of 
the induction motor is a little better, particularly that of the squirrel-cage 
machine. Normal slip is from 2 to 5 per cent. Applications in which flywheels 
are used or in which a considerable flvw heel effect is present, for example, punch 
Dresses and shears, may call for a full-load slip of 10 or 12 per cent. The flywheel 
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thereby is allowed to receive or give up energy by change in speed, and current 
pulsations of the motor are greatly reduced. Motors driving elevators, cranes, 
hoists, etc., have a higher slip yet, perhaps 15 to 20 per cent, so as to minimize 
jerking as load is picked up. Voltage variation affects the slip of induction motors 
to some extent. 

Slip-ring motors are designed for speed control between maximum speed and 
50 per cent of synchronous speed. They are applicable to those jobs in which 
speed variation frequently is desired, for example, conveyors, stokers, and com¬ 
pressors. Speed control is obtained for them, however, only at the expense of a 
decrease in efficiency. Furthermore, large changes in torque may mean a corre¬ 
sponding large speed regulation. For applications requiring definite fixed speeds, 
widely separated, 2- and 4-speed squirrel-cage motors can be purchased. Throw- 
over switches reconnect the stator windings in many instance^, and in others the 
number of poles is halved or doubled, as the case may be. Low-speed induction 
motors are not advisable because they have low’ starting and pull-out torques 
and poor efficiency and power factor. 

The efficiency of the induction motor generally is good, but it L lower than 
that of the synchronous motor. The squirrel-cage machine designed for high 
starting torque usually has a higher slip at rated load with a consequent increased 
rotor loss and poorer efficiency. The efficiencv of wound-rotor motors having 
resistance in the rotor circuit is very low, but it is not a factor of importance in 
some applications if the dtity is intermittent, for example, elevator**, hoists, and 
cranes, or if low’ speed is not required for long periods. Average efficiencies range 
from 80 per cent for 5-hp motors to a little over 02 pei cent for 500-hp machines. 
High-speed motors are slightly more efficient than those having low’ speeds. 

The power factor of induction motors is inherently lagging and L a maximum 
usually at a considerable overload. It varies with speed—the higher the speed, 
the higher the pow’er factor for motors having the -ame horsepower rating. The 
pow’er factor at full load for 1,200-rpm motors vaiie^ from about 82 per cent for 
5-hp machines to about 92 per cent for 500-hp machines. The corresponding 
variation in pow’er factor for 600-rpm motors i> from about 55 per cent to 88 
per cent. At light loads, the power factor is \cry low. Actual instances have 
arisen in which a plant, a lumber mill, for example, may ha\e an average pow’er 
factor over a period of time of only 50 or 60 per cent because of a great many 
large induction motors running at light loads much of the time. Power-factor 
correction then becomes a serious pro)Jem. 

Where normal starting torque is satisfactory and low T slip is desired, the single¬ 
squirrel-cage motor is applicable. Such loads, essentially constant speed, include 
fans, blowers, compressors, machine tools, conveyors, wood-working machines, 
line shafts, motor-generator sets, etc. Doublo-squirrel-cuge motors having high 
starting torque are applied to conveyors that start under load, large com¬ 
pressors, crushers, mixers, punch presses, shears, elevators, cranes, hoists, and 
loads having considerable flyw’heel effect to start. Wound-rotor motors are 
applicable to many of the above services of the double-squirrel-cage machines, 
particularly fans, compressors, conveyors, hoists, cranes, and centrifugal and 
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plunger pumps. In these last instances, high starting torque with low starting 
current, and moderate speed regulation, may be required. 

General advantages of the induction motor are (1) it is easily started, (2) has 
a high starting torque, (3) requires no synchronizing, and (4) does not hunt. If 
overloaded, it will regain speed when the excess load is removed. Further, in 
the case of wound-rotor motors, control is obtained over speed. 

11.15. Polyphase Commutator Motors. There are a few polyphase com¬ 
mutator motors that employ principles of several types of machines. Discussion 
is given here on 2 of them since they follow the general treatment for the induc¬ 
tion motor. 

The Sehrage, or General Electric BTA, motor is a brush-shifting machine. 
There are two separate rotor bindings: the primary circuit fed through slip rings 
and taking the place of the stator binding of the usual induction motor; and the 
second rotor winding similar to that of the d-c shunt machine and having a 
commutator on which rest several sets of brushes. The stator holds a polyphase 
winding, the ends of each phase being connected to a set of brushes which can 
shift with respect to each other It now is the secondary of the motor. The 
voltage between the two sets of brushes for a given phase depends upon brush 
separation along the commutator surface. Since the commutator voltage is 
generated at slip frequency, it can be introduced into the stator windings, which 
also have a voltage of slip frequency induced in them, so as to assist or oppose 
the emf of the secondary. Speed control is obtained in this way, and the motor 
can run above synchronous speed. 

The BTA motor has a high starting torque, a low’ starting current W’hich de¬ 
pends upon brush position, and a speed range of 3:1. Speed control is uniform. 
The machine has good efficiency and some small adjustment of power factor. 
With the two brush sets of each stator winding resting on the same commutator 
bar, the motor acts as a typical squirrel-cage machine. Applications of the 
motor are with blowers, pump**, compressors, etc., which require wide changes 
in speed. It has had an extended use as a driver for printing presses and similar 
applications. 

The Eynn-Weichsel motor has a rotor with windings like those of the BTA 
machine. The stator is wound 2-phase, one of the windings being in series with 
the commutated winding on the rotor. It becomes the d-e field for the motor 
at synchronous speed. The second stator winding is closed upon itself through 
a variable resistance and gives the machine the characteristics of the tvound- 
rotor motor at starting. 

The motor normally runs as a self-excited synchronous motor with 150 per 
cent pull-out torque. When that limit is exceeded, the machine then operates 
as an induction motor up to 300 per cent pull-out torque. It will return to syn¬ 
chronous speed from induction motor operation if sufficient load is removed. 
The motor can correct power factor, motion of the brushes giving pow’er-factor 
control by varying the current in the stator exciting winding. It has a general 
application, but it is specifically of advantage in power-factor correction of 
induction motors on the same system. 



262 


ELECTRIC CIRCUITS AND MACHINES 


Problems 

1. Calculate the slip for a 6-pole, 60-cycle induction motor running at 1,148 rpm; 
for an 8-pole, 25-cycle motor having a full-load speed of 302 rpm. A pump is to be driven 
at 1,100 rpm by a 60-cycle induction motor. How many poles should the motor have? 

2 . At one point of a load test on a 3-phase induction motor the instrument readings 
were 223 volts, TIT = 1.16 kw. and TIT = —0.41 kw. The wattmeters had 25-amp cur¬ 
rent coils and 75/ 150-volt potential coils with 300-volt multipliers. Full scale was 3 kw 
for 25 amp and 150 volts. What was the average of the line currents for this particular 
load? 

3. A brake te«t on a 10-hp, 220-volt, 6-pole, 1,140-rpm, 3-phase induction motor 
gives the following data for one load point: 

217 volts, 22.8 amp, 7.37 kw, 1,151 rpm, 26.8 lb scale weight. 1 3 lb tare weight, 

1.5 ft lever arm. Resistance between stator terminals = 0.45 ohm. 

Calculate the output, efficiency, and power lactor for this load. Sketch the powci flow 
diagram and place numerical values on each arm. 

4. A 75-hp, 4,000-volt, 1,150-rpm, 6-pole, 5-phase induction motor gave the following 
results on test: 

no load* 4.000 volts, 3.5 amp, 3.56 kw, 1,103 rpm 

load: 4,000 \olt>, 11.8 amp, 71 52 kw. 1.141 rpm 

blocked rotor: 1.330 a oil-. 16 2 amp. 9 00 kw 

resistance between stator terminals = 2 70 ohms, Y-connected 

What are the output, efficiency, and power ta<tor ot the loaded motor 9 Sketch the 
power flow’ diagram. Solve the problem two way-, that is, bv assuming the fixed losses 
(a) as stator losses and (h; as rotor losses. 

5. A 10-hp, 4-pole 60-eycle, 220-volt, 3-phase induction motoi is drawing 7,110 
watts ftom the line. The core Ins*, 310 watts, nut.on an 1 windage 230 watts st »toi 
copper lo^s 200 watts, and rotor copper lo^s 3o() w^tt-. Compute tin motor efli«ieiH\ 
and the running torque. 

6 . A 3-phase, 6-pole. 60-cycle wound-iotor motor gives the following data on test: 

no load 220 \oIt € \ 9.2 amp, 640 watt-, 1 195 rpm 
load. 220 27.4 amp. 9.02 kw, 1,145 rpm 

blocked rotor: 69 4 \olK 27.4 amp, 2.2 kw 
resistance between stator terminals = 0.41 ohm 

Calculate the output, efhcienev, power factor, and limning torque of the motor under 
load. 

7. A 3-phase, 6-pole, 60-cycle induction motor gives the following data on test: 

no load: 220 \olts 10 amp, 550 watts, 1,197 rpm 
load: 220 volts, 30 amp. 10 lip output, 1,140 rpm 
windage and friction = 200 watts 
resistance between stator terminals is 0,34 ohm 

What is the motor efficiency for the load given? 

8 . Carry through the calculations on the pow’er flow' diagrams for the motor of Sec¬ 
tion 11.4 so as to check the \aluos given in the hist paragraph of that section. 

9. What components exist in the running-light current of the induction motor? IIow 
do they compare with those for the transformer on open circuit? Would you cxjject the 
no-load power factor of the motor to be better or w r orsc than that of the transformer on 
open circuit? 
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10. What is the major difference between the induction and synchronous motors in 
the manner in which they receive their excitation? Is the range of power factor for the 
induction motor therefore necessarily limited? How would you expect increasing shaft 
loads on the induction motor to affect its power factor in general? Compare the general 
range of power factor for the transformer, induction motor, and synchronous motor. 
What determines primarily the power factor of each? 

11 . A 440-volt, 1,200-rpm, 60-cycle squirrel-cage motor has 72 slots and a coil throw 
of 9 slots. The stator winding i- modified for 440-volt, 60-cycle, 1,800-rpm operation of 
the machine. What will be +he minimum value of the new exciting current as a percent¬ 
age of that for 1,200 rpm? What factor will increase the exciting current beyond this 
magnitude? What factors will increase the no-load motor current? 

12. Thinkmg of the induction motor a- 2 set- of moving magnetic poles, why should 
you expect the developed torque of the machine to be approximately proportional to 
the square of the stator improved \oltuge? 

13. Why should you expect the slip of the induction motor to increase, for the same 
developed torque, with increasing -tutor impedance? 

14. A variable rector, a lix*xl re-Dtor, and a fixed reactance are connected in series 
acro>- a -ingle-pha-e voltage. Show that the condition for maximum power taken by 
the 'variable re-i-tor is the same a- given in the equation of conclusion ulj of Section 6 of 
thi- chapter. 

15. What i- the effect on motor heating of frequent starting or reversing, or of starting 
high-ineitia load-? What -imple electric circuit can represent fairly elo-elv the general 
variation of current and the -torago of kinetic energy in the induction motor during the 
-tailing period? llea-uning from tlii- circuit, what i- the relation between the heat pro¬ 
duced in the motor during Parting and the stored energy of notation at Hill speed? Would 
-tarting requirement- such a- those in the fir-t sentence above influence the character of 
conducting material in -ijuim'l-^ace motor-? Why and in what manner? 

16. Derive the relation 1 K — 7.05 .V given in Section lid). 

17. The 0 terminal- of tile 3 pha-e- of an induction motor are available for Y and 
delta connection. Give the utio- of .-tarting cuirent, starting torque, and kw input at 
-tailing when delta connected to the corro-ponding value.- when Y connected. Assume 
same line x oltago. 

18. A 20-hp, 00-cycle, 3-phase, 1,150-rpm. 440-volt induction motor develops 175*7 
of rated torque and draws 600' ( of lated cuirent when thrown directly oil the line. What 
would be the line current, motor current, and starting torque it the motor were placed 
acio-s the 60* , taps oi a -tarting comj>ensator? 

19. The motor of problem 4 i- started on the 40*7 taps of an autotransformer. Com¬ 
pute the -tarting torque in pound-feet, in per cent of lull-load torque, and in synchronous 
watt-. 

20. Calculate the starting torque for the motor of problem 6 when it is started on full 
\oltage. 

21. A -quirrol-cage motor draw’s 75 amp from the line and develops 40 Ib-ft torque 
when starttxl on the 10* t taps of a compensator. What would be the line current and 
starting torque if the motor were started on the 00*7 taps? 

22. A 220-volt, 5-hp, 4-pole, 1.720-rpm, 8-phase, squirrel-cage motor takes 550*7 
of rated current at starting and develops 175*7 of lull-load torque with full voltage im¬ 
pressed. What should be the applied voltage if the motor is to develop rated torque at 
starting? What current xvould an autotransformer take for this condition? 

23. The following test information is obtained on a 220-volt, 40-hp, 1,155-rpm, squirrel- 
cage motor: 

no load: 220 volts, 18.5 amp, 1.80 kw, 1,196 rpm 
blocked rotor: SO volts, 183 amp, 11.4 kw r 
resistance between stator terminals — 0.046 ohm 
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The motor is to receive its power from a 90-kva, 3-phase transformer bank having 4.6^ Z . 
What approximate starting voltage shoind be applied to the motor to limit the voltage 
drop on the load side of the bank to Z> ( ( when the motor is started? Assume the input 
voltage to the bank remains constant. What is the starting torque of the motor at this 
reduced voltage? 

24. Refer to the motor of problem 4. Compare the line currents at starting when the 
motor is started by means of a compensator, by resistance in the lines, and by reactance 
in the lines, all methods to give 65 r ^ rated voltage at the motor terminals. Assuming 
full-load efficiency and power factor for the motor are both 92 r J, what is the percentage 
starting current on 65 c < voltage? What is the percentage starting torque? What ohmic 
values of line resistance and reactance are required under these two methods of starting? 
What advantages does the compensator have over the other methods of starting? What 
disadvantages? 

25. A 5-hp, 220-volt. 6-pole, 60-cycle, wound-rotor motor develops 9,4 Ib-ft starting 
torque on 42 f 7 rated voltage. The resistance between rotor terminals is 0.84 ohm, and 
the ratio of stator to rotor turns is 1.65. What minimum blocked-rotor current will the 
motor draw at full-voltage starting? Why will the actual line current be greater than 
your calculated value? 

26. The following data were obtained by test on a 5-hp, 220-volt, 15.6 amp, 1.140 rpm, 
3-phase, 60-cycle, wound-rotor motor: 

blocked rotor: 92 volts, 24.3 amp, 1,530 watK rotor >hort- 
circuited with no external rotor resistance 
stator resistance between terminals — (L-474 ohm 
rotor resistance between terminals — 0.410 ohm. windings only 
turn ratio of stator to rotor = 1.65 

What approximate resistance should be added to each leg of the rotor circuit for maxi¬ 
mum torque to be developed at starting? What will be the appioximate percentage 
starting current and starting torque on full \oltage for thF condition? 

27. A 6-pole squirrel-eage motor has the following nameplate rating: 7.5 hp. 230 volts, 
20.4 amp, 3 phase, 60 cycles. 1,140 rpm. Full-load pi is s2.s r ^. At no load, tin* motor 
diaws 6.5 amp at 20 c l pi. II the sum of the rotor iron lo^ and windage and lnetinn is 
1MJ watts, what is the rotor resistance in ohms per leg referred to the statoi? 

28. Refer to Figure 8.8 which shows the elements of the 2-pole induction motor. If 
the rotor reactance were zero, what would be the torque angle of the motor? Would 
the angle vary with load or slip? How does rotor reactance affect the torque angle? 
What is the torque angle at starting with maximum developed torque? 

29. While a slip-ring motor is carrying a steady load, the rotor-circuit resistance is 
increased suddenly by a small amount. Give the sequence of resulting actions within 
the motor until it returns to steady operation. 

30. The voltage applied to an induction motor is increased 10 r <. What are the effects 
on exciting current, stator current, rotor current, speed, efficiency, and power factor? 
Give the approximate changes in per cent of rated values. Shaft load icmains constant. 

31. A 5-hp, 4-pole, 50-cycle, 220-volt induction motor is to be supplied from a 220- 
volt, 60-cycle source. What will be the effects on exciting current, stator and rotor cur¬ 
rents at rated output, speed, efficiency, power factor, starting torque, and maximum 
torque? If the 50-cycle eddy-current and hysteresis losses are 150 and 100 watts, respec¬ 
tively, what will be the new iron loss at 60 cycles? 

32. A customer contemplates using a 40-hp, 440-volt, 3-phase, 60-cycle, 1,140-rpm 
induction motor on 25 cycles. If this were to be done, wdiat should be the new rating of 
the machine? What would be the effects on efficiency, power factor, starting torque 
and pull-out torque? 
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33* Why arc high efficiency and high power factor mutually onposed in an induction 
motor? 

34 . What is the effect of the length of the air gap on the efficiency and power factor of 
the induction motor? Does the gap length influence the type of bearings? 

35 . For the same horsepower, voltage, and frequency, why will a high-speed induction 
motor have a better efficiency and power factor than a low-speed motor? For the same 
voltage, frequency, and speed, why will a motor with a higher horsepower rating have a 
better efficiency and power factor than one with a lower horsepower rating? 

36 . As a percentage of full-load torque, w r ould you expect the starting torque of the 
induction motor to increase or decrease, in general, as the number of poles is increased? 

37 . For squirrel-cage motors, what would be the general shape of the rotor slots and 
the relative resistance of the conductors to give: 

(a) Normal starting torque and normal starting current, 

(b) Normal starting torque and low starting current, 

fc) High starting torque and low starting current, and 

(d; High starting torque and high slip? 

38 . A 3-phase, squirrel-cage motor ha" the following rating: 10 hp, 220 volts, 26.9 amp, 
60 cycles, 1,1-18 rpm. 

no-load data are: 220 volts. 9.8 amp, 670 watt*, 1,196 rpm 
locked rotor: 110 volt", 96 amp, 9.5 kw 
rerirtanee betwTen rtator terminals = 0.2M ohm 

Construct the circle diagram for the motor. Show the point of normal operation. Deter¬ 
mine the maximum power lac tor and the maximum torque. 

39 . Data lor the circle diagram are to be obtained on a 15-hp, -DO-volt, 17.5-amp, 
3-pha^e, 60-cycle. 1,150-ipm, squii rel-cage motor. The wattmeter to be used is a poly¬ 
phase instrument having 5-amp current coil" and 150-volt potential circuits with multi¬ 
pliers for 600-\olt range". Sketch the circuit diagrams for the test", showing the posi¬ 
tions of all instrument" and their polarity marking". Li"t all instruments and auxiliary 
measuring equipment required for the tests. 

40 . What instrument" and auxiliary measuring equipment wrould you order for indi¬ 
cating the line voltage and cui rent oi a 350-lip, 2,300-volt, 3-phase, 1.100-rpm induction 
motor to be installed permanently? 

41 . What i" the general torque requirement on a motor driving a punch press? How 
does thi" influence the character ot the motor "elected for the drive? What type of 
squirrel-cage motor would you recommend* Would a wound-rotor machine have any 
ad\antagos over a squirrel-cage motor for this application? 

42 . What i" the toique requirement on a synchronous motor in starting a fan load and 
in bringing it up to speed* What type of squirrel-cage winding should the motor have? 
Answer these questions for a synchronous motor drhing a compressor, a blower, a cen¬ 
trifugal pump, as part of a motor-generator set, and when connected to a high-inertia 
load. 

43 . The driving machines of a lumber mill are induction motors which run at greatly 
reduced loads most of the time. Discuss the effect upon the economical operation of 
the plant. 

44 . The average yearly load on a plant is 2,500 kw, at a powder factor of 0.65 lagging 
because of induction motors. The plant is in operation 275 days u year, S hours a day. 
Electrical energy costs one cent per kwhr, with a penalty of 5*7 of the energy bill for 
each 1<7 decrease in power factor below 85*7. and a bonus of ^°7 of the energy bill tor 
each 1*7 increase in power factor above 85 r ( \ If capacitors cost $10 per kva installed, 
what kva of corrective equipment will yield in savings during the first two years an 
amount equal to the investment cost? 
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45 . A 125-hp, 2,200-volt induction motor for driving an electric shovel in an open-pit 
mine has a starting torque of 150%, a pull-out torque of 280% at 15% slip, and full¬ 
load torque at a slip of 2%. Sketch the general speed-torque curves for this motor for 
100%, 90%, and 80% rated voltage. Does this motor have any advantage over one 
having the same horsepower but a 440-volt rating? What is the approximate minimum 
continuous kva in supply transformer capacity required per motor horsepower? If 
several shovels obtain their power from the same transformer bank, will the ratio of 
bank kva to horsepower of connected load be affected? 

46 . A 2, 200-volt, 3-phase, squirrel-cage motor draws 1,200 kva in starting on 65% 
voltage. The stator winding is 1-circuit delta, with 12 slots per pole and 4 conductors 
per slot. What is the maximum value of the conductor current? Assuming sinusoidal 
distribution of the mmf over the pole pitch, what are the maximum ampere-turns per 
pole? What maximum current will flow in the end rings of the rotor winding? 

47 . The average load on an induction-motor driver i- to be 40 lip with cnerloud- of 
short duration up to 275% of normal torque. The slip at these overloads is not to exceed 
5%. What should be the rating of the motor? Would you recommend a squirrel-cage 
or a wound-rotor machine? 

48 . The frequency was (hanged from 50 to 00 cycle*. »nor a large part of the industrial 
area of a city. To satisfy job requirements, a 15-hp. 220-\olt. 710-ipm, 30-cycle squirrel- 
cage motor had to produce 100% of full-load torque when starting on rated voltage* at 
60 cycles. A blocked-rotor test on the motor showed 80 volt-. 41.8 amp, 2,870 watts, 
50 cycles. Resistance between stator terminal- was 0.38 ohm. Was the motor satis¬ 
factory? Xegleet iron losses. 

49 . In a large oil refinery, the rotor of a 1,600-hp, 3,000-rpm Mourn tuibine is direct 
connected to a 1.250-hp, 2,300-volt squirrel-cage motor, a boiler feed pump, and a booster 
pump, all on the same extended shaft. The primary purple of the tin bine i- to drive 
the pumps, hence normally the motor lines are o]Hi) and the machine idle-, the turbine 
driving through it. What two function* can be fulfilled by the induction machine, and 
under what condition? What approximate kvar i- carried by the induction machine at 
rated slip? 

50 . Ail induction motor in substation A i- fed by cable from substation I> some di-lance 
away and drives a J-c generator for charging a large battery. One evening the cable at 
station B was opened as usual, but the operator in station A failed to disconnect the 
battery from the generator. Station A was unattended during the night, and in the 
morning the battery was found discharged. Further, a recording voltmeter showed a 
continuous voltage at the motor terminals throughout the night higher than normal. 
Why did this voltage exist at the motor terminals, and does this fact provide the* major 
reason for the discharge of the battery? 

51 . A 3-phase, 30-lip, 60-cycle, 8 pole, 220-volt induction motor is to drive a traction 
elevator in an office building. The elevator is to be accelerated at an average rate of 
4 ft per sec per sec to a normal speed of 250 ft ]>er min. The equivalent It7? ? of all mov¬ 
ing parts is 120 lb-ft 2 referred to the motor shaft. Show that the required starting torque 
is 


T = 


If/? 2 X synchronous speed 
307 X seconds accel. time 


pound-feet 


Calculate the starting torque as a percentage of the torque obtained from rated horse* 
power and synchronous speed. 
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SINGLE-PHASE MOTORS 

12.1. Introduction. The dbcuvion thus far has been limited to polj'phase 
machines; there are, however, many fields of application in which only single¬ 
phase machines are found. In oizes of 1 hp and greater, they are used generally 
where 3-phase power is unavailable, but there is no similar factor controlling 
the U'C of the fractional-horsepower motor. Because of the character of many 
loads, the single-phase motor is more adaptable to the service than is a polyphase 
motor. It is easier to build very small single-phase machines than it is to build 
them for polyphase operation, and the extremely high speeds required in many 
applications dictate u->e of the single-phase motor. 

General-purpose, single-phase motors are usually found in the fractional- 
hor-epouer group, although there are a great many built with ratings from 1 to 
13 hp. There ha» been no definite limit set on the size of a single-phase motor 
which can be built, and standard ratings reach as high as 40 hp. They seldom 
exceed 13 hp, though, because of the voltage fluctuations they cause at starting 
and because the polyphase motor is better adapted to service in sizes greater 
than a few horsepower. In many instances power companies limit the size of 
single-phase motors which can be connected to their lines. 

Fractional-horscpow er motors are built w ith ratings as low as tt'Co hp, although 
by far the greater number are in the range from ^ hp to 1 hp. Tiny reluctance- 
ton pie motors are listed according to torque, of a few ounce-inches, at a given 
speed, which usually is very low. Voltages are generally 110 and 220 volts, 
but a few motors, having relatively high ratings, are designed for 440 volts. 
Small universal motors run on either a-c or d-c, with voltages as low as 0 volts. 
Frequencies are standard and in the range of 25 to 00 cycles, although there are 
a few applications outside these values. General applications call for speeds in 
the range of 900 to 3,000 rpm, but. again, the small universal motor may have 
an idling speed of 10,000 rpm and develop its maximum output at 5,000 to 8,000 
rpm. The load requirements for single-phase motors are fully as severe as for 
the large polyphase machines, and the design, construction, and application of 
the single-phase motor have created an industry that is a large part of the 
engineering field. 

Distinct from the enormous number of small machines for general use, there 
are many large single-phase motors and generators built primarily for traction 
duty. Some motors are of the series type and vary in size from a few' horsepower, 
for service such as with cranes and hoists, to very large machines in locomotive 
drives. Single-phase synchronous motors, used in motor-generator sets on loco- 
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motives, have ratings of a few thousand horsepower. Single-phase alternators 
are normally found only in railway service, but they also are built for special 
work such as testing. In general, single-phase synchronous machines are simply 
3-phase Y-connected machines with one leg left idle in operation, and their kva 
ratings usually are relatively high. 

Practically all single-phase motors are designed so that they will be self-start¬ 
ing. although with but a single winding they do not have the revolving field that 
is fundamental to the polyphase motor. As a consequence of the methods by 
which many single-phase motors are started and brought up to speed, they carry 
names indicative of the starting circuit or device. Others take their names from 
the manner of operation, and hence we have the split-phase, capacitor, repulsion, 
series, shading-coil, etc., types of single-phase motor. All of them are built with 
various ratings along certain standard lines that aim to satisfy general and special 
starting and load requirements. 

12.2. Single-phase Induction Motors. This type of motor is discussed first 
because it introduces the problem of starting single-phase motors. In the sim¬ 
plest form, the machine has a squirrel-cage winding on the rotor like that of the 




{slj Two oppositely 
rotating fields 


(b* Two opposing torques together with 
result ant 


Fig 12.1. The single-phase induction motor. 


polyphase motor. The stator also is similar in mechanical construction but has 
only a single-phase winding, usually of fractional pitch and not necessarily filling 
all the slots. This single-phase winding does not give the motor an inherent 
starting torque because the stator mmf is confined to one axis and cannot produce 
a revolving field. Unless the motor is started by some external moans it will 
not come up to speed, but once started in either direction it will continue to run. 
The first single-phase motors were of this character and were started mechan¬ 
ically, the speed increasing until the motor could develop sufficient torque to 
accelerate itself to normal no-load speed. In like manner, single-phase operation 
can be obtained from the polyphase induction motor. After the machine has 
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reached its no-load speed, in either direction of rotation, it will continue to run 
if one line lead is opened. Normal load cannot be so great as before, the machine 
will be noisier, the efficiency and power factor will be poorer, the speed regulation 
will be greater, and the pull-out torque will be less. 

The explanation for the ability of the motor to accelerate when started and 
to carry load is not simple, and more than one theory has been advanced for the 
operation of the machine. For simplicity we may consider the single-phase 
pulsating field of the sta f or winding to be equivalent to 2 equal and oppositely 
revolving fields, Figure 12.1a. Either field alone may be thought to give rise to 
one of the typical torque-speed curves, Figure 12.1b, of the induction motor. 
The dotted lines are carried over the range from zero to 200 per cent slip, a slip 
of 2 meaning synchronous speed in the reverse direction with respect to the 
rotating field. The resultant torque for both fields is given by the full line; hence, 
once started in either direction, the motor will follow that stronger field. Start¬ 
ing schemes were soon applied to the motor, the first of which is split¬ 
phasing. 

12.3. Split-phase Motors. Because the single-phase motor has no true revolv¬ 
ing field, it is started by special means. In the split-phase motor, Figure 12.2, 
there are 2 coils on the stator, 90 degrees apart, with 
resistance usually inserted in series with one of them. 

Reactance is used sometimes. The basic idea is to 
obtain unequal ratios of resistance to reactance for 
the 2 parallel circuits so that theminf of one will rise 
to its maximum value at a time different from the 
other. A time-phase angle of 30 to 45 degrees is 
obtained normally by using resistance in one branch. 

The motor is not a balanced 2-phase machine 
because the turns and wire sizes of the coil" are not 
the same, but an imperfect revolving field does result. As a consequence, the 
rotor moves in the direction of the field. Near full speed, the auxiliary wind¬ 
ing usually is disconnected by a centrifugal switch. Split-phase motors have 
been built since the early 1890's, although the first ones were not too successful, 
primarily because of mechanical difficulties in developing a good throw-out 
switch for the auxiliary winding. 

The starting torque of the split-phase motor is low, and the starting current 
relatively high, several times the normal full-load current. For this reason, it is 
built only in small sizes, perhaps no greater than k hp. In some localities the 
size may be limited further so that voltage fluctuations due to starting will not 
be troublesome. The motor has application in home appliances such as machines 
for washing clothes and dishes, ironers, small grinders, fans, blowers, oil burners, 
and air conditioners. It is used on farms and in dairies for driving equipment 
having low starting requirements. Further applications are with office machines, 
sewing and winding machines, cloth cutters, machine tools, drills, and advertising 
devices. 



Fia. 12.2. The split-phase 
motor. 
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12.4. Capacitor Motors. A much better method of phase-splitting is to use a 
condenser in place of the resistance in the auxiliary winding of the split-phase 
motor. This second type of machine is called a capacitor motor, Figure 12.3, in 
distinction to other forms of single-phase motors. It is usual to have 2 condensers 

in the second circuit, a large one to secure desired 
starting characteristics, and a smaller one to give 
good power factor under load. The large condenser 
is disconnected by a centrifugal switch as the motor 
nears full speed. A single condenser can accomplish 
the results of the 2 just discussed if it can be varied 
in capacity as the motor comes up to speed. The 
equivalent effect of this is obtained by connecting 
the condenser across an autotransformcr in the aux¬ 
iliary circuit, a centrifugal switch changing taps on 
the transformer as the motor nears its no-load speed. 

The function of the auxiliary condenser circuit is to convert the single-pha^e 
supply to 2-phase pow er in the motor, thus obtaining a revolving field. The sepa¬ 
rate fields of the 2 windings can be designed to have the same strength and to 
appear 90 degree^ in time with each other. The motor then runs as a 2-phase 
machine with constant air-gap torque. The power factor can be made unity 
at starting, and unity or leading under load hy lining the proper capacitance. 
Starting torque is several times normal torque, with a line current about 70 
per cent that of a corresponding 2-phase motor. The efficiency F much higher 
than that of the split-phase or repulsion-induction motors, and this factor makes 
the motor desirable for applications in which loud is carried for long periods of 
time. 

Capacitor motors are built in sizes about hp to 10 hp or more. They may 
be capacitor start-capacitor run or capacitor start-induction run. Although 
developed primarily for refrigerators and oil burners, the 
capacitor motor satisfies almost any job requiring a small- 
motor drive. Two important uses are for pressure pumps, \ 
to 2 hp, on farms, and air compressors, up to 5 hp but 
usually 2 or 3 hp, in automobile service stations. They 
have added Uses with pumps, stokers, compressors, cream 
separators, small concrete mixers, and general household 
appliances. Whereas 110- and 220-volt stators are usual, 
the larger motors may be wound for 410 volts. 

12.5. Repulsion Motors. The repulsion motor, Figure 
12.4, is the simplest a-c commutator machine. It consists 
of a single-phase stator, a d-c armature, and a pair of short- 
circuited brushes on the commutator. By virtue of trans¬ 
former action, currents are induced in the rotor conductors 
and torque is developed. The axis of the mmf of the rotor currents is confined to 
the brush axis and is stationary in space regardless of speed. The torque hence is 



Fig. 12.4. The re¬ 
pulsion motor. 



Fig. 12.3. The capacitor 
motor. 
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a function of the angle between the axes of the brushes and the stator winding, the 
angle being about 20 degrees for normal operation. The direction of rotation is 
reversed by shifting the brushes to the opposite side of the main field axis. 

The motor has a very high starting torque with low power factor and a high 
running speed. Some motors of this type are adjustable in speed by having a 
brush-shifting mechanism movable by hand, and they can be reversed quickly 
from full speed in one direction to full speed in the other. Changes in load pro¬ 
duce large changes in sp od, but a second set of short-circuited brushes at 90 
degrees with the first will give constant-speed characteristics. A great advan¬ 
tage of the repulsion motor is the independence of the rotor circuit. The rotor 
winding is designed generally for low voltage, but the stator can be wound for 
several thousand volts. The motor has been adapted to railway and crane service 
in past years, but has given way to other types of machine for these applications 
and is seldom seen as a straight repulsion motor. 

12.6. Repulsion-induction Motors. In addition to a commutated winding, 
this variation of the repulsion motor has a squirrel-cage winding placed below 
the other. The two are separate, and both are active in carrying load. The 
motor has the high starting torque of the straight repulsion machine and now 
has also the const ant-speed performance of the single-phase induction motor. 
The squirrel-cage winding eliminates a high speed regulation. The motor is 
-imilar to the d-e compound motor in the combination of star+ing and running 
characteristics. Being somewhat deeply embedded in the rotot iron, the squirrel- 
cage winding has the desirable running performance of the double-squirrel-cage 
induction motor. The reactance is high and the resistance is low when up to 
speed. 

Repulsion-induction motors are built in sizes a hp to 15 hp. They are heavy- 
duty machines and are well adapted to service requiring high starting torque, 
for example, deep-well pumps, compressors, blowers, stokers, and conveyors. 

12.7. Repulsion-start Induction-run. If the commutated winding of the 
repulsion-induction motor is removed from service as the motor comes up to 
speed, the machine operates then only on the squirrel-cage winding and runs as a 
single-phase induction motor. In most instances, though, only the commutated 
winding is placed on the rotor. When well up in speed, a centrifugal device, 
working as a sleeve around the shaft, throws a short-circuiting ting against the 
commutator bars from the inside. At the same time, it may push the brushes 
away from the commutator, which for this type of machine is radial rather than 
cylindrical. The motor, therefore, starts as a repulsion motor and runs as a 
single-phase induction motor on the same winding. 

These motors have a starting torque several times rated torque, take a rela¬ 
tively low starting current, and have good speed regulation. They are built in 
sizes about yy hp to 15 hp and are limited in size only to that permitted on the 
power system. Applications include pumps, compressors, milling machines, 
hoists, refrigerators, oil burners, stokers, eomeyors, machine tools, washers, 
floor polishers, anti coffee, meat, and food grinders. 
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12.8. Series Motors. The a-c series motor, Figure 12.5, is similar in construc¬ 
tion to the d-c series motor, and it has similar characteristics. It is a commutator 
machine with the field winding in series with the rotor circuit. Depending upon 
the relative connection of the field and armature, the motor will run in either 
direction. The number of turns in each field coil of the a-c machine is less than 
for the d-c machine so as to decrease the inductance, and the flux density is 
reduced. To provide the same torque the armature current is greater, and this 

increases the cross-magnetizing field which leads to a con¬ 
siderable distortion of the air-gap flux and very poor com¬ 
mutation. Compensating windings, however, which carry 
armature current and are placed in the pole faces, neutralize 
armature reaction. Better power factor is obtained in 
addition to better commutation. Commutation also is im¬ 
proved with resistance between the armature coils and the 
commutator. A variation in design is to short-circuit the 
compensating windings upon themselves, in which case 
compensation is inductive rather than conductive. 

The a-c series motor has a large starting torque. doe> the d-c series machine, 
and, similarly, it has a large speed regulation. The power factor is good. The 
motor can run on direct current, and with a higher efficiency, well a^ it can 
run on alternating current. A few minor changes are made in the circuits of the 
larger motors wiien they are to be connected to d-c lines, and the \ullage is 
reduced. Very small machines are universal motor-*, that is, they will run on 
direct or alternating current of the same voltage and with no changes of any sort 
in them. In the smaller sizes, the a-c series motor finds application in sewing 
machines, vacuum cleaners, food mixers, fans, etc. Uee Universal Motors). 

Large series motors are Used in main line* and interurban railway electrifica¬ 
tions. Here they are found with ratings of several hundred horsepower and 
possibly over a thousand horsepower. The motor- are designed for \oltages 
between 170 and 230 volts, with 300 volts maximum. They take their power 
from the secondaries of transformers, the primaries of which are connected to 
11,000-volt 25-cycle lines, standard for thi- country. The power factor of the 
series motor for railway service is about 95 per cent at the continuous rating of 
the motor, and the efficiency is in the neighborhood of XX per cent. 

The useful charaacteristics of any series motor are high starting torque and 
high running speed. The speed regulation on constant voltage, however, is high. 
Speed regulation or variable-speed operation is obtained with railway motors 
through a change of voltage by means of taps on the transformer secondaries. 
There is far less loss than with rheostatic control used for d-c series motors in 
raihvay service. 

12.9. Universal Motors. Universal motors, as the name implies, are ma¬ 
chines that will run about equally as well on direct or alternating current. They 
are small series motors, built in sizes about hp to approximately ?> hp. 
They are designed for various voltages, and for the frequency range 1 from 



Fig. 12.5. The series 
motor. 
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direct current to CO cycles. The most common speeds are in the range of 3,500 
to 8,000 rpm, although in some cases the speed is very much higher. Starting 
torque is high, and the power factor under load is good. The efficiency is low. 

Of very great value in their general use is the fact that they are small, light, 
portable, and powerful for their size because of the high speeds at which they run. 
Speed control is obtained easily by varying the armature voltage by way of 
series resistance in the circuit. The governor-controlled motor has a centrifugal 
device which works extremely rapidly in closing or opening contacts across a 
series resistance. A condenser in parallel with the resistance absorbs energy as 
the contacts open. This type of motor is found in some food mixers, and it holds 
constant speed regardless of variation in torque. The universal motor has a 
great many applications. Common ones are in vacuum cleaners, portable drills, 
small ventilating fans, sewing and dish-washing machine.-, food and drink mixers, 
floor polishers, polishing and buffing machine-, cameras, moving picture pro¬ 
jector.-, oil burners, grinders, dental and surgical equipment, laboratory equip¬ 
ment, adding and calculating machines, metal and woodworking machines, and 
not elt ies and games. 

12.10. Shaded-pole Motors. The -haded-pole motor has projecting poles on 
the htator, and it.- field structure is similar to that of the d-c machine. The poles 
are split, and a short-circuiting coil or heavy collar, called 
the -hading coil, surrounds one part of the pole, Figure 
12.t>. As the main flux pulsates through the pole body, a 
current i- induced in the shading coil which acts as the 
secondary of a short-circuited transformer. The flux d> 2 
thereby is prevented from reaching its maximum value at 
the same time a- the flux 4>i. The result is a shift of flux 
aero— the pole face from the main section to the shaded 
area. Consequently, a rotating field, although very poor, 
i- produced and the motor runs. 

Shaded-pole motors have limited application because 
of their weak starting torque. They are found principally 
as drivers for small desk fans, for timing motors, in do¬ 
mestic furnace control, and in the light-load adjustment of watthour meters. 
They are built only in very small sizes, hp to about ^ hp. and usually 
run on 110 or 220 volts, 50 or (50 cycles. 

12.11. Synchronous Motors. There are a few types of motors which run at 
synchronous speed. They are used primarily for timing devices and where 
accurate and constant average speed is desired. Specific applications are in 
clocks, timers, sound cameras, motion picture projectors, recording instruments, 
control of heat instruments, relays, X-ray equipment, governor control, and 
stoker drives. They are a source of low-speed torque or power delivered at con¬ 
stant speed. Some may be started and run in either direction. In stoker drives, 
a spring arrangement will reverse the motor if it jams, and start it forward again 
at the end of its back travel. 



Fig. 12.6. The 
shaded-pole motor. 
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Without reduction gears, the speeds may be as low as 75 rpm on 60 cycles and, 
with gears, as low as 1 rpm. Ratings are given in ounce-inches of torque at a 
given low speed or in terms of fractional horsepower, for example, yV hp at 1,800 
rpm. Voltages are 110 and 220 volts, and frequencies are standard, from 25 to 
60 cycles. 

Hysteresis, or reluctance, torque provides the means of keeping these small 
motors in synchronism. The rotor construction is of salient-pole character so 
that the rotor iron can become magnetized with definite polarity. They are 
started as induction motors, using shading coils or a split-phase circuit employ¬ 
ing either resistance or capacitance. A few are given a quick start by hand. 

Problems 

1. The stator coil- of a 2-pole capaeitoi motor produce x and // component space 

fields as shown. In time, <*> x = .1 eos u>/ and 0, = A cos 
<o>/ — 90°). Plot the loom ot the resultant field, 0, foi one 
complete cycle. Demi* an expression lor the rotating field, 
similar to that ot equation vl. 

2. The statm coils ot a 2-pole. split-phase motor produce 
the following component field- - .1 co- cot. 0, = A 2) 
cos (ut — 60A. Repeat pioblem 1 im the iesultant field. 

3. A 5-hp, 230-volt. 1,720-rpm. 00-cycle, single-phase capacitor motor has an effi¬ 
ciency of and a pf of unity at full load. Tin* Tesi-tance of each leg of the split-pha^e 
winding is 0.9 ohm. It is to he assumed that at rated load the leg currents an* equal and 
the power factor of each leg is 0.71. Draw the power-flow diagram shutting, input, stator 
copper loss, rotor loss, fixed losses, and output 

4. A locked-rotor test ot the motor oi problem 3 made on 230 \<>1D show- V) amp and 
36 lb-ft. Express both of these values in pet cent of rated values. 

5. A Y-connected, 3-phase, 10-hp, 440-vult, indm tion motor is delivering 7 hp at an 
efficiency of and O.sd pf. Stator cupper los M *s tor this load amount to 3 PD One 
of tire 3-phase lines is now opened and the inutoj continues to delner 7 lip to the -haft 
load. Making reasonable approximations, calculate the new statm copper lo-< If the 
total stator copper loss is not to exceed that ior 3-phase operation, what should be the 
approximate rating of this motor for single-phase operation? 

6. At no load, a 3-phase, 220-volt, 10-hp. squiriel-cage motor draw - 9 S amp and 070 
watts. Give the approximate value of the line current if the fuse in one of the lines is 
removed. 

7. A manufacturer gives the following data for a J-hp. 115-volt, 60-cycle, 2-pole, series 
(of the universal type) motor: 2.03 amp. 0.9 pf, torque of 2.S oz-ft, resistance of armature 
circuit of 5.2 ohms, resistance of field of 7.6 ohms. Calculate the efficiency, rpm. and 
the *um of windage, friction, and iron lo-ses. The speed of this motor is approximately 
inversely proportional to the line current. Calculate the rpm for 0.64 amp. 
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DIRECT-CURRENT MACHINES 

x6.1. Introduction. The d-c machine already has been discussed to good 
ext (»n1. General feature* in it* mechanical construction have been noted, the 
manner of generating voltage and of producing torque has been explained, the 
function of the commutator was described, and the armature windings were 
taken up specifically. We come mm to the operating characteristics of this type 
of machine, and the change*, primarily in its electrical circuits, whereby the ter¬ 
minal voltage of the generator may be modified and control obtained over the 
torque and the speed of the motor. 

In comparison with the high rating* that a-c machines have, the d-c machine 
i* moderate in size. At one extreme, both generators and motors are built with 
fractional horsepower ratings. Generator* reach capacities of several thousand 
kilowatt^, and motor-* may have a raxing of many thousand horsepower, for 
example. S,000-hp motors for -teel milK Voltages range from a few volts, as 
t\pitied In tho*e for automobile generators and motors, through an extremely 
great number of standard and odd voltages to a few T thousand volt*. One of the 
ino*t fundamental difficultie* in building d-c machines in very large sizes or for 
relathcly high \oltage* a-* tho*e used with a-c machines lies in the problem of 
commutation, a problem more mechanical than electrical. Again, the power 
output of the d-c machine is repre*cnted by its armature, which is the rotating 
element. Like the synchronous machine, it is far easier to build a machine in 
which the field structure rather than the armature revolves but this cannot be 
done, of cour*e, w ith the d-c machine because rectification is obtained by rotation, 

Since d-c machine* do not have the reactive effects of a-c machines to be con¬ 
sidered in design, they have a higher ratio of power to volume for a given sp ed. 
They are fully a* reliable as a-c machines and have the distinct advantage of 
flexibility which the a-c machine in general has never had. Voltage, speed, and 
torque are readily controlled, and the d-c machine has a good efficiency. Over 
the last few* years, and for machine* in the smaller sizes, the curve of horsepower 
of d-c motors sold, as a function of time, has had a rate of increase greater than 
that of a-c motors. A limitation on the use of d-c motors in many localities lies 
in the fact that d-c power is not available. 

13.2. Armature Reaction. Armature reaction, which is the effect of the arma¬ 
ture mmf upon the flux distribution of the machine, is a fundamental problem 
in d-c generators and motors. It has a pronounced influence on commutation, 
which is perhaps the most serious limitation on the size and voltage rating of 
d-c machines. Armature reaction is treated here mainly as it applies to the 

975 
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generator, but the student should have no difficulty in carrying the discussion 
over to the d-c motor. 

The ampere-turns of all windings on the field poles act on the magnetic circuit 
of the machine along the center line of the poles, that is, in the direct axis, the 
same as in the synchronous machine. With no armature current flowing, the 
field mmf gives rise to a uniform flux distribution under the pole faces, symmet¬ 
rical with the direct axis, and with a point of zero flux density approximately 


No-Load Elect* 
'^Neutral 




Fig. 13.1. Distribution of air-gap flux of a gunurator at no load. 

midway between poles. Figure 13.1. This point of zero flux density is called the 
electrical neutral and. in general, will not be exactly at the mechanical neutral 
position midway between poles. 

With no field excitation, the armature winding, when carrying current, pro¬ 
duces its own flux distribution. Figure 13.2. The armature mmf always acts 
along the plane at 90 electrical degrees with the axis of the brushes which are 
placed approximately under the pole center?- as to short-circuit each coil as it 
passes through the electrical-neutral plane. The armature mmf, then, exerts 



its effect on the quadrature axis midway between poles, and all or the greater 
part of this mmf is said to be cross-magnetizing. The flux distribution is sym¬ 
metrical about the quadrature axis only when the brushes are directly under 
the pole centers so that the coils they feed lie in the mechanical-neutral plane. 

Under normal operation, both field and armature carry current, the axis of 
their resultant mmf being somewhere between the direct and quadrature axes. 
The armature mmf, therefore, has a distorting influence upon the main-field 
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flux, Figure 13.3, which is shifted from the center of the pole toward one of the 
pole tips. The shift is forward in the direction of rotation for a generator, and 
backward against rotation for a motor. The electrical neutral hence moves 
along the armature surface as the armature mmf is increased, that is, with load 
current. 

The magnitude of flux shift depends upon saturation in the pole tips as well 
as upon the value of the armature current. If saturation does not exist, the 
increase of flux in one po 1 tip is offset by a corresponding decrease in the other. 
With saturation, however, there is a net decrease in total flux, resulting in a 
decrease in terminal voltage of the generator and an increase in speed of the 



a 

Flu. 13.3. Distribution of air-gap flux of a generator under load. 


motor. The distorting effect of armature reaction is used in the principle of 
operation of the third-brush const ant-current automobile generator and in speed 
regulation for some small motors. 

13.3. Commutation. When an armature coil moves from one pole to another, 
the current in it is reversed from a maximum in one direction to a maximum in 
the opposite direction. This reversal of current is called commutation, and it 
takes place during the time the 2 commutator bars to which the coil ends are 
fastened pass under, and are short-circuited by, a brush. Figure 13.4 shows a 
coil undergoing commutation. In position (a), the current through the coil is 
from terminal 1 to terminal 2. At (b). the coil is short-circuited, and at mid¬ 
position should have no current in it. At (c), commutation has been completed 
and the current in the coil has been reversed, as shown by the arrows. The 
time to complete commutation may be as low as 0.0005 sec in a commercial 
machine. 

If the coil sides cut flux while they are short-circuited, the induced voltage in 
them may cause a heavy circulating current to flow in that coil. Consequently, 
the coil, bar, and brush will overheat, and, further, severe sparking will follow 
as this current is interrupted by one of the coil ends leaving the brush. It is 
necessary, therefore, that coils being commutated lie in planes of approximately 
zero flux. 

Quite apart from the fact that a coil may be cutting no flux during commuta¬ 
tion, in all coils undergoing current reversal there is an opposing self-induced 
voltage appearing solely because the current is changing. The magnitude of 
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this reactance voltage depends upon the inductance of the coil, the load current 
being carried, and the time of commutation. For successful commutation the 
reactance voltage must be nullified. Consequently, provision must be made 
in some way to stabilize the electrical neutral of the machine and to permit at 
the same time the generation of a voltage equal and opposite the reactance 
voltage of commutation, or else to provide for shift of the brushes so that they 
can be moved to keep in position with the electrical neutral—perhaps slightly 
ahead. Modem machines employ the first idea. Many old-type machines have 


Mot ion 
- 




(a) (b) (ci 

Fig. 13 4. An armature coil undergoing commutation. 


a brush-shifting mechanism so that the brushes can be moved with load or at 
least set at that point which gives the best average commutation for the load 
range of the machine. 

13.4. Commutating Poles. While several schemes have been devised in the 
past to overcome the distorting effects of armature reaction, the most practical 
is that of using commutating poles. Commutating pole-, or interpulos as they 
also are called, are narrow laminated auxiliary polos placed midway between 
the main poles and in the plane of commutation. They carry windings of a 
few turns and large cross section, are in series with the armature, and are wound 
to oppose and nullify the armature mmf in this region. The magnitude of the 
commutating-pole mmf is directly proportional to the load current, and the dis¬ 
tortion of armature reaction thus is neutralized in the commutating plane for 
all values of load. 

Further, commutation is assisted in that the commutating poles also provide a 
flux for an induced voltage equal and opposite the reactance voltage of commuta¬ 
tion, as shown in Figure 13.5. Commutating poles are used of necessity on ma¬ 
chines having high voltages between bars so as to prevent sparking that might 
cause flashover, and they also lead to a reduction in iron losses in the armature 
teeth. As indicated in Figure 13.5, a commutating pole of S polarity lies beyond 
a main pole of X polarity for either direction of rotation of the generator. With 
motors, an X commutating pole lies ahead of an X main pole for eitiier 
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direction of rotation. Changing from generator to motor action, the polarity 
of the commutating pole automatically changes, thereby giving this required 
result without a change in connections. 

Commutating poles automatically hold the electrical neutral at the same point 
for all conditions of load. Their use is equivalent to shifting the brushes with 
load, could such a measure be accomplished. Commutation in commutating- 
pole machines is not affected by a change in the direction of rotation, by a change 
from generator to motor operation, or by heavy loads carried at high speed. 
Sudden load variations of large magni¬ 
tude can be handled successfully, and 
a properly designed machine can carry 
200 per cent or more full load without 
harmful sparking. 

Because of their mechanical position, 
commutating poles increase the effect 
of armature reaction on either side of 
the commutating region and may have a 
weakening effect on the main field flux 
because of leakage. Under load, the 
tendency then is toward* a decrease in induced voltage of the generator. With 
motor*, the speed may not drop so much under load—in fact, it may increase, 
particularly if the field current is low or if the load is much above normal. In- 
-tability may result at fairly high overloads on motors. 

From Figures 13.2 and 13.5 it can be reasoned that one commutating pole of 
double strength will perform the service of two. Many machines, therefore, are 
built with only half the number of commutating poles as main poles. Any com¬ 
mutating pole acts on coil sides leading to the 2 adjacent paths through the 
armature, see Figures 9.(5 and 9.7. Consequently, only one commutating pole is 
necessary for each pair of paths. A P-pole lap-wound machine may have P or 
P/2 commutating poles. A wave-wound machine requires only one, although 
P or P 2 are provided. In practice, commutation is found to be better if ma¬ 
chines above 10 kw are provided with as many commutating poles as main poles. 

13.5. Effect of Brush Shift. The distorting effect of armature reaction de¬ 
pends also upon brush position. If the brushes are moved so as to commutate 
coils when at some small angle, a, from the quadrature axis, the armature reac¬ 
tion mmf is said to have 2 components. The larger component is cross-magnetiz¬ 
ing. as before, although, as pointed out, some demagnetization occurs because of 
saturation. The second component directly aids or opposes the main field mmf 
and is said to be magnetizing or demagnetizing, depending upon the direction 
of brush shift. In a generator, for example, the armature ampere-turns within 
the angle 2 a are demagnetizing if the brushes are given a forward lead; they are 
magnetizing if the brushes are given an angle of lag. Note that there is a direct 
similarity to the armature reaction effects in synchronous machines. 

In non-commutating-pole generators, a forward movement of the brushes 



Fig. 13.5. Distribut ion of flux in a commu¬ 
tating-pole generator. 
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decreases the total flux and, consequently, the generated voltage. A backward 
shift achieves opposite results and may lead to a terminal voltage under load 
higher than at no load. In the motor, a forward shift, with rotation, increases 
the total flux and, hence, leads to a decrease in speed. Moving the brushes 
backward weakens the total flux and causes an increased speed under load. 
Commutating poles exaggerate these effects of brush shift, and a very slight 
movement of only a small fraction of an inch may give pronounced results. 

Practically, however, the amount of brush shift which can be tolerated in a 
d-c machine is extremely limited because of commutation and generally is not 
feasible. It is intended in commutating-pole machines that the brushes be set 
for the no-load electrical neutral and remain fixed for all conditions of operation. 
Brushes cannot be moved backward in the generator or forward in the motor 
without serious or destructive sparking. For this reason, any brush shift for 
improving commutation will be in the forward direction for a generator, hence 
always leading to demagnetization by the armature mmf. Brush shifting is not 
applicable to reversible-speed machines, nor can it be used satisfactorily with 
variable-speed motors controlled by the field rheostat since the ratio of field to 
armature ampere-turns i« different for each basic speed. 

13.6. Compensating Windings. Although the windings on the commutating 
poles neutralize the effect of armature reaction in the interpolar regions, they do 
not prevent distortion of the flux in the air gaps over the polo faces. This dis¬ 
tortion may lead to voltages between commutator bars sufficient to initiate 
flashover between brush arms. Consequently, many machines are equipped 
with compensating windings which, with weaker interpole windings that now 
may be required, neutralize armature reaction over the entire armature periph¬ 
ery. These windings are placed in slots in the pole faces; they carry the armature 
current just as do the commutating windings and, hence, at all times have an 
mmf equal and opposite that of the armature mmf. Compensating windings 
are used on some a-c motors as well, for the same purpose of counterbalancing 
armature reaction. 

13.7. Field Excitation. The general manner of classifying d-c machines is 
according to the method of field excitation, the 3 major t\pes being shunt-, 
series-, and compound-wound field circuits. In shunt-wound machines the field 
circuit is placed in parallel with the armature circuit. The coils have a great 
many turns of small wire and carry a current of magnitude 0.2 to 5 per cent of 
the armature current. In all but a very few cases the field spools are connected 
in series, and in all instances they provide consecutive poles with opposite mag¬ 
netic polarity. 

It is unusual with motors for the field circuit to receive its power from a source 
other than that for the armature, but with generators the field excitation may 
be obtained from the armature or from a separate source. In the first case, the 
generator is said to be self-excited; in the second instance, it is separately excited 
and may or may not have a field-circuit voltage of the same magnitude as the 
armature voltage. 
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Series-w r ound machines have field coils composed of a few turns of heavy wire, 
are placed in scries with the armature, and hence carry and are excited by the 
armature or load current. Series generators are infrequently met, but series 
motors have a wide field of application. 

Compound-wound machines have both shunt and series windings on all field 
poles, the series coils being placed over the shunt coils. The mmf’s of the 2 
windings may aid or oppose each other, as desired. Whether the shunt field 
circuit is placed directly across the armature (short shunt) or includes the series 
coils as well (long shunt) is immaterial, practically, in terminal or operating 
effects. 

If the ampere-turns of the series field are very low with respect to those of the 
shunt field, the machine may be called a stabilized-shunt generator or motor, 
although it actually F a compound machine. By far the great majority of d-c 
machines are compound wound, even though there may be only 2 or 3 turns in 
each serio'-field coil. 

Control of the shunt-field nunf is obtained through the field rheostat which 
sets the no-load voltage ot the generator or the no-load speed of the motor. The 
series-field nunf can be changed for a given load current only by shunting that 
circuit with a \ery low' resistance called a diverter. It is not usual, though, to 
vary tin* series-field current except as the load current changes. 

13.8. The Separately Excited Generator. Figure 13.6a shows the schematic 
diagram of the separately excited generator, and Figure 13.6b the no-load satura- 




UO Schematic diagram 


U>' Saturation curve w' External characteristic 


Fig. 13.6. No-load saturation curve and external characteristic of the separately excited gen¬ 
erator. 


tion, or magnetization, curve for the machine. This open-circuit characteristic 
is taken at constant (ratedl speed, or at least is plotted for normal speed from 
corrected readings. Since the generated voltage is directly proportional to the 
flux, and the field current is directly proportional to the magnetizing force, the 
saturation curve is but a part of the complete B-II, or hysteresis, loop for the 
generator. The shape of the curve is determined solely by the characteristics 
of the magnetic circuit. The voltage does not start from zero, except for a new 
machine, because of a small amount of residual magnetism in the field structure 
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In taking such a curve on test, the field current must be changed progressively 
in one direction only, else minor hysteresis loops will appear. At no load, the 
generated and terminal voltages are one and the same. 

When the generator is loaded, the terminal voltage decreases as a result of 
armature reaction and also because of the armature resistance drop I a R a- The 
external characteristic, Figure 13.6c, shows the manner of variation of terminal 
or load voltage with respect to the armature or load current. The voltage rela¬ 
tion is 

E t = E s - l a Ra 

= Eg o — drop due to armature reaction — I a R<* (13.1) 

where E g0 = generated voltage at no load 

E s — generated voltage under load. Armature reaction decreases the 
net air-gap flux and hence the generated voltage. The field cur¬ 
rent is held constant. 

R a = armature-circuit resistance bet ween brushes 

The armature-circuit resistance drop at full load is small in comparison with 
the nameplate voltage rating of the machine and usually is 2 to f> per cent of it. 
The circuit resistance includes that of the armature winding, the resistance of 
the commutating winding which always is considered part of the armature 
circuit, and the brush-contact resistance. 

As has been shown (equation 9.6', the no-load generated voltage is 


QPXZ 

E e o = - - \olts (13.2i 

(>()/; 

this equation holding only if the position of the brushes is such that the voltages 
induced in all conductors connected in series between the brushes are directly 
additive; that is, it is the maximum possible voltage. 

Voltage regulation for all d-c generators is defined just as it was for the alter¬ 
nator, that is, 


E 


no-load 


E, 


full-load 


X 100 = per cent voltage regulation 




•UuJl-load 


A voltage regulation test usually starts from full-load conditions, the load then 
being decreased gradually to zero. It must be pointed out that any decrease in 
speed of the prime mover under load will be reflected directly in the voltage 
regulation of the generator. Therefore, voltage regulation for a particular case 
may be so defined as to include also the speed regulation of the driving machine. 

13.9. The Self-excited Generator. Figure 13.7a shows the schematic dia¬ 
gram of the self-excited generator, and Figure 13.7b the saturation curve for the 
machine together with field resistance lines. The saturation curve is the same 
whether it is taken with the field circuit supplied by the armature or by a separate 
power source. The no-load voltage is determined by the total resistance Rj of 
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the field circuit and by the magnetic circuit of the machine as shown by the 
saturation curve. The no-load field current If is 

Ego 

h = -- ( 13 - 4 ) 

Kf 

The field current produces a generated voltage that is also the voltage drop 
IjRf across the field circuit. Therefore, the stable operating point can be found 
by di awing a line ob as indicated, the slope of the line being equal to the resistance 
of the field circuit. The point of intersection of this field resistance line with the 





(a» Schematic diagram fb> Saturation curve ' v t0 External characteristic 

Fig. 13 7. No-load ^atuiation curve and external characteristic of the ^lf-excited generator. 


no-load saturation curve fixes the no-load voltage and field current of the gen¬ 
erator. The critical value of field resistance is determined by the tangent to 
the saturation curve, a resistance higher than this preventing the machine from 
building up its voltage. 

The mechanism of voltage build-up in the self-excited generator may be ex¬ 
plained in the follow mg manner. A small voltage is generated because of residual 
flux. When the field circuit is closed, this small voltage produces a small field 
current which increases the flux, which in turn increases the generated voltage. 
The cumulative action continues until the operating point on the saturation 
curve is reached. Saturation prevents the process from continuing indefinitely, 
and the highest no-load voltage is obtained when the resistance in the field 
rheostat is zero. 

From the consideration of the process of voltage build-up in the self-excited 
generator, it is evident that the voltage will not rise as it normally should for 
any one of the following reasons: 

1. No residual flux. A separate d-c source, perhaps a battery, then must be 
used to magnetize the field structure. Polarity also can be reversed by this 
method. 

2. Field circuit open. 

3. Reversed connections between armature and field circuit. The field circuit 
must be so connected across the armature that the field current produced by 
residual voltage increases the air-gap flux. 
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4. Field circuit resistance too high. In sucli a case, the field resistance line 
(od in Figure 13.7b) intersects the saturation curve at a very low value of voltage. 
Too low a speed of the prime mover or a short circuit on the armature terminals 
also will prevent voltage build-up. 

The external characteristic of the self-excited generator is shown in Figure 
13.7c, and, for the same machine, E g0 now must be greater than with separate 
excitation. The field circuit of the self-excited generator receives its po\UT from 
the armature. Fnder load, as the terminal voltage drops because of armature 
reaction and armature resistance, the field current, therefore, also decreases. 
The terminal voltage is thereby further decreased, although the effect is not 
cumulative. It follows that the terminal \oltage of the self-excited generatoi 
falls more rapidly with load than does the voltage of the separately excited 
machine. 

13.10. The Series Generator. The series generator. Figure 13.8, hm> only 
the one field circuit which is in series with the armatuie. The saturation curve' 
is obtained by separately exciting that winding. The external characteristic of 
the machine has the same general shape as the saturation cune and lalF below 
it. The magnitudes of the generated and + mi final \oltage- depend upon the 
load resistance which has the same effects a^ does the field resistance* for tin* self- 
exeited generator. The no-load voltage of the series machine is always the 
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(a' Schematic diagram do Voltage charaeteristics 

Fig. 13.8. Circuit diagiam and voltage curves <>f the series generator. 


residual voltage, and the load resistance must be below the critical value before 
the generator will build up in voltage. The series generator has a very limited 
application and h seldom met in practice. 

13.11. The Compound Generator. The reduction in terminal voltage of the 
separately and self-excited generators can be compensated by placing an addi¬ 
tional field winding, which carries the load current, on the main field structure, 
Figure 13.9a. This series field winding furnishes an mmf which is proportional 
to the load current and can add directly to that of the shunt field. The machine 
is said to be a compound generator. 
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If the number of turns of the series field is chosen so that the voltage drops 
duo to armature resistance and reaction are exactly compensated at full load, 
the machine will have the same terminal voltage then as at no load. The gen¬ 
erator hence is said to be flat-compounded. If the full-load voltage is greater 
than at no load, the generator is over-compounded, and if the full-load voltage 
is less than at no load, the generator is under-compounded. In all of these cases, 
the generator is cumulatively compounded because the mmf s of the shunt and 
series fields are in the same direction. 



4 - 



'a' Schematic diagram (b) External characteristic^ 

Fig. 13.9. Schematic diagram of the compound generator and comparison of it* external char¬ 
acteristics. 

If the series field i> so connected that its mmf opposes that of the shunt field, 
the generator i>> differentially compounded. The external characteristic may 
show a rapid decrease in terminal voltage with load current. 

Figure 13.9b shows a set of typical external characteristic curves for d-c 
generators, the series machine omitted. For the sake of comparison, all curves 
are started from the same no-load voltage. It is from knowledge basic to these 
curves that the several types of d-c generators are found applicable to certain 
load requirements. 

The amount of compounding is determined primarily by the relative strength 
of the series-field winding, and this may be varied by providing a resistance, 
called a diverter, in parallel with the series-field eoiK If the resistance is vari¬ 
able, the external characteristics of the generator can be controlled and can be 
made to fall anywhere within the range from full over-compounded operation 
to full differentially compounded operation. In practice, the diverter is a fixed 
resistor such that the generator will produce a given external characteristic. 
Note that with over-compounding, the increase in terminal voltage at full load 
can be adjusted to offset the line drop if the load is at some distance from the 
generator. 

13.12. Effects of Saturation and Speed on External Characteristics. The 

saturation curves of all generators are affected alike by a change in speed, and 
if this characteristic is known for one speed of a machine it can be calculated 
for any other speed. For the same shunt-field current, the ordinates ( E g ) are 
directly proportional to the speeds. 





286 


ELECTRIC CIRCUITS AND MACHINES 


The external characteristics of all generators are affected by the initial degree 
of saturation. For the same speed, the lower the initial voltage of the separately 
and self-excited generators, the less will be the required flux of the shunt field. 
Consequently, the less the saturation, the more will armature reaction influence 
the external characteristics. These curves then fall more rapidly the lower the 
value of E g0 . 

On the other hand, the le&s the degree of saturation, the greater will be the 
effect of the series field. Hence, the lower the value of E g0 , the greater will be 
the compounding action. In all cases, armature reaction and the series field 
both have more pronounced effects at lower saturation than at higher initial 
saturation. 

For the same value of E g o, a lower speed will require a greater shunt-field 
current, with a corresponding increase in saturation. Armature reaction then 
produces less distortion, and the external characteristics will not drop so fast 
for the separately and self-excited generators. Also, compounding action will 
be less, because the series field is not so effect he. For the same value of E ( 0 , 
the higher the speed, the greater the influence of armature reaction and the 
series field. 

13.13. Three-wire Systems. I)-c distribution -ystems frequently provide 
3-w’ire service, for example, 115 230 volt", in like manner to 3-wire single-phase 
circuits, and for the same reasons. Then 1 i- a saving in apparatus and copper 
by running motors and power equipment from the 230-volt outer line-, and by 
operating lamps and small appliances from the 115-volt circuits. Electrical 
power supplied by 3-wire generators on board ship is an outstanding application. 

Several methods are in general use for 3-w ire service. Tw o 115-volt generators, 
for example, may have their armatures electrically in series, the neutral lead 
being carried from their common junction, Figure 13.10a. This is an early 


+ + + 



(a) Two generators (b) Balancer set (c> Three-wire generator 

Fig. 13.10. Schematic diagrams for 3-wire service. Field circuits omitted. 

form for such a supply and is still common in practice. Another early form, now T 
obsolete, employed a single generator having 2 commutators in series, the midtap 
between them forming the neutral junction. The lower-voltage loads, in all 
cases of 3-wire service, are so distributed between the outer lines and the neutral 
that they balance each other as nearly as possible. The resultant current in 
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the neutral wire is generally expected to be no greater than 25 per cent of the 
rated current for the outer lines, thereby requiring less copper for that line. 

Again, a 230-volt generator, for example. Figure 13.10b, may have across its 
armature a balancer-set composed of two 115-volt machines connected mechan¬ 
ically and having their armatures in series electrically. The balancer-set is not 
driven mechanically. The third line is carried, as before, from the common 
junction of the 2 small machines. If the loads between outer lines and neutral 
art' equal, the balancer-set uraws only its no-load current. When the loads are 
unequal, the machine on the lighth' loaded side tends to run as a motor, driving 
the other as a generator. The voltages on the 2 sides of the system thereby are 
equalized to a great extent. Balancer-sets are frequently met in practice. 

The 3-wire generator, Figure 13.10c, avoids the use of a balancer-set. In the 
simplest form, a high-reactance coil, wound on an iron core, is connected to 
taps 1X0 degree- apart on the generator armature. The voltage across the coil 
is alternating, and the midpoint of the coil becomes the neutral connection for 
the third lead. This balance coil may l>e within the machine, perhaps wound 
in 1 he same slot- as the armature w inding, in which case the third lead is brought 
out through a slip ring. In the majority of instances, the coil, also called a 
compensator, is external to the generator, hence requiring 2 slip rings. Taps to 
the armature at 90-degree points call for A slip rings. The 3-wire generator is 
very common, and there are many variations in the scheme of obtaining the 
neutral point. 

The series-field coils of 3-wire compound-wound generators are split, all of 
the X poles, for example, being placed on one side of the armature, and the S 
poles on the other. In this way, both sides of the system receive the same degree 
of compounding regardless of current unbalance. Voltage unbalance, however, 
is not influenced by splitting the fields. Commutating windings on both shunt- 
and compound-wound 3-wire generators are split in the same way. It is simpler 
to connect the shunt field to include the armature and commutating fields only. 
The voltage difference between the 2 sides of the system will not exceed 3 per 
cent of the voltage between the outer lines. 

13.14. Parallel Operation of D-c Generators. B-c generators operating in 
parallel permit good efficiency to be maintained over wide variations in total 
load. The machines on the line can be run at or near their rated capacities, the 
number of generators being changed as the load varies. Again, w hereas a present 
load may demand a given power output, future expansion may call for additional 
kilowatts that can be obtained through parallel operation. Continuity of service 
may require parallel operation in case a generator must be taken from the lines. 
In all cases, there is greater flexibility in controlling the power supply. 

The requirements for parallel operation are few and are similar to those for 
alternators. The speed-load characteristics of the prime movers should droop. 
The polarity and voltage of the incoming machine must be the same as those 
of the svstem. For automatically proper load division among generators in 
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parallel, the external characteristics of all machines should show the same change 
in voltage for the same percentage of their rated loads. Since, of course, an 
increase in field cuixeiit leads to an increase in generated voltage and hence 
an increase in output, load can be shifted from one generator to another by 
field control of either or both of them. This may be necessary for generators 
having dissimilar characteristics, but it is not a satisfactory procedure. It 
can be accomplished only for a steady value of load and not for fluctuating 
loads. 

All generators having drooping voltage curves will normally operate stably 
in parallel. Any increase in load F shared according to their external charac¬ 
teristics, Figure 13.11 showing the manner of load division between two gen¬ 
erators, A and B. Machine A has the higher voltage curve, hence will always 




Fig. 13.11. Load division between 
two generators having drooping 
voltage characteri-tie-. 


1 ig. 13.12. Schematic diagram for parallel opera¬ 
tion of compound-wound generators Shunt-field 
ciicuit- are omitted. 


carry more load than B. If, however, 7i anil In are their respective full-load 
currents, the generators are dividing the total load properly. 

With drooping external characteristics there is no tendency for any generator 
to increase its own load by taking it from the others, that i-. to exhibit a cumu¬ 
lative action. An increase in load on any one always lowers it.- internal voltage 
and automatically shift- load to the others a- well. 

Generators having rising voltage characteristics, for example, over-com¬ 
pounded machines, are inherently unstable when paralleled. In general, the 
generated voltage of that machine having the greatest compounding w ill increase 
with load, thereby causing it to take more than its share, drawing it from the 
others. The action is cumulative, and \ery quickly that generator may force 
current in the opposite direction through the other machines, tending to drive 
them as differential motors. To overcome this instability, a lead, called an 
equalizer, is connected between the series fields of compound generators, Figure 
13.12. The equalizer is necessary only when the terminal voltage of a compound 
generator rises above the no-load value. A generator with such a terminal 
voltage rise cannot be paralleled successfully with a shunt generator over the 
complete load range of both. 
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The equalizer parallels the series fields of the generators so that a change in 
load on any machine also provides a corresponding change in series-field excita¬ 
tion for all the others, and each will share in the load variation. For proper load 
division, the series-field currents of the generators should be proportional to 
their respective kilowatt ratings; hence, the generators should have resistances 
of series fields and connecting leads to the equalizer bus inversely proportional 
to the generator ratings. Further, the resistance of the equalizer bus should be 
as low as possible, since toe large a value will not permit proper proportioning of 
the series-field currents. Between any 2 compound-wound machines, the 
equalizer connection circuit should have a resistance not over 20 per cent of 
the resistance of the series-field circuit of the smaller machine. 

Com pound- 1 wound 3-wire generators require 2 equalizer busses, one on either 
side of the armature. The commutating and stabilizing, or series-field windings, 
are split, and ammeters are so placed as to indicate armature currents. If a 
lead to either equalizer bus is opened, a circuit breaker removes that generator 
from the line. 

To obtain correct load division among compound-wound generators, the 
governors of the prime* movers should be adjusted first so as to give these driving 
machines the same ^peed-load characteristic*^. After that is done, the generators 
may then l>o adjusted for the same voltage regulation. The degiee of compound¬ 
ing of a machine may be altered by changing the basic speed of the prime mover, 
by shifting brushes if commutation permits, or by inserting a small value of 
resistance in the connecting load'* to the main bus. Vse of a diverter on the 
series field is not feasible because it also shunts the series fields of all machines. 
In general, the characteristic of a generator is lowered by any adjustment for 
compounding. 

Different saturation curves among generators may give the same voltage 
regulation at full load but improper load division at partial loads or overloads. 
Successful parallel operation D considered attained if the load on any generator 
does not differ more' than zt 13 per cent of its rated kilowatt load from its propor¬ 
tionate share, based on the generator ratings, of the combined load, for any 
change in the combined load between 20 and 100 per cent of the sum of the 
rated loads of all generators. 

13.15, Application of D-c Generators. Figure 13.13 show’s a set of typical 
external characteristics for d-c generators, the series machine omitted. For the 
sake of comparison, all curves are started from the same no-load voltage. It is 
from knowledge basic to these curves that the several types of d-c generator 
are found applicable to certain load requirements. Flexibility of speed and 
torque control of d-c motors has always given them a strong position in industrial 
applications, and their value is increasing in this respect. The d-c generator 
supplies the power for them, and it can do so with smooth voltage control. It is 
especially adaptable to reversible drives. 

The separately excited generator has its primary use in requirements for volt¬ 
age control, where multiple circuits are involved, and for Ward-Leonard control 
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of the speed of motors (see later section in this chapter). Because the field circuit 
is independent of the armature, the machine can be designed for very low or 
relatively high voltages. In electroplating work, the lap-xvound machine with 
many poles may carry as high as 20,000 amp at 6 or 12 volts. In supplying power 
for radio apparatus, the separately excited generator often is designed for 1,000 
volts or more. This type of generator is, therefore, most advantageous for ex¬ 
tremes in voltage or xxhore an independently controllable aimature voltage is 

desired. This type of generator also 
is used for propulsion on board ship. 

The shunt generator is used as an 
exciter for both synchronous and d-c 
motors and generators, it is often 
controlled in voltage by an automatic 
voltage regulator. Because of its droop¬ 
ing characteristic, the shunt machine is 
xxoil adapted to charging storage bat¬ 
teries. It also is a supply commonly 
u-ed for electric furnaces. Shunt-wound 
generators with automatic voltage reg¬ 
ulators aie finding a more increasing 
application in parallel operation, whoie 
constant voltage i- required, than compound-wound generator- with equal¬ 
izers. This is especially true in stool mills. 

Most d-c geneiatoi- are compound-wound, even though the sorie- field max 
have only 2 or 3 turn- -imply to stabilize the \oltage. The eunuilatixely com¬ 
pounded generator is well suited to multiple -y-b nis and to long feeder systems, 
the rise in terminal xoltage offsetting the line drop which increases with the load 
current. Load- may be either lighting or indu-tiial, or both. Office buildings 
often take power for lighting and for motoi- which dri\e elexators, fails, etc., 
from a d-c s^ stem. 

Flat-compounded generators are Used where e—entially constant \ohage is 
desired and where the generator and its load are near each other. They have 
had application in street railway systems for many years, although a great 
amount of power for this type of service has been supplied by rotarx com erters. 
Ihe flat-compounded generator also is Used in some arc-welding sets. 

Ihe differentially compounded generator is particularly applicable in arc 
xvelding and in drixdng such machines as the crowding motor of shovel sets. The 
voltage can be made to drop abruptly at a given load current, for example, when 
the arc is struck or when the crowding motor stalls. 

Series generators are seldom found. Initially, they xx^ere employed in series 
street-lighting systems but have practically lost this field. Their principal 
use today is as series boosters on long feeder circuits. Here they simply 
take the place of an extremely strong cumulative series field of a compound 
generator. 



Fig. 13.13. Voltage' charuetcrHa*- of vn 
oil- il-c gi ncniUir- 
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13.16. D-c Motors. As has been pointed out, there is no fundamental dif¬ 
ference in the mechanical construction of the d-c generator and motor, and in 
the preceding discussions they have been treated as the same machine. The 
analysis has been general and applies equally to both types. The major electrical 
difference between the two lies in the direction of flow of armature current. For 
the same polarity of the field poles and the same direction of rotation, the flow 
of armature current in the motor is opposite the flow for generator action. The 
mmf of armature reaction U therefore, in the opposite direction, and, as a result, 
the electrical neutral in the non-commutating-pole motor moves back against 
the direction of rotation. Commutating poles hold the electrical neutral ahvays 
at the same position. It is not necessary, for the motor, to interchange leads to 
the commutating windings when passing from generator to motor action. The 
flow of current in the opposite direction automatically provides the required 
change in polarity of the commutating poles. 

])-c motor", are classified according to the manner of field excitation, that is, 
shunt, series, and compound, just as are d-c generators. Since both torque and 
speed are dependent upon the field flux, the several types of motor w T iIl have 
operating characteristics that differ and, therefore, determine the suitability 
of a particular type for a given duty. It is to be recognized that applications of 
d-c motors lie in the speed and torque requirements of the load:- they are to drive. 

As with generators, the nameplates of motors carry information on their 
ratings. The data include the horsepower (shaft output*, kind of rating (con¬ 
tinuous, intermittent, etc.', \oltage. line current, speed, tempciature rise, and 
manner of field excitation. Unless specifically stated otherwise, the several 
items in the complete rating are for full-load continuous operation. Motors are 
designed so that they will give satisfactory performance at rated horsepower 
within il() per cent of rated voltage but with eharactoiUties not quite as good 
as at normal voltage. 

From experimental evidence, the magnitude of the generated voltage (E s ) in 
the armature of a d-c machine is dependent upon the magnetic field strength 
(expressed in Urms of $ lines of flux per pole', and the speed of rotation (X) 
mrpm. llon.v - A - *.y 


(13.5) 


The constant A',, takes into account the manner of construction of the winding, 
the number of poles on the machine, and conversion factors. It is fixed for a 
particular machine once that machine is built. 

When the machine is running as a motor, the terminal voltage is greater than 
the generated voltage by the armature-circuit resistance drop. Thus, 

E t — E s + I a R„ volts (motor) 

= K„Q>X + IJi a (13.6' 

whence the speed of the motor can be expressed as 

E t — I„R a 

A =- 

A' P 4> 


rpm 


(13.7) 
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Judgment must be used, however, in interpreting this last expression. In cal¬ 
culating motor speeds, it is the best practice to obtain them from ratios of 
generated voltages, taking into account also any percentage change in flux caused 
by the armature current. 

Because the IR drop of the armature circuit is so small in comparison with 
rated terminal voltage, the speed of the d-c motor is nearly inversely proportional 
to the flux. Practically, the flux is controlled by changing the field current 
through settings of the held rheostat for shunt and compound motors. In series 
motors, the speed changes as the load resistance is altered since the armature 
current also is the held current. All d-c motors are, of course, subject to speed 
control by variation of the voltage applied to the armature. 

The speed regulation of all motors is defined as follows: 

no-load speed — full-load speed 

-- x 100 = per cent speed regulation (13 S) 

full-load speed 

A test for speed regulation is taken by adjusting tin* motor for full-load condi¬ 
tions and then dropping load to zero. This i< not applicable for the series motor. 

Both generator and motor develop torque in their armatuies by viifue of the 
current-carrying conductors in the magnetic field of the machine*. The torque 
of the generator opposes the external torque of the prime mover and is a counter- 
torque. That of the motor, dnee it is the dm ing torque, oppose-, the load torque 
placed on the shaft. For the same field strength and the -ame value of armauiie 
current, the torque in a machine will be the same whether it is run a generator 
or as a motor. 

Again, from experimental idonce, the torque ( T ) de\eloped in an armature 
winding is given by the relation 

T = K t $>I , pound-feet (13.9) 

where K t also F a constant of tin particular machine. Thb d«weloped torque 
includes components for windage, lriction, and iron losses in tin* motor as well 
as that needed for the load. 

13.17. The Shunt Motor. The circuit connections for the shunt motor. 
Figure 13.14a, are the same as those for the shunt generator. The field circuit 
is independent of the armature and draws a small current which in magnitude 
is in the order of 1 to 5 per cent of the line current. For a gi\en field rheostat 
setting, the field current is constant. Except for (‘fiends of armature reaction, 
the total flux remains the ^ame, and the shunt motor is called a coiistant-fiu\ 
machine. 

With constant flux, changes in speed are directly proportional to the armature 
current, the speed falling as the armature current increases. The change in 
speed from no load to full load is generally 5 to 12 per cent and the shunt motor 
is classed as a constant-speed motor. If armature reaction is pronounced, Ihe 
motor may have a flat or a rising speed characteristic (addition of a weak series 
field, as in the stabilized shunt motor, prevents speed instabiliivh Speed is 
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controlled usually by means of the field rheostat but can be made to vary auto¬ 
mat ically by adding a fixed resistance to the armature circuit, if a fairly large 
speed regulation is desired. Speed regulation and reversible operation can be 
achieved by varying the applied voltage, the field circuit then being connected 
to a separate supply. Rotation is reversed by interchanging either the leads to 
the field circuit or the leads to the armature circuit, but not both sets of leads. 

For constant flux, the developed torque of the shunt motor is directly pro¬ 
portional to the armature current. The torque-current curve for the average 



:i l Srhmuitie diagram <b' Performance carve? 

I kj 13 1 1 Ciieuc UngTam t'oi 4rint motoi and Hpiea! performance oharaon nMies for a 5-hp 

machine. 

shunt motor is linear from zero to about full-load current, where it begins to 
fall off a- the result of saturation caused by armature reaction. 

The efficiency of the shunt motor is good at high speeds but poor at low speeds 
for the same machine because of the decrease in output. If speed is controlled 
by scries resistance in the armature circuit, the efficiency is still lower. Typical 
performance characteristics of a shunt motor are shown in Figure 13.14b. 

The process whereby a shunt motor takes load is no different from that in 
any motor. As torque i- applied at the shaft, the motor slows down, and the 
countcr-emf diops with the speed. More current, therefore, can flow in the 
armature, and a greater torque is developed so as to equal that demanded by 
the load. A decrease in load leads to opposite effects, the motor running at a 
higher speed and developing less torque. At all times a motor so adjusts itself 
automatically in speed and generated voltage that the developed torque is just 
sufficient to equalize the total shaft torque of the load and certain losses in the 
rotating member. The synchronous motor, as we have seen, takes load in a 
similar way by slowing down momentarily to a new load angle; this results in a 
difference between the terminal voltage and that generated by the main field 
and a consequent change in armature current. 
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Similar to the above discussion on the shunt motor, the machine may be 
analyzed with respect to changes in speed corresponding to changes in flux. A 
decrease in flux, for example, leads to a drop in counter-emf and an increase 
in armature current. The percentage decrease in flux is less than the percentage 
increase in current, hence the torque actually increases. Torque in excess of 
that required by the load accelerates the armature to that value of speed at 
which the new counter-emf automatically regulates the current flow. This 
analysis is helpful in understanding the reason why a shunt motor will run at an 
excessive speed if the field circuit is opened, and why the field rheostat is set at 
minimum resistance at starting. In practice, the field circuits of shunt motors 
are not provided with field switches because of the danger of opening them 
inadvertently. 

13.18. The Series Motor. The field coils of the series motor. Figure 13.15a, 
are in series with the armature, and, because they carry the line current, they 
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Fig. 13.15. C'ncuit diagram and performance characteristic-- fm a 5-lip m m -> motor. 


have only a few turns of heavy wire. The air-gap flux is produced solely by the 
armature current and is directly proportional to it if saturation is absent. The 
series motor, therefore, is a machine with a highly variable flux. 

Since the flux is proportional to the armature current, the torque of a series 
motor is proportional to the square of the armature current. The start ing torque 
of the motor hence can be very large for a relatively low starting current. An 
armature current of 150 per cent of normal value will produce 225 per cent of 
normal torque if saturation is absent, but because of saturation the torque usually 
is somewhat less, perhaps nearer 200 per cent. 

The speed of the series motor is inversely proportional to the load, since the 
flux increases directly with the current. The speed regulation hence is very 
high with changes in load, and at light loads the motor runs at a high speed 
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For this reason, series motors in practice are always connected mechanically to 
their loads which act as brakes to limit the speed. 

There are no constant shunt-field losses in the series motor, and its efficiency, 
therefore, is generally good, regardless of speed. Typical performance charac¬ 
teristics of a series motor are shown in Figure 13.15b. 

13.19. The Compound Motor. The compound motor, Figure 13.1Ga, has 
both a shunt and a series field, and in the cumulatively compounded machine 
their mmf's are additive, lhis is the usual type, the differentially compounded 
motor being seldom found in practice. The characteristics of the compound 
motor partake of those of the shunt and series motors, and it may be considered 




ib 1 Performance chaiu< teristics 
Fig. 13 10 . Circuit diagram and performance curves of a 10-hp compound-wound motor. 


a compromise between them. For 150 per cent of normal current at starting, 
the compound motor produce-, a torque about 180 per cent of normal torque. 
Because of the shunt field, the motor has a definite no-load speed which is not 
excessive as it is with the series motor. 

Desired torque and speed characteristics of the compound motor are obtained 
through design by the proper choice of the relative number of ampere turns of 
the shunt and series coils. In practice, a diverter across the series field can be 
adjusted so that the motor will approach the shunt machine in its performance. 
In some instances, the series-field coils on alternate poles are short-circuited in 
order to alter the characteristics of the motor. A few' compound machines use 
the series fields only for starting service, the motors running as shunt machines 
when on the lino. The series fields are not generally very strong, and, while the 
compound motor can function as a shunt machine, it cannot be run as a series 
motor. 

Speed control is effected by the shunt-field rheostat, by a variable resistance 
in the armature circuit, or by varying the voltage impressed on the armature. 
In this last instance, the shunt field is excited from a separate constant-voltage 
source. Reversal of rotation of the compound motor is usually accomplished by 
interchanging only the connections to the armature, thereby leaving the two 
fields in cumulative arrangement. Where regular reversing service is required. 
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the necessary features for that type of duty are built into the controller for the 
motor. This is true for any motor. 

13.20. Losses: Efficiency. As with all machines, efficiency is the ratio of the 
useful power output to the total power input. 

output 

per cent effieiencv =-X 100 

input 

output 

=--X 100 

output + losses 

input — losses 

-- X 100 (13.10) 

input 

In general, efficiency is obtained by calculation of the separate losso*, although 
in some instances an input-output tcM may be taken. When thU K done, a 
dynamometer i* used to measure the mechanical input or output, and calibiated 
electrical instruments to measure the electrical output or input. With small 
motors, a Prony brake may take the phme* of the d\ iiaiuometer. 

The type- of lo—o- in the d-e machine are eemjx'i, hnc-h-contact, eoie. stiay- 
load, and mechanical, Copper los-e- exist in the winding ol the aimatuie: in 
the shunt, series, and commutating held-*; and in the* compensating windings. 
In practice, the lo^s in the -hunt-held rheostat i- chaiged against the* plant and 
not against the machine mile— otherwise agreed upon. This is true* aKo of exciter 
los>es. 

The brush-contact los- is calculated from an assumed total bru-h-contact 
drop of 2 volts lor the machine It varies with the* kind of bru-he- and with 
their connection*. The total IH drop of the aimatuie circuit include’- the arma¬ 
ture; the series commutating, and compensating winding'-: and tlje bru-h- 
contact drop. 

The core lo— is a lo— in the iron due to h\ stereos and exist*, primarily in tlie 
armature core. This lej— is obtained at no-load, at latctl -peed, and at rated 
generated voltage, and can be measured fairly accurately by test, ruder load, 
flux distortion of armature reaction increase's the core loss and al-o give's rise* 
to eddy currents in both the iron and the coppeT of the* machine. This added 
loss is called the stray-load loss and is taken arbitrarily as 1 per cent of the 
machine output. It is very difficult to calculate*. 

Mechanical losses are caused by windage and by bearing and brush friction. 
They are calculated only by empirical formulas but can be meusuml closely by 
test. The mechanical losses, together with the shunt-fiolel and core* losses, form 
the total no-load loss of the d-e machine, a loss corresponding closely to the* so- 
called fixed lo-s of the induction motor. The no-load armature input to the d-e 
motor is often called the “stray-power loss,” an unfortunate designation. 

The powder devedojxd in the armature* of the 1 d-e machine* is the product of the 
generated voltage and the armature current. In the generator, it includes the 



DIRECT-CURRENT MACHINES 


297 


copper losses of the armature circuit, and of the field if self-excited, as well as 
the power taken by the load. All of these form the power which has been 
converted from mechanical to electrical. The core and mechanical losses may 
be considered as a separate part of the output of the driving machine. In the 
motor, the developed power includes the iron and mechanical losses, as well as 
the shaft output, and is that power which has been converted from electrical 
to mechanical. The copper losses may be considered as a separate part of the 
electrical power supplied the motor. 

There are several ways of testing machines for over-all efficiency. Common 
methods are by Prony brake for small motors, and by a mechanically coupled 
dynamometer or calibrated machine for the motor or the generator. In the 
Prony-brake test, voltage and current input to the motor are measured, together 
’with the speed and the torque at the brake arm. The first two items give the 
watts input, and the last two lead to the horsepower output from the horsepower 
equation. 

The dynamometer U a machine with the stator also mounted on bearings and 
connected to a torque arm. Depending upon its function as a generator or a 
motor, -peed and tm-que readings for it give horsepower input or output. In 
any ca-e, it moasms the mechanical power transferred through the shaft. The 
dynamometer and the machine to be tested may be connected for pump-back, 
or load-back, operation, that is, both tied electrically to the same lines. A-c and 
d-c machine'- can be tested conveniently in this way, only the energy for losses 
being unclaimed, although the method is not too accurate for efficiency measure¬ 
ment-, and it require- machine-, of the same ratings. Over-all readings in kilo¬ 
watts ran tints be obtained, well as the power transferred between the two 
machines. A dynamometer te-t, particularly if the dynamometer is small in 
comparison with the machine to be tested, will give good results on the separation 
of low's in the tested machine. 

The calibrated machine simply takes the place of the dynamometer, but, being 
bolted to a ba-e, readings on torque are not available. From previous tesis on it, 
preferably by a dynamometer, the efficiency of the machine is known for various 
values of output or input. For example, a machine running as a calibrated 
generator under a motor test may have a calibration chart for it showing torque 
in the connecting shaft as a function of it* armature current or electrical output. 
Any such curve would be taken at a given field current, held constant. 

A running-light (no-load' test on a motor, at rated speed and with an im¬ 
pressed armature voltage approximating the counter-emf under full load, will 
give the shunt-field loss and the core and mechanical losses assigned to the 
armature. These are measured in the separate circuits. The armature copper 
loss at no load is very small and sometimes is neglected. The resistance of the 
armature circuit is obtained by a separate test. For an assumed input current 
to the motor, the losses then are available, and hence the output can be calculated. 
Such a form of calculation will give the performance characteristics of a motor 
from a knowledge of no-load information, effects of saturation being neglected. 
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13.21. Example. The nameplate rating of a shunt motor Is 150 hp, GOO volts, 
205 amp, 1,700 rpm. The resistance of the shunt field circuit is 240 ohms, and 
the total armature circuit resistance is 0.15 ohm. The motor has a commutating 
winding, and armature reaction is neglected. 

(a) Calculate the full-load efficiency of the motor and the speed regulation, 
(bl Calculate the efficiency and the delivered torque when the motor draws 
half-load current from the line. 

(c) If the motor is to deliver full-load torque at 1.200 rpm, what value of 
resistance must he added to the armature circuit? 

Solution: 

(a) At full load 

600 X 205 


The losses are 


motor input — 

1,000 

123.0 kw 

motor output ~ 

150 X 0.746 

111.9 kw 

motor losses 

111.9 

11.1 kw 

efficiency = 

-X 100 

91,0<7 


123.0 

600 X 2.5 

shunt field = 

1,000 

(205 - 2.5 r X 0.15 

1.50 kw 

arm. copper = 

1,000 

6.15 kw 

stray power = 

remainder = 

3.45 kw 

total losses 

— 

11.10 kw 


The no-load current to the motor will he that required for the held and tlie 
stray-power losses, that is, 

3,450 

no-load current = 2.5 +-= S.25 amp 

600 

The generated voltages are 


Eg full-load = GOO 
E g no-load = 600 
whence the no-load speed is 


(205 — 2.5) X 0.15 = 569.6 volts 
(8.25 - 2.5) X 0.15 = 599.14 volts 


and 


599.1 

1,700 X-= 1,790 rpm 

569.6 

, 1,790 - 1,700 

speed regulation =-X 100 

1,700 


5.3% 
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The delivered torque at full load is 463 lb-ft, obtained from the horsepower 
equation. The developed torque is 478 lb-ft and includes the stray-power loss. 

(b) At half-load current, the motor draws 102.5 amp, of which 100 amp flow 
through the armature circuit. The field and stray-power losses are assumed to 
remain constant, but the new armature copper loss is 1.5 kw. The total losses 
are 6.45 kw, the motor input is 61.5 kw, the output is 55.05 kw, and the motor 
efficiency is 89.O' }■ The generated voltage for the new condition is 585 volts, 
the speed is 1,746 rpm, and the delivered torque is 222 lb-ft. 


(o With constant flux, full-load torque requires full-load armature current 
of 202.5 amp. Hence, 

1,200 

E g at 1,200 rpm = — X 569.6 = 402 volts 

1,700 


and the resistance to be added in the armature circuit is 


600 - 102 

— --0.15 = 0.N3 ohm 

202.5 


13.22. Starting D-c Motors. There i*> no back voltage generated in the arma¬ 
ture of a motor at MamKtill, and without a protective resistance the armature 
current is limited only by the very Mnali resistance of the armature circuit. On 
full voltage, the motor of the example above would draw about 20 times full¬ 
load current at starting. The motor might be permanently damaged because of 
the high current or the very high accelerating torque. 

Circuit breakers, of course, protect motors from such 
high currents. 

To limit the armature current to a reasonable value— 
perhap- 150 per cent of rated current—when starting 
from a full-voltage supply, a resistor with taps is placed 
in the armature circuit. Figure 13.17. As the motor in¬ 
crease^ in speed and develops a back voltage, the series 10 t- »«■ . 

resistance is gradually reduced to zero. The shunt-held starting resistance, 
circuit always is connected to the line side of the resist¬ 
ance so that full voltage is applied to the field at starting. Further, the field 
rheostat is set at minimum resistance so that the no-load speed will be a mini¬ 
mum when the motor is on the fine. 

All d-c motors are started with a starting box, a controller, a water rheostat, 
or some similar device to limit the current when full voltage is impressed on 
the armature circuit. Large motors may be started from a low-voltage source, 
the voltage being increased gradually as the motor increases in speed. Both 
large and small motors may be started by automatic contactors or push-button 
control. At predetermined values of counter-emf, the contactors short-circuit 
parts of the series resistance until it is all cut out of the circuit. 
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Figure 13.18a shows the connections of a commercial type of starting box, 
known as a 4-point box, with a no-voltage release. The lever is gradually moved 
over to its final position as the motor picks up in speed. In the running position 
all the resistance has been cut out, and the lever is held by the electromagnet M. 
If the magnet is de-energized, a spring pulls the lever back to the starting posi¬ 
tion. When, for any reason, the electric power is interrupted, the lever returns to 
its starting position and the motor must be restarted when voltage reappears 
on the line. The box has the disadvantage that the field circuit can open without 
the holding coil de-energizing and taking the motor from the line. 

The connections for a 3-point box are shown in Figure 13.18b. The field 
current flows through the holding coil of tlie box, lienee the motor will stop 



Fig, 13.18. Circuit connection- for 'ai four-point and 'b throe-point Mai’mghov^. 

automatically if the field circuit opeies A disadvantage F that a \ery weak 
field current may permit the same thing. The 1-pnint box F more satisfactory 
when the field current must be varied oxer a wide range. 

13.23* Speed Control of D-c Motors. Shunt and eumulathely compounded 
motors have definite no-load speeds, with positive speed regulation as the motors 
are loaded. Series motors drop rapidly in speed w it h an increase in load. 1 )itfer- 
entiallv compounded motors also have a definite* no-load speed with, how oxer, 
a flat or rising speed characteristic, generally reaching instability a little above 
full load. Shunt motors may show the* same effect if armature reaction is strong 
in decreasing the flux, and occasionally shunt motors are so designed on this 
principle that they Iuixt flat speed characteristics. Stabilizing windings on 
shunt motors are for the purpose of preventing a rise in speed or of obtaining a 
slight drop in speed with increase iri load. On the other hand, the series-field 
coils on alternate poles of compound motors may be short-circuited so as to 
obtain a lower speed regulation than normal. 

Where reasonable changes in speed are desired, shunt and compound motors 
usually are controlled by field rheostat. This method is the most satisfactory 
and efficient manner. A few* shunt motors, calk'd adjustable-speed motors, are 
set in speed by field control and may have no-load speeds in the ratio of five' or 
six to one. The speed regulation, from no load to full load, is about the same 
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regardless of the particular no-load speed. Series motors can be controlled by 
varying a resistance in parallel with the series field or by short-circuiting 
a few of the turns. These schemes; though, are not common in industrial 
applications. 

Large changes in speed may be accomplished for all motors by inserting a 
resistance in the armature circuit or by varying the voltage applied to the arma¬ 
ture. In the first method, speed variation is automatic with load, but it has 
disadvantages. The efficiency of the motor is much lower because of the copper 
looses in the external resistance. Again, the speed fluctuates too much with 
changes in load and may be highly undesirable. Speed regulation by armature 
resistance usually is under the direct control of an operator, particularly in the 
case of series motors. 

In all d-e motors, the speed is directly proportional to the generated voltage 
and inversely pioportional to the flux. The torque required determines the 



J'u. 13 19 Ward Leonard >y&tem of sp»*ed control. 


armature current which must flow and, with it. the corresponding flux it produces 
it the motor has a series field Thi' information will permit calculation, at least 
appioxnnateh. on the external instance to be added to the armature circuit 
when a gnen torque is to be obtained at a given speed. 

At mat ure voltage conttol of speed usually is accomplished by means of the 
Watd Leonard system. Figure 13.19. A constant-speed generator, with variable 
field contiol, supplies the power taken by the motor armature. The fields of 
both machines are separately excited fiom a const ant-voltage source. The 
generator voltage ean be changed uniformly from full value in one direction to 
lull v alue in the other, thus carrying the motor tlnough the corresponding speed 
range. The control is smooth, and the efficiency of the method is much better 
than that in which armature resistance is used. The disadvantage is the cost 
of a separate generator for each motor so controlled, the losses in the generator, 
and the added floor space requited. 

Ward Leonard control is particularly applicable to reversing drives in steel 
mills. It also is employed in conjunction with electric drives for mine hoists, 
ship propulsion, locomotives, shovel sets, passenger and freight elevators, and 
large machine tools. Its application in industry is very great. Many large 
motors are started in this manner, especially in those eases demanding frequent 
starting. There are also a few equivalent methods of armature voltage control 
where the motors are not reversible in speed, but where large changes in speed 
are desired. Field control also can be used, of course, with any of these systems. 
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A few small shunt and compound motors are regulated to hold constant 
speed. A centrifugal device on the shaft of the machine opens and closes con¬ 
tacts across a resistor in the shunt-field circuit. The manner of operation is 
apparent. 

13.24. Electric Braking. To stop a motor and its connected load quickly 
or to control its retardation, dynamic braking may be employed. The motor 
becomes a generator, converting the stored energy of rotation into electrical 
energy anti thence to heat in a resistance. The main field of shunt and compound 
motors is left connected to the line." and usually kept at full strength. The arma¬ 
ture is disconnected from the lines and across it is placed an external resiftance 
that can be varied and that absorbs the energy. Series motors usually are re¬ 
connected through the controller so as to run as shunt machines. The lower the 
value of the external resistance, the greater the braking effect. Often this re¬ 
sistance is that in the starting rheostat or control circuit. Dynamic braking is 
applicable to elevators, hoists, cranes, derrick", v inches, coal and ore unloaders, 
newspaper presses, steel-mill drives, etc.—in general, where loads arc ovcj hauling. 

If the motor is connected so that it returns eneigv to the power system rather 
than dissipates it as heat in a resi-tance, the process is called regenerative brak¬ 
ing. It is applicable to all motors, but series machines require a modification 
of the field circuit. Regenerate e braking is used in some mine-hoist iu-tallot ions 
and in several large electrified-railway system* in the United States. Both 
dynamic and regenerative braking apply to a-c motors as well as to ff-c. 

A motor may be stopped very quickly by a scheme called plugging, commonly 
used with series motor". When the stop button i" pushed, the controller auto¬ 
matically reverses the line voltage applied to the armature and in-erf" a current - 
limiting resistor in the armature circuit. The method is used w it h many recurring 
motors in order to bring them to full speed rapidly in the opposite direction. 
Plugging also is applicable to a-c drives. 

13.25. D-c Motor Control. Control systems place a motor on the line, pro¬ 
tect it during operation, and remove it from the line. In many instances, 
reversible operation also is provided. Control units are almost always magnetic 
and may be full- or semi-automatic. Manual operation of motors is infrequent. 

All control systems embody the same general ideas and circuits, but the varia¬ 
tions are extremely great in number. This is true even for a given manufacturer. 
Every type of motor and every form of application, in general, has a control 
circuit different from the next one. Such circuits never have been standard, and 
only general remarks can be made about them. The action of any particular 
system should be discussed from the actual device or from the connection di¬ 
agram supplied by the manufacturer. 

13.26. Applications of D-c Motors. Although a-c machines, particularly 
induction motors, are far more common in industrial applications than d-c ma¬ 
chines, nevertheless the d-c motor is found in a great many fields. There are 
some services for which the d-c motor is especially w'ell suited. The field of 
traction is an outstanding example. The d-c motor has been selected for many 
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years for extremely hard service in steel mills. In making paper, the high-speed 
and concurrent operation of machines over wide speed ranges, together with 
close speed regulation, has greatly favored use of the d-c drive. Textile mills 
are another example. 

The maximum torque, either starting or running, of the d-c machine is limited 
in general only by commutation. It may far exceed Ihe torque of a-c motors 
of the same size, and starting currents are much less. Further, the efficient 
speed adjustment of the d-c machine cannot be realized with a-c motors, nor is 
there the same flexibility. The d-c motor is highly flexible, produces an excellent 
starting torque, gives con^ant-speed performance, and has a good efficiency. 

The d-c machine has admitted disadvantages, primarily because of the commu¬ 
tator. Its first cost and maintenance are higher than that of the squirrel-cage 
motor. Dust, fumes, moisture, etc., must be kept from the commutator, thus 
necessitating at times enclosed motors with lower ratings for their sizes than 
would otherwise be required. Induction motors can often withstand such sur¬ 
rounding conditions with no or little enclosure. 

On the other hand, the advantages of the torque and speed characteristics 
of the d-c motor often outweigh the disadvantages. Although the motor necessi¬ 
tate^, of course, a d-c source of energy, there are few’ instances in industry in 
which thE problem E of any concern. Motor-generator set^, synchronous eon- 
\ertoix or mercury-arc rectifiers readily can convert a-c power delivered to d-c 
power and ma\ not, in general, present a serious economic problem. 

There E great overlapping in the application of the three types of d-c motor. 
Especially K this true with the shunt and compound machines, and for some 
services of the series motor. Again, overlapping occurs with shunt, compound, 
and induction motors. It simply must he realized that, in the end. special con¬ 
dition^ affecting the particular job will determine that type of drive which best 
fits. These conditions may not always be of a purely technical nature. 

Selection of a d-c motor for a given duty will depend upon the load require¬ 
ment ^ to he met, namely, torque and speed. For comparison of the character¬ 
istics of the types of d-e motor, general torque-current and speed-current curves 
are shown in Figures 13,20a and 13.201), respectively. The reference point for 
the curves is rated current and either rated torque or rated speed. The curves 
thus become representative of all sizes of d-c motors. 

The shunt motor is classed as a constant-speed machine, and it is the speed 
characteristic that almost always determines its use. It has a close speed regu¬ 
lation over a wide range of load and can be controlled readily in speed from zero 
to 25 per cent overspeed. The adjustable-speed shunt motor can have no-load 
speeds which differ greatly from each other. The shunt motor is w’ell adapted 
to reversing drives. It is classified for medium starting duty and is used where 
such conditions are not severe. 

A list of applications of shunt motors is long. A few’ of the services, with no 
emphasis on the order, are with blowers, fans, compressors, pumps, conveyors, 
elevators, ski}) hoists, linesluift drives, paper-mill drives, textile-machine drives. 
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rubber mills, steel mill main rolls and auxiliaries, material handling, power 
shovels, machine and woodworking tools, printing presses, motor-generator sets, 
and ship propulsion. 

The compound motor is suitable for services in which frequent or heavy start¬ 
ing duty is required and in which the speed under load need not be as constant 
as with the shunt motor. The starting torque may reach 450 per cent of rated 
torque, depending upon the strength of the series field. In some instances, the 
series field is used only for starting. Speed regulation varies between 10 and 30 
per cent, again dependent upon the series field. Speed is controlled by the 

Series 



100 % 100 % 
Armature current Armature current 


{a Torque curves !> Sjxvti curve- 

Fig. 13.20, Torqu** and -p* k *«l for -hunt -< lie-, and ton pound inolor-. 

same means mod for the shunt maehine. The speed chai act eristic of the com¬ 
pound motor make** the machine particularly applicable to dii\c- haxing high 
torque peak-. With a flywheel or considerable flywheel effect in the set, the 
motor ean take Midden loads with little line dbtui banco 

The compound motor will satisfy almost all applications of the -.hunt motor. 
It is used for steel mill drive**, and for slnnels. crane-, skip hoi-tele\ators, 
pumps, fans, compressors, puncho**, shears, bending roll-*, machine tool-, print¬ 
ing presses, ermhers, etc. 

The differentially compounded motor appears infrequently and only in small 
sizes. It is limited to special services in which a flat speed characteristic is 
desired. 

The series motor is designed for very heavy and frequent starting duty, for 
loads having high inertia, and for speed which increases rapidh as the load 
decreases. The motor develops a powerful starting torque which U limited by 
commutation, heating, line capacity, and permissible bearing loads. Its max¬ 
imum starting torque is about 500 per cent of full-load torque. The starting 
current is relatively low, but strong effects of saturation on overcurrent will 
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prevent the torque from being proportional to the square of the current. Be¬ 
cause of its strong torque, the series motor accelerates its load better than other 
types of motor. 

The speed of the series motor is very low at heavy loads, a highly desirable 
feature of the machine. Speed variation is automatic with the load, and at light 
loads the speed is high. The series motor always must be connected to its load 
so that it cannot race. S]\ ed control usually is effected by armature resistance 
if the duty is intermittent. Otherwise, speed is varied by armature voltage 
control. In railway service the speed may be controlled by placing motors in 
series, parallel, or series-parallel, depending upon the number of motors. 

The 1110 -t pronounced application of the senes motor lies in traction service 
for main line, interurban, street, and mine railways, and in trolley busses. 
It is used also in all types of cranes and hoFt-, and in such services as with 
elevators, convenors, bridges, gates, car dumpers and retarders, blowers, 
and fan<. 


13.27. Synchronous Converters. The -ynchi nnou- converter is a rotating 
machine which comerts a-c power, at frequencies usually between 25 and 60 
cycles, to d-e power. As an imeited lotarv comerter, it also can convert d-c 
power to a-c power, but it'- list* lor -ueh soivice 


is infrequent. IXcept for a lew detail-, the 
comerter -tructumlh is a d-c generator with 
tap- on the armature biought out through -lip- 
rings at tho end oppo-iU* the commutatoi. 
Figure 13 21 show-, the schematic diagram lor 
a 2-pole 3-phase machine. The numboi of -li]>- 
rings depend- upon the numl)er ol phases, and 
the number of tap- depends upon both the 



number of phases and the numbei of polos. | “g 

The machine is e-sentLilly a ro\ oh ing-arma- 1 


lure s\ nelnonoiis motor and a d-c geneiator Fig. 13.21. Hot aiy converter, 
combined into one and hence is con-ideiably 

more efficient than a motor-generator set. It has the general performance of 
the s> nehionous motoi and the external characteristics ot the shunt or com¬ 
pound generator, depending upon the design ot the field circuits. 

The currents in the armature of the synchionous converter may be thought 
to consist of two components. One is the >ine-wa\e synchronous-motor input 
current, and the oilier is the block-wa'se d-c generator output current. Since 
the first is in opposition to the generated voltage and the second is in the same 
direction, the two components are plotted graphically on opposite sides of the 
axis. For unity power factor, tho two eunes cross the avis at the same points, 
and the resultant current has an odd wav° shape with pronounced peaks adjacent 
to the points at which the component cunes cross each other. Converters are 
designed mainly for 1.0 pf, occasionally for 0.95 pf, and seldom for a powrer 
factor less than 0.9. Heating, which limits the rating of the machine increases 
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very rapidly as the power factor moves off unity. This cun he shown readily by 
sketching component current waves for a power factor other than unity. Heat¬ 
ing is quite different from that in either the synchronous or the d-e machine. It 
is sufficiently less so that the 6-phase converter, for example, has a rating about 
double the rating it Mould have if run only as a d-e generator. 

Although the armature reaction effects of the component currents do not 
neutralize each other point by point along the armature surface, the over-all 
armature reaction is practically balanced out. The commutating held can be 
weaker and is about 37 per cent as strong as it is in the corresponding d-e gen¬ 
erator. No mechanical energy transfer takes place in the machine because the 
torque is consumed in the same armature conductors in which it i- developed. 
Consequently, the bearings are built light, mainh to -upport the weight of the 
machine. They are not strong enough to cany the reactions of -haft torque 
should it be desired to operate the converter as a -> nchronou- motor. The torque 
angle of the conveiter never is greater than that which icpievents its mechanical 
losses. 

Because the same winding on which the a-c voltage i- improved a No produces 
the d-o terminal voltage, then 4 i- a fixed ratio between the two voltages The 
brushes, in normal position, alw;i\s jack oft the maximum a-c \ oltage in the coil-, 
hence the d-e voltage is \ 2 time- the 4 effecti\ e \ alue of the* dialedii«*al. or -inglr- 
phase, a-c voltage. The following table give- the theoretical ratios ot the a-c 
voltage between slip-ring- to the d-e \ oh age. 
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Because of the fixed voltage ratio, it almost alw ay- i- necessary to furnish 
transformer- with converter- f the turn ratio- of the tran-foimer- pro\iding for 
the proper slip-ring voltage 4 . Balancing cost, rating, and efficiency, the 6-pha-c 
converter is the most common. Power lor* it i- taken fioin 3-pha-e line 4 -, the 
diametrical connection oi tlu* tran-former -i 4 {*ondarie 4 - being practically the only 
type of connection ever u-eeL The diametrical voltage conforms to that of the 
single-phase converter. The line currents on the a-c side are* calculated from a 
knowledge of the out]ml, the efficiency, and the 4 power factor. 

Voltage drop in the supply system and within the* converter decreases the out¬ 
put voltage, and several ways are used in practice for compensating the voltage- 
drop. The simplest is the u-e of induction regulators nr tap-changing trans¬ 
formers, A second method employs an auxiliary machine, called a booster, on 
the same shaft and placed between the supply and the 4 converter armature. 
Fundamentally, the booster is an a-c generator in series with the line 4 and can 
be controlled for a 15 per cent voltage boost or buck. Again, field control, 
either manual or automatic, can be used for voltage 4 regulation. An increase ir 
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excitation will not change the generated voltage directly, but it makes the powei 
factor less lagging or more leading, as the case may be. By way of inductive 
reactance in the lines, in the transformers (sometimes purposely provided), or 
in reactance coils, a power factor more leading raises the slip-ring voltage. The 
excitation of the compound-wound converter is usually set to give unity power 
factor at 75 per cent of full load. Compounding never is greater than that for a 
flat voltage characteristic. 

Synchronous converters may be started and synchronized like synchronous 
motors, on squirrel-cage windings in tlie pole faces. They also may be started 
as d-c motors from the d-o side if power is available, or they may be brought up 
to speed by a separate 4 motor, but thC last method is practically obsolete. The 
machines are sennit i\ o to Midden changes in load, particularly large loads quickly 
dropped, and hunting may lead to a serious fladiover bet ween brush arms. Most 
converters are equipped with fla-di barriers to as-iM in quenching any initial 
spark between commutator liars. The inverted rotary converter is not too 
stable. A lagging power factor weakens the field, the machine increases in speed 
fit now runs as a d-c motor*, the frequency increase-*. the inductive reactance 
increases, the 4 power factor becomes still worse, and the action is cumulative. 
Such opeiation requires a speed-limit device to take the converter from the line 
at about 25 per cent ou rspeod. 

S\ nclnonou- com ortors ate u-ed primarily as a d-c supply for oiectric raibvays, 
in industrial and chemical plants, in mining service, and for a fe>\ large lighting 
loads. Power lor electnc railways is almost always produced as alternating 
'‘urrent and transmitted in that form to substations where it is Mopped down 
through the converter transformer-*. Standard railway voltages are 000, 1,200, 
1,500, and 3,000 \olts. Became of limiting voltages between commutator bars 
(about 15 x olts axeiage' and limiting peripheral speeds of the commutators, 
00-cycle con\erters an* designed for a maximum of 750 volts d-c, and 25-cycle 
converter^ for a maximum of 1,500 volts d-c. The armatures of twx> 600-volt, 
00-cxcle comcitors aie connected in series for 1.200 volts, and. similarly, twx> 
25-ex cle machines arc required for 3,000 xolts d-c. The maximum d-c voltage 
is thus dependent somewhat upon the frequency of the a-e supply. 

In chemical plants eomerter x olt ages are lower, with consequently higher 
currents. The standard low \ olt ago for comerters is about 250 volts. Direct 
current is used in chemical plants for electroh tie processes, and in industrial 
plants as a general supply for motors and lighting. In mine service, d-c power 
may be required for power shovels and for cutting, loading, conveying, hoisting, 
and pumping. (’onvert ers for general pow er and lighting loads very often supply 
3-wire systems. The neutral for the third ware is obtained at the transformers, 
for example, the zigzag connection previously discussed. Synchronous con¬ 
verters are designed for standard voltages and frequencies and in standard sizes 
from 100 to 1.000 kxv. They are especially suitable as a d-c supply where small 
adjustments of voltage are not required, although with a synchronous booster 
or other auxiliary apparatus they can give close voltage regulation. 
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Within the last 15 years, the large steel-tank mercury-arc rectifier has greatly 
displaced the synchronous converter. Rectifiers may reach ratings of a few 
thousand kilowatts, and voltages range from 250 to 3,000 volts. They are built 
with at least 6 or 12 electrodes so as to give a smoother d-c output voltage, the 
phase transformation from a 3-phase power source being accomplished by trans¬ 
former connections. Because of a constant arc drop of about 20 volts, the 
efficiency is better the higher the d-c output \ oltage and the greater the kilowatt 
rating. Efficiencies, including auxiliary apparatus, are in the region of 91 to 
96 per cent, are fairly constant over the entire load range, and are better than 
those for the converter, particularly for loads less than 75 per cent of rated 
capacity. The power factor over the greater part of the load range is close to 
unity. 

Problem^ 

1. A 12-polo, shunt-wound generator ha- a riling of 3,000 k\v. 000 volts, 250 rpm. 
The armature is lap-wound with single-turn nab ami 4 roil -idt - per -lot in each of 252 
slots. Each conductor is composed ot 3 parallel -fraud- ot -trap copper 0 05 bv 0.30 in. 
MLT = 92 in. 

qp Calculate the voltage between commutator bar-. the weight of copper in the arma¬ 
ture winding, the winding rc-istam*o at 00 t\ flu* power lo— for rated load cur¬ 
rent. and the armature ampere turn- per polo. 

(Id Each brush arm holds 15 brushes of 1 by 1.25 m. eros- vat ion. What is the cur¬ 
rent density in the bru-he-? 

(c) What is the time of commutation if the commutator diamc ter i- 59 5 in. and the 

span of a brush along the eonimutatoi i- 1 035 in.? Mum thickness between 
bars h 1 32 in. 

(d) Each field spool holds 000 turns of Xo. 0 who. The mean length of turn is 05 in. 

Calculate the weight of copper in the field coil- and the maximum ampere turns 
per pole at 75°C for 000 volt- excitation. The coils are in sene-. 

(e) The commutating winding- an* arranged 0 in series with 2 parallel paths. The 

resultant resistance is 0.000230 ohm at 25°C. At 00 (\ what dneiter resist¬ 
ance i- required to shunt 20 r ( of normal current lioni these coils? What is the 
total power In— in the commutating-field circuit 0 

(f) Allowing 1 \olt brush drop at each arm, what i- the genoiated \oltage in the ma¬ 

chine for rated tenninal condition-? Calculate the requited flux per polo. 

2* A 6-pole. 1.200-rpm. 250- \ olt. lap-wvmnd generator ha- a flux of 2.370,000 lines 
per pole. If each coil has 4 turns, what is the \oltage between commutator bars for 
250 volts between brushes? If the speed is reduced 20(, c , what percentage change in 
flux is required for the same no-load voltage*? 

3. A 100-kw, 250-volt, separately excited generator has an armature resistance of 
0.05 ohm and an armature reaction effect of 10 \olts at full load. If the voltage drop 
due to armature reaction is directly proportional to the load current, w r hat is the gen¬ 
erated voltage at no load? Full-load voltage is to be 250 volts. 

4. A shunt generator gives the following data for itt> saturation curve taken at rated 
speed: 

E g volls 6 35 100 160 200 230 250 

I s amps... 0 0.2 0.56 0.92 1.23 1.60 2.00 

(a) What would you assume as the voltage rating of the generator? Use this value 
in answering the following questions. 
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(b) To what voltage will the generator build up if the total field-circuit resistance is 

120 ohms? 

(c) What is the total field-circuit resistance for rated no-load voltage? 

(d) What is the critical value of field resistance? 

(e) If the field resistance is 220 ohms, what will be the no-load voltage? 

(f) What will be the no-load voltage for 120 ohm* field resistance and 80% speed? 

5. A 50-kw, 250-volt, 1,200 rpm, separately excited generator has an armature resist¬ 
ance of 0.15 ohm and an armature reaction eflh« t uf 20 volts at rated load current and 
1.200 rpm. It is coupled to an indu'dion motor which dii\e^ the set at a no-load speed 
of 1.190 rpm and '-how* a '-pec 1 leguiation of 12% at lull load on the geneiator. For 
250 \olts at full load and field excitation held constant, what i^ the voltage regulation of 
the generator alone and the o\ ei-all regulation including the speed regulation of the prime 
mo\ei? Aniline all changes in '-peed and voltage to be linear. 

6. A 50-kw. 125-volt. 1.20n-n>m, compound-wound generator ha* a resistance be¬ 
tween brudie^ ot 0.02 ohm. a commutating-winding red'-tanee of 0.0015 ohm, a series- 
field resistance of 0,003 ohm. and a shunt-field resistance of 20 ohms. If the shunt field 
i* connected directly across tire armature terminals, what b the generated voltage of the 
machine when it is delixering full load at rated voltage? Draw the power flow’ diagram. 

7. The machine of Figure 13.0 i* a 5-kw. 125-volt, 1,200-rpm generator with E g 0 = 135 
volts. Sketch the saturation runes for 000, 900, and 1.500 rpm. If the field rheostat 
i> left in position lor rated conditions, ?-ketch the general shapes of the external charac¬ 
teristics for ^pecib ol 900 and 1,500 rpm. Repeat this last question but with E gU = 135 
xolt- for all cases. 

8. The machine of Figure 13.9 is a 5-kw. 125-volt. 1,200-rpm. compound-wound 
generator. Starting man rated voltage at no load, sketch the general shapes of the 
external characteristic-* for oxer-compounding and at speeds of 900, 1.200, and 1,500 rpm. 
IIow will these di iraeterbties he affected tor speeds of 900 and 1,500 lpm if the starting 
xoltages are 100 and 150 volt*, respectively? 

9. What would you do to gixe a generator a magnetizing component of armature 
reaction? Would xour procedure be too satisiaetory practically? In what \x T ay would 
the fact that the machine did or did not ha\e commutating pole* limit you? A labora¬ 
tory party finds that a shunt generator actually has a rising characteristic, xvhereas a 
second paity finds that the same machine has a rapidly falling characteristic. Explain 
the reasons for both observations 

10. If the machine of Figure 13.9 is cumulatively connected, sketch the reconnections 
for opposite rotation. The generator is to remain cumulative and the load polarity is 
not to change. Practically, how would you make certain that a compound-wound gen¬ 
erator is cumulatively connected? 

11. The neutral lead irom a 300-kw, 125 250-x'olt. 3-wire, compound-wound generator 
is designed for 25' < current. What continuous load can be carried oil one half of this 
system if the other half carries no load? What continuous load can be carried if both 
sides are loaded, but one side supplies 200 kw? 

12. The balance coil on a 00-kxv, 120 240-volt, 1,500-rpm. stabilized-shunt (this means 
a few turns of series-field winding but over-all shunt-generator characteristics), Diesel- 
driven generator is rated 75 cycles, 0 kx*a, 85 170 x’olts. How many poles are on the 
generator? What is rated current for the neutral lead? For each half of the balance 
coil? Express your results as percentages. 

13. The regulation tost on a 3-wire generator requires normal amperes in the heaxder- 
loaded main, rated voltage between outer lines, and the specified percentage current in 
the neutral. The voltage difference between the two sides of the system shall be no 
greater than a given percentage of rated voltage between lines. 

Give the numerical x^alues of all pertinent currents and \ r oltages for a 300-kw, 125/250* 



310 


ELECTRIC CIRCUITS AND MACHINES 


volt, 3-wire generator limited to 10^ rated current in the neutral and a voltage difference 
between the two sides of the system no greater than 2 C ,\. 

Repeat for 25% neutral current and no more than S c [ voltage difference, 

14. The load on a d-c generator, supplying power to a bus in parallel with other gen¬ 
erators, is dropped and the machine is allowed to motor on the line. Is there any tendency 
for the machine to reverse it^ direction of rotation? What effects are observed on the 
generator voltmeter and ammeter? 

15. What is the effect of increasing the field current of a single generator supplying a 
load? Of increasing the field current of one of two generators operating in parallel? 
Practically, how would you shift load from one of several generators operating in parallel 
and hold the line voltage constant? 

16. Two 300-kw, 250-\olt, shunt generators, each Inning 0 004 ohm armature-circuit 
resistance, deliver 2 000 amp total to the main bus when updating in parallel. The 
external characteristics of the machines are identical, llow does the total load divide 
between them if they have the c ame magnitude-* of field current? By what percentage 
must the flux of each be changed t<» place 1,500 amp on one generator and 500 amp on 
the other? The load voltage is to remain at 250 \olt-*. 

What must be done to hold a 1:1 ratio of armature currents for the generators, vet 
drop the line voltage to 240 volts? 

What must be done to hold a 1:1 ratio of armature current" for generators, yet 
drop the line voltage to 240 volts watli the same load power a" hetoie? 

17. Two cumulatively compounded generators arc < onneeted lor parallel operation. 
The machines are built trom the same specifications but the satmation eune lor one is 
slightly higher than that lor the other. What woul 1 be the nust husible manner of 
aljusting the generators so that they would dunlc load equally* 

18. Two stabilized-shunt generators are connected lor parallel oj oration, but they 
do not divide the load proportionately to their ratings. The air gip or one of them is 
increased so as to obtain better re-ults. What is the effect of tins change, and on which 
m ichine should it be made? 

19. Successful parallel operation is attained if the load on anv generator docs not 
differ more than zhlo% of its rated kw* load trom its proportionate share, based on the 
generator ratings, of the combined load, for any change in the combined load between 
20% and 100 r < of the sum of the rated loads of all the generators Q.l.K.H. Bull. No. 45, 
on shipboard installations'!. 

Give the limiting kw loads on each of two 250-kw generators operating in parallel. 

Repeat for a 100-kw generator in parallel with a 250-kw machine. 

Repeat for three 250-kw generators in parallel. 

20. A cargo vessel lias two main generators, each rated 300 hw~, 240 120 volts, wired 
to the switchboard for parallel operation. The circuit breakers in the main lines are set 
for 25% overload. The neutral bus is grounded through a resistance wdiich is to limit 
the neutral current to 1% of the total current of the power supply for a ground on either 
the positive or negative main bus. Across this resistor is a circuit breaker which is to 
trip at 3% of the total current of the power supply. For 25 r 7 rneiload, what is the cui- 
rent setting ot the bleaker, and what is the resistance ol the ground resistor* 

21. A 5-hp, 110-volt, 42-amp, 1,150-rpm shunt motor has an armature-circuit resist¬ 
ance of 0.15 ohm and a field-circuit resistance of 55 ohms. What resistance is required 
in a starting box to limit the armature current to 150 r ? of rated value at starting? 

22. A 115-volt shunt motor has a no-load speed of 1,200 rpm. What is the armature 
current at full load if the speed is 1,140 rpm? The armature-circuit resistance is 0.24 
ohm. Neglect armature reaction. 

23. A 230-volt shunt motor takes 5 amp line current at no load and runs at 1,400 rpm 
The field-circuit resistance is 115 ohms, and the armature-circuit resistance is 0.2 ohm 
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Calculate the speed, delivered torque, and efficiency of the motor for a line current of 
45 amp. 

24. A shunt motor has a rating of 15 hp, 230 volts, 57 amp, 1,350 rpm. The field- 
circuit resistance is 105 ohms, and the armature-circuit resistance is 0.21 ohm. Calcu¬ 
late the no-load line current and speed. Calculate the s]>eed and the efficiency when the 
motor takes 40 amp from the line. 

25. A 10-lip, 220-volt, 30.5-amp, 1,500-rpm shunt motor has a field-circuit resistance 
of 100 ohms, and an armature-circuit resistance of 0.15 ohm. What is the no-load speed 
if armature reaction decreases the no-load flux to 979c a t full load? Calculate the no- 
load current taken bv the motor. 

26. A 15-hp. 220-volt, 59.5 amp, 1,700-rpin shunt motor has a field-circuit resistance 
if 100 ohms and an armature-circuit resistance of 0.10 ohm. The no-load speed is 1,735 
-pm. What jjereontage of the n >-lnad flux b the full-load flux? 

27. A 5-lip, 115-volt, 38.7-amp. 1,150-ipm shunt motor has a field-circuit resistance 
>f 85 ohms and an armature-circuit re-btance of 8°}- Calculate the no-load motor 
•urrent. If the no-load speed is 1.140 rpm, by what percentage has the flux decreased 
from no load to full load? 

28. What approximate value of field current is required if the motor of problem 26 is 
to lie run a" a generator at l.>00 rpm. delivering 60 amp at 230 volts? 

29. A shunt motor has a rating of 7.5 hp. 115 volts, 5S amp, 1,700 rpm. The field- 
circuit ro-'btame b 80 ohm-*, and the armature-circuit resistance is 0.1S ohm. What 
revbtanco -hould be added t<> the armature circuit to give a speed of 1,200 rpm when the 
motor draws 40 amp line current? What b the efficiency for this condition of load? 
What b the de\olopid torque? 

30. A 10-lip, 250-\ ‘It, 1.200-r])m conipoun«l motor ha-* a shunt-field loss of 420 watts 
and a -4ray power Iim oi 510 watts. The armature-circuit resistance is 0.24 ohm. What 
are the full-load armature current and efficiency? 

31. A 40-lip. 230-volt. U3-anu>, 1.100-rpm compound-wound motor has a shunt-field- 
circuit r{*v]vtance of SO ohms and an armaturc-cimiit resistance of 0.08 ohm including 
0.011 ohm of the series field. The scries field produces l.V , of the total flux at full load. 
What is the approximate no-load speed ot the m«»tor? Wlir.t would be the speed at full 
load with rated m mature cunvnf if the series field wore short-circuited? What would 
be the developed torque and etlbienoy under this condition? 

32. How would y<>u ascertain, practically, normal peicentage field current for a shunt 
or compound motei ? 

33. A shunt motor draws an armature current of 150 amp from a 115-volt line and 
develops 90 Ib-tt torque at starting. For the same torque, what must be the change in 
armature-circuit resistance if the field resistance is decreased 20b ? Assume the satura¬ 
tion curve to be a straight lino. 

34. A 25-hp, 230-volt shunt motor tlevelops a starting torque of 160 Ib-ft with 90 amp 
armature current and normal field excitation. What torque would be developed with 
150 iiinj) in the armature if saturation due to armature reaction at the higher current 
decreases the flux 5 r ( ? The field current is constant. What change is required in the 
flux if the motor is to develop 200 Ib-tt torque with 150 amp armature current? If the 
armature resistance between brushes is 0.18 ohm, what starting resistance is required to 
limit the current to 150 amp? 

35. A compound motor develops 100 Ib-ft torque when starting with rated armature 
current. The series field produces 25be °f the total flux. What approximate starting 
torque would be developed with 150* ( of rated armature current? What torque would 
be developed by the series field alone with 200 r [ of normal current? Assume the satura¬ 
tion curve is a straight line. 

36. A vertical pump motor is rated 100 hp, 230 volts, 300 amps, 475 635 rpm, light 
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compound (this means that the series field is not too strong), 3 amp maximum field cur¬ 
rent. The field-rheostat resistance is 75 ohms. The machine is an ad just able-varying- 
3peed motor. 

(a) What is the full-load efficiency, and what are the component losses that you can 

calculate? 

(b) What is the delivered torque at the two speeds, assuming 100 hp for both? 

(c) What total armature-circuit resistance will limit the Parting curreut to 150% 

of rated current? 

(d) How is tins motor to bo adjusted for speed? If the armature-circuit resistance is 

0.036 ohm. what are the generated voltages at no load and at full load for a full¬ 
load speed of 635 rpm? What i- the speed regulation if the no-load value is 
710 rpm? By what pet centavo ha- the -cries field (hanged the flux 0 

(e) With the full-load condition- of pint pH. the -hunt field i- adm-Ted to give 475 

rpm for 360 amp. What per cent iwicu-e in flux ha- been piov ided bv the shunt 
field? 

37. A 5-hp, 115-volt adjustable-speed motor has a -peed range from 400 rpm to 2,000 
rpm. It draws 30.5 amp line current at the iowe-t -peed, and 46.1 amp at 2.000 rpm. 
The field resistance is 35 ohm- at the lowest -peed, and 203 ohm- at the high(-t -peed. 
Armature-circuit resistance i- 0.21 ohm. Calculate the no-load line current- lor the 
2 speeds of 400 and 2,000 rpm. Calculate the speed regulation in the 2 ca-e- and al-o 
the efficiency. 

38. A 220-volt series motor deliver- 16 hp at 1,200 rpm when taking 60 aim> from the 
line. What are the approximate -peed and hor-epowr output when the motor diaw- 
45 amp? A-sume tiie saturation curve to be a -truighf line. 

39. A 220-volt shunt motor lioi-t- a 600-lb had 5 oo ft per min when drawing a line 
current of 45 amp. The field-circuit re-'-tance 1 - 100 ohm-, and the armature-circuit 
resistance i- 0.15 ohm. If 0.6 ohm i- addl'd to the armature circuit, what weight can be 
raised at a speed of 300 ft per min? What re-i-tance -hould be addl'd to the armature 
circuit if a 400-lb load is to be rai-od at the -need oi 250 \x p»r min? 

40. A 220-volt shunt motor under load dnw- 52 amp armature current and runs at 
1,000 rpm. The armature-circuit re«i-tance is 0.14 ohm. What ^erie- armature resist¬ 
ance is required if the motor i- to develop tic* same* fun pa* at 750 rpm? What series 
resistance i- required if the motor b to develop tic* -ume hor-epower at 750 rpm as at 
1,000 rpin? What is the armature efficiency in the 3 ca-ox? 

41. A 230-volt series motor draws 45 amp while hobtmg a 1 .000 -lb load 300 ft per 
min. What is the approximate \alue of re-btance whuh mu-t be addl'd to the armature 
circuit if 600 lb are to be raised 200 ft per min? The armature-circuit re-i-tance is 0.35 
ohm. Neglect armature reaction, and a—ume the saturation curve to bo a straight line. 

42. Show the circuit connections for the compound-wound motor of Figure 13.10 for 
reversed rotation. The motor is to be eumulativelv connected in both ca-e.-. How would 
you ascertain whether a compound motor is cumulatively or differentially connected 
without placing a shaft load on the machine? 

43. Under full load, a 15-hp. 230-volt shunt motor draw's 57.5 amp line current when 
hoisting an l.NoO-lb load 200 ft per min. Armature-circuit resistance i- 0.25 ohm and 
field-circuit le-btanco i- 02 ohm-. In de-cending with the same load the armature is 
disconnected fiom the line and a dynamic-braking n-i-tor of 1.715 ohm- placed acres- it. 
Calculate the speed at which the load de-cend- (a) neglecting all lo—c- and (b) taking 
all losses into account. 

44. A 10-hp, 230-volt, 1,200-rpm compound-wound motor drive- a 25-kva, 410-volt, 
3 -phase alternate] for emergency u-e on board a cargo ve-sel. In -eric- with tin* motor 
armature i- an auxiliary field winding on the generator. Sketch the complete circuit for 
this motor-generator system and explain t lie action of the auxiliary generator field winding. 
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45. A 200-kw, 125-volt, 1,200-rpm constant-speed, compound-wound (short shunt) 
generator has the following losses at full load: 2,750 watts core loss, 810 watts friction 
and windage, 2,320 watts shunt-field circuit, 8,840 watts armature and brushes. 1,525 
watts series field, and 715 watts commutating field. What is the full-load efficiency? 
What is the efficiency at half load? What power is required to drive the generator at no 
load? What is the approximate load at which maximum efficiency is reached? If the 
machine is to be run as a motor drawing 200 kw from the line at 125 volts, what losses 
for the motor will be different from those for generator operation? What will be the 
values of the losses, assuming no saturation? What horsepower rating would you give 
the machine as a motor under these conditions? A'sume 1,200 rpm. 

46. A O-phase, shunt-wound synchronous converter delivers 1,500 kw at 250 volts 
d-c. What should be the ratings of the transformer^ of a delta-diametrical bank sup¬ 
plying power to the ffij>-rings from a 4.000-volt source? 

47. A 1-kw, 2-pha-e synchronous converter ha' a d-c output voltage of 115 volts 
What are the ratings of the transformers which supply the power to the 4 slip-rings from 
a 220-volt, 3-phase source? 



CHAPTER XIV 


SOME BASIC ASPECTS OF ELECTRONICS 

For many years, electron tubes were relegated to the radio engineer and the 
study of them was not considered essential in basic courses in electrical engineer¬ 
ing. Today, in addition to bringing radio and telephone communication to their 
present state of refinement, electron tubes have assumed an ever-increasing 
importance in the power, manufacturing, and industrial fields. Their use in 
control systems for industrial processes lias become practically indispensable. 
Outstanding developments and improvements in the field of measurements have 
resulted from the Use of electron tube-* in measuring instruments. There is 
scarcely a field of engineering or science, including the biological sciences, in 
which electron tubes do not play some* important role. Although a detailed 
study of electronics is outside the -cope of this book, it seems necessary, in view 
of the importance of the subject to so many fields of engineering, to include a 
brief treatment of some of the more bade principles. It is only such a rather 
limited and modest aim that i- intended in thi- and the following chapters. A 
more thorough treatment mist be reserved for those courses specializing in the 
various phases of the subject. 

14.1. Motion of Charges in an Electric Field. Basically, all electron tubes 
involve the motion of tree electrons, in a vacuum or partial vacuum, under the 
influence of electric and magnetic fields. Electrons can be considered as small 
physical particles, each having a mass of 9.107 X 10~ u kg and earning a neg¬ 
ative charge of 1.002 X 10~ 1J coulombs. When subjected to an electric field, a 
charged particle experiences a mechanical force that b expressed bv equation 1.3 
of Chapter I, that is, 

/ = <78 newtons U 1 . 1 ' 

where / is the force, in newton-, acting on the particle; q is the charge, in cou¬ 
lombs, carried by the particle; and 8 is the electric-field intensity, in volts per 
meter. The direction of the force is in the direction of the electric field when the 
particle carries a positive charge, and i- in the opposite direction when the charge 
carried b negative, as in the case of the electron. The force produces an ac¬ 
celeration of the particle that can be calculated by the ordinary law- of me¬ 
chanic-. The calculation of the 1 trajectory, Kinetic energy, tine of flight, etc., of 
the ohaigul particle become-, to a Large extent, a problem in mechanic-. The 
application of these principles in mechanic-, with which the reader already 
should be familiar, to electron tubes has been <*ho-en as the introduction to tlu 
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subject with the expectation that it will lead to a certain amount of confidence 
on his part in studying electronic devices. 

The simplest form of electron tube is the diode, which consists of a cathode that 
serves as a source of electrons produced by thermionic emission, and an anode, 
which is usually placed at a positive potential with respect to the cathode. Under 
these conditions, an electric field is produced between the cathode and anode. 
The electric-field flux lines are represented by the dotted lines in Figure 14.1 and 
the direction of the field intercity is shown by the arrowheads on the flux lines. 
Lines of electric flux are said to emerge 
from a positive electrode and to termi¬ 
nate on electrodes that are negative or 
at a lower positive potential with re¬ 
spect to the anode. Kince the electron 
carries a negative charge, the force 
everted on it In the electric field is 
directed toward the positive plate as 
indicated in the figure. If the anode 
potential were to be reversed, the elec¬ 
trons would be driven back into the 
cathode and no current would flow. 

This churn eteiistic makes possible the Fig. 14.1. An elementary 2-electrode tube, 
icctifier action discussed in Chapter 

X\ 11 For the parallel-electrode arrangement under consideration, the electric- 
field intensity is fairly uniform in the region between the two electrodes and is 
given bv the expression 

E 

£ = — volts per meter (14.2) 

d 

where E is the voltage between electrodes and d is the distance in meters between 
electrodes. 

It should be appreciated that this electric field extends all the way to the 
cathode, and that it is the field in the neighborhood of the cathode that starts 
the electrons in motion toward the anode. For all the devices considered in this 
chapter, the electron emission is limited so that all electrons are drawn away 
from the cathode as rapidly as they are emitted. In some other electron tubes, 
to be discussed in Chapter XV, there is an abundance of electrons emitted, some 
of which form a space charge in the vicinity of the cathode. The space charge 
produces effects that require a modification of the treatment given in this chap¬ 
ter. 

When an electron is accelerated in an electric field, it acquires kinetic energy. 
The calculation of the motion of the electron will give us information on the 
energy, the velocity with which the electron strikes the plate, the current that 
is flowing in the circuit, and the time of transit from cathode to anode. The 
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start of these calculations is Newton’s second law of motion, which may be 


stated as 


d 2 .r dr 

f = 1/1 —? = m - newtons 
dt- dt 


or 


— = — 8 =-meters per second per second (14.3) 

dt m m d 


U»ing MKS unit", in is the mibs of the electron in kilogram" and c its velocity 
in meters per second. Attuning electrons to he emitted from the cathode witb 
zero velocity, a direct integration gives 

dx q E 

v — — =- t meters per "ccond (11.1) 

dt md ' 


A second integration allows the determination of the position of the electrons 
and result" in the equation 


x 


1 ?£, 

- 1 ‘ meteiv 

2 m d 


(11 ’>) 


where x i" measured from the cathode. 

Equations 1 1.4 and 1 1 5 may he "olved "imultaneou'ly to give 


2qE X 

v = \ -• - incurs pei second (14.6) 

in d 

The velocity with which the electron strikes the anode is 

2 qE 

r u = \ — meters per second (1 1.7) 

m 

and the kinetic energy associated with tlii" velocity is equal to 

kinetic energy = hntr,, 2 = qE watt-seconds (1 l.S) 

From earlier considerations in Chapter I, thi" last eijuation is just what should 
have been expected, that is, the work done on the particle is equal to the product 
of its charge and the difference of potential through which it has moved. 

All the energy acquired by the electrons in their flight from the cathode to the 
anode is supplied by the battery connected to the electrodes. The electrons 
moving from the cathode to the anode constitute a current, and this current is 
continuous through the space between the electrodes and around the external 
circuit through the battery. The convention for direction of current flow, adopted 
many years before electrical current had been identified with the motion of 
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electrons, is opposite to that of electron flow. However, the steady flow of elec¬ 
trons reaching the anode can be considered as flowing into the anode, through 
the battery and back to the cathode. From these considerations, the power in¬ 
volved can be expressed by the relation. 

d (kinetic energy) 

Power =- 

dt 


— E — = Ei watts (14.9) 

dt 

where dQ dt is the rate of arrival of total charge, due to many electrons, at the 
plate, and is exactly the current supplied by the battery. 

A proper inquiry at this point would be a consideration as to what has become 
of the energy that was imparted to the electrons by the electric field and that 
was later shown to have been supplied by the battery source. The electrons 
impinge upon the anode (also called the platei with the kinetic energy that is 
given by equation 14.5. Upon striking the plate, the velocity is suddenly re¬ 
duced to zero and the energy i- converted into heat. This heating of the plate is 
ime of the important factor-- that limit the power-handling vapacity of most 
electron tubes. Provision mu-t be made to keep the temperature of the plate 
within a safe operating value. In large power tubes cooling is accomplished by 
forced air flow or water circulation around the plate. Large water-cooled tubes 
are commercially built that have a plate dissipation of 100 kw. In later chapters 
we will set 1 how the majority of this energy can be put to a useful purpose in a cir¬ 
cuit connected to the tube. 

When the value-, for the charge and mass of the electron are substituted in 
equation 11.7, the velocity of an electron starting from rest and moving through 
a potential difference of E volts is expressed by 


r = 5.93 X 10’A E meters per second (14.10) 

Because of the high ratio of q m of the electron, the velocity it attains in even 
moderate fields is very great, and, as a result, transit tunes in electron tubes are 
quite small. While equation 14.10 is correct for the voltages used with the ma¬ 
jority of electron tubes, it does not hold when the calculated velocity starts to 
approach the velocity of light, for, when it does, the mass of the electron increases 
and it becomes necessary to take this relativistic change of mass into account in 
stating Newton’s law of motion. 

14.2. Focusing or Electrons by Electric Fields. In the last section we noted 
the manner in which electrons are acted upon by forces that tend to make them 
follow electric flux lines, and that the force on a negative charge is in the direction 
directly opposite that of the flux lines. In many electron tubes, because of the 
geometrical configuration of the electrodes and the choice of applied voltages, 
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the fields are very much more complex than they are in the basic diode. By 
shaping the fields properly, it is possible to control the path of the electrons, and, 
when desirable, to concentrate them in beams of high current density or to focus 
them to a fine point. Because of the many similarities to the methods of focusing 
light rays, this phase of electronics is generally referred to as electron optics and 
the focusing field as an electron lens. If a flu\ plot of the electric field can be 
made, the trajectory of the electron can be calculated. It is often helpful in 

—10 0 +25 +50 



a; Uleotrir field distribution *b» Ll( ctron path-* 

Fig. 14 2. LI* (trie field < list nba* ion and <Wtron path'* in a simple electron len*- 

plotting the flux line- to lemembor that they alwav- cio^ tin omnipotent ml mu- 
faces at right angles. 

The focusing action or a simple electron lens can be understood fiom a studv 
of the electric field sketclied in I igure It 2a. The flux lira's art* shown dotted, 
whereas the fiu< , solid lira's show the location of the equipotential smfuces with 
represent at i\c values of potential indicated. Fleet i ode A is the cathode and is 
at zero potential, electrode B has a circular aperture and is at a negative po¬ 
tential of 10 volts, whereas C is at a positive potential of 50 volts. From tins 
distribution of flux, it is evident that electrons not on the axis of the apertuie 
will experience a radial component of force tending to drive them toward the 
axis a& they are accelerated in the direction of electrode (\ As a result, the elec¬ 
trons leaving various parts of the cathode move along paths as shown in Figure 
14.2b, come to a focus, cross the axis, and then start to div erge. In Figure 1 L2l>, 
a small circular hole is shown in electrode C, through which the electrons can 
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pass. The point of focus will actually have a finite cross-sectional area, but it 
w ill form an image that is much smaller than the area of the cathode from which 
the electrons are emitted. This is a very important type of electron lens and af¬ 
fords a means of obtaining an approximate high-intensity point source of elec¬ 
trons. It has a wide application in cathode-ray oscilloscopes. 

There is one more point that should be considered in connection with this 
lens. The flux from the positive electrode C has to reach through the aperture 
of electrode B, which is at a negative potential, in order to attract the electrons 
from the cathode. Only the center part of the cathode is in a force field that 
urges the electrons to leave. The outer portions are, so to speak, in a shadow 
cast by the negative electrode tliut produces a field in this region tending to drive 
the electrons back into the cathode. The size of the shadow is not only a function 



thi 1 flux linos 


ibi Electron paths 


Fii». 14.3, Sketch of electric flux lines and electron paths* in a triode. 


of the isize of the aperture, hut it varies also with the magnitude of the negative 
voltage applied to elect rode B. As electrode B is made more and more negative, 
the area from which electrons are drawn becomes less and less, until finally the 
electron stream is cut off entirely. This control adjusts the intensity of the beam 
and is the usual intensity control of cathode-ray tubes. 

A similar focusing and control action takes place in the triode vacuum tube, 
which is discussed in the next chapter. In the triode, a series of apertures are 
formed by the grid wires, as shown in Figure 14.3. Again, the flux from the 
positive plate must reach through the apertures in order that electrons be urged 
to leave the cathode. The magnitude of the grid voltage in this case also con¬ 
trols the electric field in the neighborhood of the cathode and, hence, the electron 
flow. Sketches of the electric field and of the paths of electron flow in a triode 
are shown in Figures 1 t.3a and 14.3b, respectively. In the triode tube, it is only 
the control feature that is sought, the focusing actually being undesirable in 
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tubes designed to handle large amounts of power, because electrons striking the 
plate in localized areas cause non-uniform heating of the plate with a resulting 
decrease in the power that the tube can dissipate safely. By proper design, the 
focusing action at the plate can be minimized. 

There are a large number of electron-lens systems that are commonly used, of 
which Figure 14.2 is a typical example. A second type, consisting of two cyl¬ 
inders placed end to end, is referred to in the next section. Since electrons also 
experience forces when moving in magnetic fields, electron lenses can be formed 
by magnetic fields instead of electric fields. A discussion of lenses of this type 
can be found in many of the books on electronics. Kleetron lenses find applica¬ 
tions in beam-power pentodes, cathode-ray oscilloscopes, electron microscopes, 
secondary-emission electron multipliers, various types of radio tubes such as the 
klystron, the cyclotron, the linear accelerator, and a variety of other electronic 
devices. 

14.3. The Cathode-ray Oscilloscope. The cathode-rav oscilloscope illus¬ 
trates several of the ba-4e principles discussed in the last two sections. It is an 
increasingly important electron tube for laboratory measurements, monitoring 
production processes reproducing television MgnuK radar s\ stems, and many 
other applications where a visual presentation of some operation is desired. The 
speed with which the cathode ray* (so named before the ra\ or beam was known 
to consist of electrons 1 , can respond is limited only by the small inertia of the 
electrons. The tubes can be used to depict electrical phenomena occuring at 
frequencies as high as 10 s cycles per second. 

A cathode-ray tube is shown diagrammatically in Figure 14.1. It consists of 
an electron gun that provides a narrow beam of electron-*, two sets of deflecting 



plates by means of which the electron beam can be moved both vertically and 
horizontally on the screen, and a screen coated with a phosphor which will be¬ 
come luminescent when bombarded w r ith electrons. 

The electron gun contains a cathode that provides a source of electrons and 
two electron lenses. Lens A is of the type described in the last section and forms 
a small image of the cathode-emitting area. Potentiometer Pi adjusts the 
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brightness of the spot that appears on the screen by controlling the number of 
electrons of the beam, in the manner discussed in the previous section. Lens B 
is formed by the electric field between the two cylinders and focuses the image 
formed by lens A on the screen. The focusing control is obtained by means of 
potentiometer P 2 , which adjusts the voltage between the two cylinders. Aper¬ 
tures at c and d stop all electrons that make too large an angle with the axis. 
This reduces the spherical aberration (electron lenses suffer from this defect as 
well as optical lenses) and allows a finer spot to be obtained on the screen. The 
electrons emerge from the aperture at d with a velocity determined by the anode 
potential. E t, and can be calculated from equation 14.10, where the value of Ea 
is substituted for E. The paths of the electrons are indicated by the broken lines 
in Figure 14.4. 

A variety of phosphors are commercially used for screen materials, the choice 
depending upon whether the tube is to be u^ed for photographic reproduction 
or visual study. or whether it L desirable for the trace on the screen to persist for 
.some time after the electrons have ceased to strike it. Two of the more com¬ 
monly used materials are willimite (zinc orthodlicate\ which gives a greenish 
twice of good photographic and visual characteristics, and cadmium tungstate, 
giving a bluish trace of very short persistence. Commercial tubes can be ob¬ 
tained with screen^ having a persistence as short as a few milk eeonds or as long 
as several seconds. Screens with a long-persistence characteristic can be used 
for the visual studv of short-time transients -Inco the trace wall remain for some 
time alter the transient has been completed. 

A signal voltage applied to the vertical deflecting plates gives the electrons a 
//-component of acceleration a- they pass between them. Figure If.5 aids in ob¬ 
taining the expression for the deflection of the beam. An electron, after acquir¬ 
ing a velocity v x from the electron gun, parses between the deflecting plates and 



emerges with a //-component of velocity r y < which is related to the y-component 
of force f y by the equation 

fyt = mVy (J4.ll) 


wlieie m is the mass of the electron and t is the time the electrons spend between 
the plates and is equal to r r . Substituting for /. and for from equations 14.1 
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and 14.2, equation 14.11 becomes 


Vy = 


q s 1 

- E v meters per second 

m d v x 


(14.12) 


where q is the charge of the electron and the other terms are as indicated in Figure 
14.5. 


The components of velocity are related to the components of distance that the 
electron travels by the equation 


V = [v 
/ “ »', 


(14.13) 


Substituting for v y from equation 11.12 ami for i\ from equation 11.7, the equa¬ 
tion for the deflection becomes 


1 ft Ey 

u — - l -meters 

2d E. i 


(14.11) 


v here Ea is the anode voltage of the electron gun and E , i- the defied ing \ oltage. 

The horizontal deflecting plates can be u.-od to obtain a linear-time axis -o 
that the signal trace can be spread across the lace of the scieen. For this pur¬ 
pose, it is desirable that the spot mote horizontalh across the screen at a linear 
rate and, upon reaching the edge of the screen, snap back to the starting point 
and continue to repeat the cycle. A saw-tooth \ olt ago of the tvpe shown in 
Figure ll.tia. applied to the horizontal plate-, will produce this result, and Figure 



Fig. 14.<J. Saw-tooth -weip voltage and circuit. 


14.0b shows a circuit that will give such a watt'. When the voltage E n is ap¬ 
plied to the circuit, the condenser starts to charge at an exponential rate. Figure 
14.0c, as was discussed in Chapter III, The first part of the exponential eurxe 
is practically linear. When the ionizing voltage E t of the tube i- reached, the 
gas tube breaks down and the condenser discharges rapidly through it. The 
voltage drops to the deionizing potential of the tube almost immediately, whence 
the arc in the tube goes out and the cycle is then repeated. The periodicity is 
adjusted by varying R or (\ 

As will be evident from the discussion in the next section, the electron beam 
of a cathode-ray tube also can be deflected by means of a magnetic field. 
Deflection is accomplished by placing a pair of coils on the outside of the glass 
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envelope so as to produce a magnetic field transverse to the beam. The method 
is in common use. 

14.4. Motion of Charges in Magnetic Fields. When a charged particle moves 
in a magnetic field, it experiences a force which is always perpendicular both to 
its direction of motion and to the direction of the magnetic field. The magni¬ 
tude of the force is proportional to the charge q carried by the particle, its 
velocity r, the magnetic field density 0, and the sine of the angle a between v 
and p. Expressed in MKS units, the force is 

j = qvfi sin a newtons (14.15) 

which is equation 2.4 of Chapter II. In by far the majority of cases that need 
to be considered, sin a is unity. In special cases where a differs from 90 degrees 
it is helpful to think of v sin a as the component 
of velocity perpendicular to the magnetic field. 

The relation between the directions of magnetic 
field, velocity, and force for a negatively charged 
particle are shown in Figure 14.7, where the direc¬ 
tion of the magnetic field is into the paper. If 
the polarity of the charge carried by the particle, 
or the direction of the magnetic field, or the direc¬ 
tion of the velocity, is reversed, the direction of the 
force is reversed. If any two of these quantities 
are simultaneously reversed, the direction of the force remains the same. 

Since the direction of the force on the particle is always perpendicular to its 
velocity, no energy can be imparted by the magnetic field, the acceleration is 
entirely radial, and the particle will tend to move in a circular path. The equa¬ 
tion of motion for radial acceleration is 

m — — f — qv$ sin a (14.16) 

r 

whore r i* the radius of curvature of the path, and m is the mass of the particle. 
From equation 14.16, the radius of curvature, for the condition of sin a = unity, 
can be stated as 

m v 

r — -meters (14.1/) 

The circular path described by a charged particle injected into a uniform 
magnetic held is shown in Figure 14.8. 

Figure 14.8 depicts the basic components of the mass spectrograph. The 
charged particles are usually accelerated to the velocity v by having them fall 
through a potential E in a suitable beam-forming gun. The velocity acquired 
can he obtained from equation 14.7, which, when substituted in equation 14.17, 

gives the radius of curvature as- 

1 / m 

r — — \l 2 — E meters 
0 y Q 


•4 4 + + + + 


+ + + + + + 



+ + + J + + + 


Fig. 14 7 Force on a nega¬ 
tively charged particle moving 
in a magnetic field. 


(14.18) 
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From equation 14.18, it is evident that if a mixture of atoms of different atomic 
weights are ionized in some manner so as to give them an electric charge, ac¬ 
celerated by a potential E, and then injected into a magnetic field, the various 
atoms will describe different paths and can be .separated by a series of collector 

+ 

l mfurm 
mtuti i tic 

+ iu>ld 
+ 


Fig. i 4.8. Motion of a charged particle in a uniform magnetic field. 

pockets. In essence, this i- the principle of operation of the spectrograph 
which is proving >o useful in the analyst of mixtures It F also .successfully 
employed in separating the isotopes 235 and 23s oj manium in atomic-energy 
research and production. 

Another application of electric and magnetic lorce fields F the r u* Intro n de¬ 
veloped at the UniverMtv of C’alitornia by F O Laurence and hb associates. 
The cyclotron combt- of a shallow c\ lindrieal chambci wliicli F di\ ided into two 
pai1> as .shown in Figure 14.9. Because of tin* *hupc of the half-cvilinden*, they 



Tarpret D«n i s 



are called dees. A high-frequency \oltage F applied to tlie dees and a magnetic 
field, perpendicular to the faces of them, is produced by a poweiful electromagnet. 
A source of charged particles F located near the center at A. A eharged partiele 
will be attracted to one of the dees by the electric field set up in the gap between 
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the dees by the high-frequency oscillator. Inside the hollow dees the electric 
field will be small and the particle will be acted upon only by the magnetic field. 
After passing into the dee, the particle will follow a semicircular path, having a 
radius of curvature a* given by equation 14.17, and again cross the gap as indicated 
in the figure. If the motion of the particle is synchronized with the frequency of 
the oscillator, the particle will gain energy from the electric field at each cross¬ 
ing, and its velocity and radius of curvature will increase in steps as is indicated 
in Figure 11.9. Finally, the high-energy particle is led off through a side tube, 
where its energy is used to produce nuclear reactions. The angular velocity of 
the particle can be obtained from equation 14.17, and is 


f JO v <j 

= - 3 radians per second (14.19) 

(tt r in 

The angular velocity h independent of the linear velocity, and the time 
for each half of a resolution in the cyclotron is, therefore, a constant. As a 
result, then' i- no particular difficulty encountered in synchronizing the 
motion of the particle with a constant-frequency oscillator, within the limits 
impo-ed by relativistir considerations, that is, that the change of mass with 
energy be small. 

The main feature of the cyclotron is that it affords a means of obtaining very 
high-onerg\ particles from moderately high voltages. The high-frequency volt¬ 
age 1 across the dees h only <4 the order of 100,000 volts, but when the motion of 
the particle is properly synchronized with the frequency oi the voltage source, 
the particle al\\a\s crow s the gap when the voltage will cause acceleration and 
is at its peak value. Since the number of revolutions completed before 
striking the target h of the older of one hundred, the energy acquired is equal 
to that of a particle that has fallen through a potential of the order of 20 million 

volts. 

The combination of electric and magnetic fields also makes possible the mag¬ 
netron tube, which has pro\ ed to be a very efficient and powerful source of high- 
frequency energy. 

14.5. Emission of Electrons. In the la<t few sections it has been shown that 
charged particles can be controlled accurately by means of electric and magnetic 
fields, and a few typical examples have indicated the considerations that are in¬ 
volved in predicting the behavior of these particles. The aim has been to present 
a physical picture of the basic principles involved. Actually, electronics is in 
no way a mysterious phenomenon occurring inside an evacuated envelope, but 
one following naturally from the elementary concepts of electricity and mechanics 
with which the student already should be familiar. 

Up to this point, w*e have not been concerned with the problems of obtaining 
the charged particles, but it is the purpose of this section to study the mamier in 
which electrons may be emitted from solids. The fact that electrons can be 
emitted by various processes from all substances and that all electrons are the 
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same irrespective of their source forms a good share of the evidence upon 
which the atomic theory of matter is based. In turn, modern atomic theory, 
based on this and additional evidence, is able to offer a satisfactory explanation 
of emission phenomena. It will serve our purpose sufficiently well just to 
state briefly some of the concepts of the theory that relate to the present 
subject. 

In a metal, the atoms are spaced closely in a well-defined geometrical arrange¬ 
ment (space-lattice) which can be determined from X-ray analysis. These atoms 
are held together by interatomic forces that are electromagnetic in character, and 
it is this set of forces that give'- a piece of metal the property of resisting deforma¬ 
tion from externally applied forces. An atom cousin of a central positive 
nucleus surrounded by a revolving array of plant tar y electron'- arranged in so- 
called shells at well-defined distances from the nucleus. The number of revolving 
electrons differs for different element- and is equal to the atomic nnmhtr of the 
element. The nucleus accounts for practically all the mass of the atom and is 
composed of a closely packed combination of proton* and nnit^on*. Each proton 
carries a positive charge equal in magnitude to that of an eleetron and has a 
mass approximately 1,840 times that of an electron. The neutron has a mass 
equal to that of the proton and carries no charge. The number of plot on- is 
equal to the number of surrounding electron-, with a resulting net charge of zero 
for the atom. The sum of the number of protons and neutrons in the nucleus 
determines the weight of the atom and is equal to its atomu might . 

In some atoms the outer shells contain only a few electrons revolving around 
the nucleus. For example, good conductors, such a- silver and copper, ha\e only 
one electron in the outer orbit. These outermost electrons in a metal are not 
held very strongly to what wo might call the parent atom, and are relatively free 
to drift from one atom to the next. Under the influence of an electric field fie- 
sulting from a voltage being applied across two faces of a conduct orb the/zee 
electrons will acquire a motion that is interrupted at frequent intervals by col¬ 
lisions with atoms, and, at every interruption, will lo-e kinetic energy which 
represents the I 2 R loss in the conductor. Stated briefly, this is the theory of 
electrical conduction. Although the free electrons are privileged to move from 
one atom to another 'within the conductor, the privilege of free motion is not, in 
general, extended to leaving the conductor. Within the conductor, the atoms are 
closely packed and one nucleus will aid a free electron in moving out of the force 
field of another nucleus. When the electron attempts to leave the surface, how¬ 
ever, all the positively charged nuclei are behind it and are exerting forces that 
prevent it from escaping. In order that the electron overcome this surface re¬ 
straint, or potential barrier, it is necessary for it to acquire energy over and above 
that which it normally possesses. The additional energy that must be given it 
in order for it to free itself of the surface is defined as the work-function . The 
work function <j> is expressed in electron-volts, one electron-volt being the amount 
of energy acquired by an electron falling through a potential of one volt. The 
value of the work-function is a characteristic of the particular surface, a low r 
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value being desirable for efficient emission. The work-functions of some ma¬ 
terials having commercial interest as emitters are given below: 


Worh-f unction 

Metal in Electron-volts 


Tungsten.. 

4.52 

Tantalum. 

4.06 

Th jrium. . 

3.35 

Thorium on tungsten . . . , 

2.63 

Oxide-copied surface. 

0.5 to 1.5 

Caesium.. . 

1.3G 

Potassium... , 

1.55 

Sodium. 

1.82 


The various way-* in which energy is imparted to the electrons suggest the 
following classification of the processes of emission: 

1. Thermionic emission. 

2. Photoelectric emission. 

3. Secondary emission. 

4. Electric field emission. 

The various processes will be dbeu<-ed briefly in the next few sections. 

14.6. Thermionic Emission. At room temperatures, the f.'^e electrons do not 
sufficient kinetic energy to escape from the surface. However, if the 
temporal ure of the metal is increased, the kinetic energy of the electrons is in- 
ciea^ed, and at sufficiently high temperatures some of the electrons will fly 
against the boundary-surface of the metal with enough kinetic energy to sur¬ 
mount the retarding surface effects. They then emerge from the metal with 
their energy reduced by the amount that was necessary to overcome the surface 
potential barrier. The energy of the emitted electrons is usually very small, 
being of the order of 0.5 electron-volts. This value is quite small compared with 
that acquired from the electric fields in electron tubes. 

By dealing with the free electrons in a statistical way, it is possible to deduce 
theoretically the number of electrons having sufficient velocity to leave the con¬ 
ductor and, hence, calculate the emission current for any temperature. Richard¬ 
son 1 has shown the emission current per unit area of emitting surface to be given 
by the equation 

_ /i Lgosg x 

i s = A T 2 c \ ? J amperes per square centimeter (14.20) 

where i s is the emission current in amperes per square centimeter of emitting 
surface, <}> is the work-function of the surface in electron-volts, T is the absolute 
temperature in degrees Kelvin, and A is a constant characteristic of the metal 
(for tungsten the value is 00.2). 

The exponential term is the more rapidly varying one in Richardson’s equa¬ 
tion and, hence, the value of the work-function determines the temperature at 

1 O. W. Richardson, “Emission of Electricity from Hot Bodies/’ Longmans, Green & Co. 
London, 1921. 
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which the emission becomes appreciable. For tungsten at a temperature of 
2.500°K, a reduction of 10 per cent in the value of the work-function would result 
in an increase of the emission current nearly sevenfold. It is apparent why a low 
value of work-function is desirable for emitting surfaces. 

The three important thermionic emitters are tungsten, thoriated-tungsten, 
and oxide-coated metals. Although the work-function of tungsten is relatively 
high, with a resulting low emission efficiency (defined as milliamperes of emission 
current per watt of heating power\ it is a very rugged emitter in the sense that 
its emission is not impaired as a result of bombardment by positive ions. Pos¬ 
itive ions are always present in high-voltage commercial tubes as a result of the 
ionization of the small amount of residual gas that is present. Tungsten is used 
in all vacuum tubes operating with very high plate voltages. 

Thoriated tungsten is tungsten containing about 2 per cent of thorium oxide. 
Under the operating temperature, a molecular layer of thorium is maintained on 
the surface of the emitter which results in a value of work-function lower than 
that of pure tungsten. The emission efficiency of thoriated tungsten is much 
higher than that of pure tungsten, but its monatomic emitting layer is sus¬ 
ceptible to ion bombardment. Refined techniques in tube design permit the use 
of thoriated tungsten with plate voltages up to about lf>,000 volts. 

Oxide-coated emitters have a higher emission efficiency and a longer life than 
the other two types, but are not as rugged. They can be employed in \aeuum 
tubes designed for plate voltages of less than 1,000 volts, and because of their 
high emission efficiency, receiving tubes Use them almost exclusively. 

Oxide-coated emitters consist of several layers of barium and strontium oxides 
on a suitable metal. The low value of the work-function at the surface of the 
oxide coating accounts for the appreciable emission at a temperature much lower 
than that required for tungsten or for thoriated tungsten. The emission cur¬ 
rent and emission efficiency of the oxide-coated emitters vary greatly with the 
type of coating and the operating temperature. 

Characteristics of the three emitters are listen! in the following table: 



Normal 

A pprox. 
Emission 

A pprox . Ma 


Opi rating 

( 1 urn nt 

Emission 


T( m pf ratan , 

in Mfi 

pir W att of 


iMg. K 

pir Sg Cm 

]hating Powe 

Tungsten. ... . , 

2,500 

300 

4 

Thoriated tungsten. 

1 000 

2,000 

100 

Barium and strontium oxides coated on metal. 

1.100 

2,000 

200 


The electron emitter may be in the form of a filament, heated by an electric 
current passing through it, or a coated metal cylinder that is indirectly heated. 
The heater type consists of a small-diameter, oxide-coated cylinder, enclosing 
and heated by a tungsten filament. This type of emitter is widely used in a-c 
operated radio receivers. Its main advantage over the filament type is a great 
reduction in the hum caused by the alternating current used for the heating. 
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The emission efficiency of this type is about the same as that of thoriated- 
tungsten filaments. 

14.7. Photoelectric Emission. When light of a proper frequency strikes a 
metal surface, electrons are ejected. The modern concept of light quanta, or 
photons, gives a simple interpretation of the phenomenon. According to present 
concepts, the photoelectric process runs about as follows: a quantum of light 
strikes the metal and gives all its energy to a free electron, which then may escape 
from the metal after having its energy decreased by the potential barrier at the 
surface. Einstein expressed the picture of the photoelectric effect by the equa¬ 
tion 

"2 mi* = hf — <f>q watWeconds (14.21) 

in which \mv 2 is the kinetic energy of the emitted electron, hf is the energy of 
the photon. 0 is the surface work-function, and q is the charge carried by the 
electron. The energy of a pi lot on of light is proportional to the frequency /. 
The constant of proportionality h is known as Planck’s constant. The energy of 
the photon must be equal to or greater than the energy that the electron needs 
to pass through the potential-energy barrier that exists at the surface. In order 
that an electron escape, 

hf > 
or 

_ <t> f i 

/> (14.22) 

h 

The frequency ( 97 ^ 7/ is called the thn^hold frequency. If the frequency of the 
light is less than the threshold frequency, the photon will not possess sufficient 
energy to allow the electron to escape. Tin* theory does not allow of any ac¬ 
cumulation process by means of which an electron can increase its energy until 
it has acquired a sufficient amount to escape. In order that emission take place, 
a single photon must be able to supply all the needed energy, and emission occurs 
instantaneously with impact of the (plantrun of light. Observations show that 
the number of electrons emitted is directly proportional to the incident light in¬ 
tensity. 

Since 

A = <• 

where c is the velocity of light, and X b the wave length, equation 14.22 can be 
written 

— 

X - (14.23) 

<pq 

and the threshold iron h ngth X 0 is 

he 

Xo = — 

<f>q 


Xo — 


12,400 

- Angstroms 

<t> 


(14.24) 
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One Angstrom is 10~~ 8 cm, and the work-function is in electron-volts. In order 
that red light (8,000 Angstroms) emit electrons, the work-function must be less 
than about 1.5. Because of their low work-functions, the alkali metals are the 
most effective surfaces for photoelectric tubes that are to be used with visible 
light. Photoelectric emitters having various color sensitivities have been de¬ 
veloped for commercial photoelectric tubes. The characteristics of some of these 
tubes are discussed in the next chapter. 

14.8. Secondary Emission. If electrons or ions bombard a metal surface 
with sufficient velocity, some of the free electrons will be knocked out of the 
metal. The amount of secondary emission is a function of the velocity with 
which the primary electrons strike the surface and of the surface material used. 
Surfaces have been developed that yield 9 secondary electrons for each primary 
electron impinging on the surface. 

Secondary emission is u-cd to obtain current amplification. In one form of 
electron-multiplier tube. (lection^ that are emitted from a photoelectric surface 
are drawn to an anode by inutio of an electric field. Tin 4 secondary electrons 
that are emitted from the anode are attracted to a second anode, where -econdan 
emission again takes place. This process can be repeated through several Maize-. 
One commercial photoelectric tube, the typo 1P21. u-e- 9 stages of secondary 
emission and obtains by thi- means a current amplification of 2 X 10C 

14.9. Field Emission. It has been found that if \ery intense electric fields 
of the order of 10 s volts per meter oxiM near the -urfueo of a metal, electrons will 
be pulled out. Such inten-e fields can be obtained with moderate \oltages by 
using a fine point as a cathode. The concentration of the electric field at the 
point will result in a high field intensity, A few commercial tube- make Use of 
this so-called cold-cathode effect. 


1. The distance between flic cathode and anode of a parallel-plate diode i- 0.2.1 cm 
and the anode potential i- 200 volts. Sketch the acceleration, velocity, kinetic eneigw 
and travel time of an electron u< a function of the distance from the cathode. Show 
that the average velocity i- one-half the final velocity. Calculate the final \clority in 
both meter- per -e«*ond and mile- per second. Calculate the transit tunc. Compare 
this tran-it time with the period of a 300-me voltage. 

2 . Through what potential must an electron fall to acquire a velocity one-tenth that 
of light? 

3 . An electron, having an energy of 1,000 electron-volts, is projected into the electric 
field between two plate.- at an angle of 30° with the plates as shown in the figure. De- 

B 


A 


i 


i 




scribe the path of the electron. By what distance does the electron miss plate B? What 
must be the initial velocity of the electron in order that it may just reach B? If the 
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angle is changed to 90° and the initial energy is 1,000 electron-volts, what is the transit 
time for the electron to move from plate A to the point of zero velocity? 

4. Two concentric cylinders of 1-cm and 5-cm radii, respectively, have a potential 
difference of 100 volts between them. Sketch the electric flux lines. What is the force, 
expressed in newtons, on an electron placed midway between them? What maximum 
velocity would an electron acquire moving from one cylinder to the other? 

5 . An electron enters ar accelerating held of 200 volts per cm with an initial velocity 
of 0 X 10 6 meters. ]>er s^c and travels a distance of 2 cm. Calculate its final velocity. 
Calculate the time required to travel the distance. What is the total potential, based 
on the final velocity, through which the electron has fallen? 

6. An electron, starting from rest, parses through the following series of consecutive 
fields: 400 volts per cm accelerating for 1 cm; 150 volts per cm retarding for 2 cm; and 
100 volt* per cm accelerating for 1.5 cm. Calculate its final velocity and energy. State 
the general law governing the final energy of a charged particle that has passed through 
a series of electric fields. Explain what would happen if the second field were increased 
to 500 volts per cm retarding. 

7. An ion of mercury hi* a mass 3 06 X 10 s times that of an election and carries a 
positive charge equal in magnitude to that carried by the electron. Calculate the velocity 
and the transit time of a mercury ion that travel" 1 cm through a potential difference of 
200 vo!t\ C )mp*t T e the motion of electrons and mercury ion** under the influence of 
ckotric fields. 

8 . A type 6 L 0 beam-power amplifier has a plate voltage of 300 volt* and a plate cur¬ 
rent ot 00 ma. Calculate the kinetic energy, )r 2 , with which each '<riron strikes the 
plate. How many election* "trike the plate each second? What va ? ue of energy must 
the plate l>e able to di""ipafc each second? Express this energy' in term." of the plate volt¬ 
age and current. 

9. A water-cooled diode rectifier supplies 4 amp direct current. The cooling water 
"hows a difference of 12 T' between inlet and outlet temperatures for a flow' of 2 gal per 
min. Calculate the velocity with which the electrons strike the plate. 

10. l< the velocity of an electron at the point of focu* of the electron lens of Figure 
14.2 dei»eihlent upon the field distribution over the particular path it has followed? 

11 . In a 3-inch cathode-ray tube, see Figure 14.5, d i" 0.5 cm. s is 1.5 cm. I is 10 cm. 
and the accelerating voltage E A is 1,500 volts. Calculate the deflection sensitivity in 
volts per centimeter. Compare the time that an electron spends Ixrtw'een the deflecting 
plates with the period of a 300-mc voltage. How is the sensitivity changed if the accel¬ 
erating voltage is decreased to 500 \olts? Explain wdiy a cathode-rav oscillograph, using 
electric-field deflection, cannot be used as a mass spectrograph. 

12 . A beam of electrons which ha** been accelerated through 900 volt* is projected into 
a magnetic field of 10 4 webers jxt sq meter. Determine the radius of curvature of the 
beam. What distance, measured ]verj>emliciilar to the original direction of motion, will 
the electrons be deflected by the magnetic field after traveling 16 cm? 

13 . A mass spectrograph. Figure 14.8. used to separate the isotopes 235 and 238 of 
uranium, has an accelerating potential of 35,000 volts and a magnetic field of 0.35 weber 
per sq meter. Calculate the distances between the point at w'hich the ions enter the 
magnetic field and the two collector pockets. Each ion carries a charge equal in magni¬ 
tude to that of the electron. The mass of unit atomic weight is 1.66 X 10 ~ 27 kg. 

14 . Describe the basic difference between an election gun and one that is used for 
accelerating positive ions. 

15 . An electron is released wdth zero velocity at an arbitrary origin. It is acted upon 
bv an electric field of 200 volts |ier cm in the 1' direction and a magnetic field of 4 X 10 ~ 3 
webers jxt sq meter in the Z direction. Describe the path of the electron. 



332 


ELECTRIC CIRCUITS AND MACHINES 


16. A 60-inch cyclotron, used to accelerate deuterons (heavy hydrogen ions), has a 
magnetic field of 1.275 webers per sq meter. A deuteron carries a positive charge equal 
in magnitude to that of an electron and has a mass of 3.35 X 10~ 27 kg. What is the 
frequency of the voltage applied to the dees? Compute the linear velocity of a deuteron 
after it has been accelerated and has moved out to a radius of 30 in. from the center. 
Through what potential has it fallen when the radius of its motion is 30 in.? If the peak 
radio-frequency voltage between dees is approximately 200 kilovolts, how many revolu¬ 
tions does a deuteron make before reaching the 30-in. radius? 

17. Calculate the energy in watt-seconds of one electron-volt. Calculate the velocity 
of an electron having this energy. 

18. Calculate the emission from a tungsten filament 2 in. long and 0.01 in. in diameter 
when heated to 2,400°K. At what temperature would a thoriated-tungsten filament of 
the same dimensions give the same emission current? The value of A appearing in the 
emission equation can be taken as 3 for thoriatcd tungsten. 

19. Calculate the relative emission for pure tungsten at 2.000,2.200,2,400, and 2.600°K. 

20. A sodium photoelectric surface is illuminated by violet light of 4,400 Angstroms 
wave length. Determine the velocity with which the electrons are emitted. Determine 
the threshold frequency and wave length. The value of Planck’s constant is 6.62 X 10” 34 
joules-sec. 

21. A type 931-A photomultiplier tube uses 0 stages of secondary emission to obtain a 
current amplification of 260,000. Calculate the rat'o of the number of secondary elec¬ 
trons emitted from each surface to the number of primary electron,s striking the surface 
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VACUUM TUBES AND THEIR CHARACTERISTICS 

15.1. The Diode: Space-charge Effects. In the electron devices considered 
in the preceding chapter, a study was made of the forces on electrons resulting 
from the electric fields produced by voltages applied to the tube electrodes. The 
electric field created by the electrons themselves was neglected. This approxi¬ 
mation in the treatment is a reasonable one as the charge density throughout the 
regions considered is relatively small, and the inclusion in the analysis of the 
fields contributed by the charged particles is of negligible consequence. In many 
electron tubes, however, it is necessary to investigate regions in which the elec¬ 
tron-charge density is quite large, and the effects of this space-charge should be 
included in the analysis. 

Consider, first, the case of the elementary diode (see Figure 14.1 of the pre¬ 
ceding chapter') with no positive potential applied to the anode. When the 
cathode is first heated, some electrons are emitted into the space between the 
cathode and plate. The charge density will be relatively high near the cathode 
and will decrease rather rapidly toward the plate. In the majority of vacuum 
tubes the greater part of the space-charge is concentrated within the region a 
fraction of a millimeter from the cathode. These negative charges place the 
region in front of the cathode at a negative potential with respect to it, and, as a 
result, electrons will be driven back into the cathode. Equilibrium will be estab¬ 
lished when as many electrons are returning to the cathode as are being emitted 
from it. Thus, unless an external field is applied to draw the electrons away, 
the net continual emission is zero. Equation 14.20 of the preceding chapter 
shows the amount of curre it available from the cathode and places the limit on the 
maximum tube current that can flow. 

At first thought, it might seem that with a positive potential applied to the 
anode all electrons emitted from the cathode will be drawn over to it, and that 
the magnitude of tube current would be equal to the emission current. This is 
not the case, however. The negative space-charge around the cathode forms the 
equivalent of an electric shield that prevents the electric flux lines, originating 
at the plate, from extending all the way to the cathode. As a result, the number 
of electrons influenced by the applied electric field depends upon the magnitude 
of that field. Therefore, the magnitude of plate current, when limited by the 
space-charge effect, is a function of the anode voltage. The equation relating 

J<33 
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the anode current and voltage can be shown to be 

I b = KEb* (15.1) 

in which if is a constant for any particular tube and can be calculated from its 
physical geometry. 

An approximate analysis of the tube current, as limited by space-charge con¬ 
ditions, can be made with the aid of Figure 15.1. The diode will be considered 
as two parallel plates with a voltage Eb acting between them. Consider, first, the 
conditions when the cathode is cold and not emitting electrons. The potential 
Eb produces positive charges on the plate and negative charges on the cathode. 
Electric flux lines emerge from the positive charges and terminate on the neg¬ 
ative ones as shown in Figure 15.1a. One flux line can be considered emerging 



(a) Electric field distribution when (b) Electric field distribution when tube 
cathode is cold current is space-chaiged limited 

Fig. 15.1. Illustrations of electric field distnbution m a diode. 

for each unit of positive charge. It is pertinent to the analysis to note that for a 
given physical geometry of the tube the quantity of charge Q p on the plate is 
proportional to the voltage, as is expressed by the equation 

Q v = CE b (15.2) 

where C is the capacitance between the plate and the cathode. 

Next, let the cathode be heated and negative charges (electrons) emitted from 
the cathode. The flux lines now terminate on the emitted electrons, and if a 
sufficient number are emitted no flux lines will reach the cathode. The condi¬ 
tions are illustrated in Figure 15.1b. When no electric flux lines reach the cath¬ 
ode, the electric field in this region is zero, and the electrons immediately ad¬ 
jacent to the cathode experience no force urging them to leave. The quantity of 
negative charge moving toward the plate is approximately equal in magnitude 
to Q p , the charge on the plate when the cathode is cold. The value of plate cur- 
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rent that results from these moving charges is equal to the ratio of Q p to the time 
of transit from cathode to anode. This relation is expressed by the equation 


or 



(15.3) 


where d is the distance from cathode to plate, and V avg is the average velocity of 
the electrons. The average velocity is approximately equal to one-half the final 
velocity as given by equation 14.7. Making that substitution, equation 15.3 
may be written as 


1 C j2q „ 

h = 

2d 'm 


(15.4) 


or 

h = KE b % 


(15.5) 


The form of the complete plate-current plate-voltage curve i* shown in Figure 
15.2. The first part of the curve follows the three-halves power law of equation 



Fig. 15.2. Flat e-current characteristics of a 2-electrode tube. 

15.1. A limiting current is reached when all electrons emitted by the cathode are 
drawn to the plate. When the total emission current I s is flowing, the current is 
said to be emission limited; currents of lesser magnitude are said to be space- 
charge limited. Normal operation of vacuum tubes is almost always with space- 
charge-limited current. 

The curve of Figure 15.3 is the plate characteristic of a type fiN5 full-wave 
rectifier tube. The tube actually consists of two diodes in one glass envelope as 
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shown in Figure 15.4. The cathodes are indirectly heated by the 6-volt heater 
tilaments. The pin connections to the heater wires and electrodes, as viewed 
from the bottom of the tube, are indicated in the figure. 

Since the diode tube passes current only in one direction, it can be used to con¬ 
vert alternating current into direct current. When the tube is used in this man¬ 
ner, it is classified as a rectifier tube. The diode finds wide application for such 
service. The rectifying characteristic of the diode is used also in vacuum-tube 
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Plate \ olts 

Fig. 15.3. Plato charaeteristics 'one plate onh 1 of the 
type 6X5 full-wave high-voltage n etifier. 



Fig. 15.4. Bottom 
view of pm connec¬ 
tions of the 6X5 tube. 


voltmeters, and for the detection of radio-frequency signals Some of these ap¬ 
plications are discussed in Chapter XVII. 

15.2. The 3-Electrode Tube (Triode). In 1907, Dr. Lee De Forest intro¬ 
duced a third electrode, in the form of a coarse-inesh grid, between the plate and 
cathode. As was indicated in the preceding chapter, a voltage between the grid 
and the cathode can control the magnitude of the electron current that reaches 
the plate. The introduction of this control grid still represents the greatest single 
contribution to the development of electron tubes. Without it, the wide variety 
of applications of electron tubes would be tremendously reduced. 

The grid is usually operated at a negative voltage with respect to the cathode 
and. hence, the electric field in its neighborhood is at a negative potential. As 
a result, electrons are repelled from the region in the immediate ticinitj of the 
grid wires and the flow to the positive plate is through the central space between 
the wires. If the grid is made sufficiently negative, the region of negative po¬ 
tential will extend to include all the space between the wires and, hence, there 
will be no plate current. As an aid in understanding the character of the electric 
field, equipotential lines for a section of a triode are sketched in Figure 15.5. The 
distribution is for +100 volts on the plate and —10 volts on the grid. The values 
of potential are indicated, and the negative potential lines are shown dotted. 
The electrons leaving the cathode will be drawn to regions of positive potential 
and will flow in a direction perpendicular to the equipotential lines, that is, in the 
direction of positive potential gradient. Figure 15.5 also shows the potential 
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Cathode Grid 


Plate 


distributions between the cathode and plate for a section taken through a grid 
wire, curve “a,” and for one taken between grid wires, curve “b.” Because the 
force that the electrons experience is in a direction of positive potential gradient 
(positive slope of the potential curves), it is evident that no electrons reach the 
grid when it is operated at a negative potential. 

Since the grid voltage can regulate the plate cur¬ 
rent, relatively large amounts of power can be 
controlled without the expenditure of any energy 
in the control circuit. 

An approximate analyst of the triode can be 
made by an extension of the concepts dibcu^ed 
in the first section of this chapter. If the velocity 
with which the electrons are (milted from the 
cathode is neglected, the space-charge in the diode 
will adjust itself so that the electric-held intensity 
at the cathode vill be zero. If the field intensity 
at the cathode were to become positive suddenly, 
a sufficiently greater electron charge would flow 
to depress the field potential and, hence, restore 
zero field intensity. The dominant concept in 
thi^ picture is that the value of the space-cliarge- 
limited current is regulated by the field intensity 
in the immediate vicinity of the cathode. Since, 
in the triode, this field will be influenced by both 
grid and plate potentials, the next step in the 
analysis is to modify equation 15.1 to include the 
effects of the grid potential. This suggests re- 




Fig. 15 5. rquipotential lines 
and potential distribution in a 
triode Curve “a" is for a path 
through a grid wire and curve “b" 
is for a path between grid wires. 


writing the expression for the plate current of the triode in the form 

I b = K(E b + pE L )' 2 ( 15 . 6 ) 


E b and E, are the respective plate and grid potentials, and K is a constant that 
is related to the geometry of the tube. The quantity p is called the amplification 
factor , and it is a measure of the relative effectiveness of a voltage on the grid and 
a voltage on the plate* in producing a field near the cathode. The fields produced 
by the two potentials are compared, of course, in the absence of space-charge. 
As previously discussed, enough space-charge current w ill flow under the in¬ 
fluence of these fields to bring the net held intensity at the cathode to zero. For 
a triode having p = 20, a potential of 1 volt on the grid produces the same field 
near the cathode as 20 volts on the plate. If, then, for the tube, the plate po¬ 
tential were made 100 volts positive and the grid 5 volts negative, the two fields 
would cancel each other and the plate current would be zero. Throughout most 
of the useful operating range of electrode potentials, p is nearly constant. 
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Both K and n can be calculated, with a reasonable degree of accuracy, from 
the geometry of the tube. The tube designer, however, makes considerable use 
of empirical relations and the results of model studies. It is evident, from the 
considerations involved, that the amplification factor of a tube can be increased 
by placing the grid closer to the cathode. The value of p also can be increased 
by using a finer mesh grid. With this change in grid structure, it becomes more 
difficult for electric flux from the plate to reach through to the cathode. Thus, 
the resulting increase in amplification factor results from a decrease in the ef¬ 
fectiveness of the plate potential rather than any particular increase in the ef¬ 
fectiveness of the grid control. 

15.3. Characteristic Curves of the Triode. Equation 15.6 expresses fairly 
accurately the dependence of the plate current upon the values of grid voltage 

and plate voltage for commercially available 
tubes. It is not used very often, however, in 
obtaining the performance of a tube. Instead, 
the tube characteristics are usually presented by 
a series of curves. The two sets of charaitcristic 
curies that are commonly u-ed are the grid-plate 
characteristics and the plate characteristics. A 
grid-plate characteristic presents the relation 
between grid voltage and plate current for a 
specified plate voltage. A family of such curves 
is obtained by using the plate voltage as a pa¬ 
rameter. The graph of plate characteristic^ 
shows a series of curves of plate current plotted 
against plate voltage with grid voltage serving 
as the parameter. The grid-plate characteristics 
and the plate characteristics for a type 6J5 
triode are shown in Figures 15.G and 15.7, re¬ 
spectively. It is evident that essentially the 
same information is presented by each set of curves. The plate characteristics 
of Figure 15.7 can be obtained from the grid-plate characteristics of Figure 
15.6, and vice versa. The plate characteristics are somewhat more convenient 
in calculating tube performance. 

A triode is usually operated with a set of d-c voltages applied to the electrodes 
and a signal voltage applied in the grid circuit. An element ary circuit arrange¬ 
ment is shown in Figure 15.8. The cathode is indicated to be of the heater type 
but with the connections to the heater omitted from the diagram. The d-c po¬ 
tentials on the grid and plate, when no signal is present, determine the operating 
point on the characteristic curves. To ascertain the operating point when a load 
resistance, Rl, is in the plate circuit, consider the values of voltages and re¬ 
sistance as indicated in the diagram. Ebb is the plate-supplv voltage and E cc is 
the grid-supply voltage. Since no grid current flows, the value of E cc is also the 
quiescent value (the value when no signal is present) of grid voltage E c . The 
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quiescent value of plate voltage E& is, however, less than the value of plate-supply 
voltage by the IbRL drop, where /& is the quiescent value of plate current. In 
equation form. 

E h = Ebb - IbRL (15.7) 

Equation 15.7, and the relations expressed by the characteristic curves, must be 
satisfied simultaneously. This can be done by plotting Equation 15.7, which 



bo 160 240 320 400 480 

Plate Volts, Ei 

Fig. 15.7. Plate characteristics of type 6J5 triode with a 25,000-ohm load line. 


is that of a straight line, on the plate characteristic as is shown in Figure 15 7. 
The line can be constructed by drawing it from a point Ebb on the voltage axis 
and at an angle with the \ oltage axis such that 


AEh (in volts) Rl (in ohms) 

Alb (in ma) 1,000 


(15.8) 


The point of intersection with the specified curve of E c is the operating point 



The straight line drawn on the characteristic curves is called the load line. 
As the grid voltage is altered by a signal voltage, corresponding changes in plate 
current and plate voltage can be obtained by moving back and forth along this 
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line. For the values given in Figure 15.8, the quiescent values of plate current 
and plate voltage are 3.G ma and 1G3 volts, respectively. If a signal voltage were 
to change the grid voltage back and forth from —10 to —2 volts, the plate 
voltage would vary from 212 to 104 volts. This change in plate voltage appears 
across the load resistance and is the output signal voltage. The amplification 
obtained from the tube and circuit is the ratio of output signal voltage to input 
signal voltage, which, for this ca&e, is 108 8, or 13.5. 

15.4. The Tube Coefficients. The preceding steps in the analyst-, of the 
circuit of Figure 15.8 are typical of the basic considerations involved in the oper¬ 
ation of vacuum tubes. First, the operating point on the characteristic curves 
is determined, and, second, the changes in plate current and plate voltage re¬ 
sulting from changes in grid voltage are noted. From these quantities, the out¬ 
put signal power and voltage can be calculated. Although these calculation.-, can 
be made directly from the characteristic curves, it is more convenient to express 
the performance in terms of three tube coefficients which relate the mutual 
changes in grid voltage, plate voltage, and plate current at the operating point. 
Finally, the tube and its associated circuit are reduced to an equivalent circuit 
involving these tube coefficients. The three coefficients are the transconductance 
(sometimes called the mutual conductance), the plate resistance, and the ampli¬ 
fication factor. 

The transconductance g m expresses the change in plate current that results 
from a change in grid voltage when the plate voltage is held constant. Thus, a 
change, A E c , in grid voltage will cause a plate-current change, Alb, that i< re¬ 
lated to the transconductance of the tube by the equation 


Al b = g m AE c 

The transconductance is, accordingly, defined as 

dl h 

g m = -, for Eb constant 

dE c 

dlb 

dE c 


(15.9) 


(15.10) 


The transconductance is, therefore, the slope of the curves in the graph of grid- 
plate characteristics shown in Figure 15.6. The value of transconductance varies 
with the operating point and can be shown, from equation 15.6, to be a function 
mainly of the quiescent value of plate current. This is left as an exercise for the 
student. 

The plate resistance r p is the value of resistance that the tube offers to small 
changes in plate voltage. If the grid voltage is held constant, and the plate 
voltage is changed by an increment A Eb, the increment change in plate current, 
Alb, will be given by the equation 

a i AEb 

AI b =- 


(15.11) 
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The plate resistance is, therefore, defined by the equation 

dEb 

r p =-, for E c constant 

dlb 

dEb 

- Ml (1612) 

The plate resistance is the reciprocal of the slope of the curves in the graph of 
plate characteristics sliovi in Figure 15.7. As was the case with the trans¬ 
conductance. the plate resistance also is mainly a function of the quiescent value 
of plate current. 

The amplification factor n has been discussed in Section 2 of this chapter and 
can be obtained from the characteiisfic curves in accordance with the definition 


dE b 

g = -, for 7 b constant 

dE c 

dE b 
dE c 


(15.13) 


In effect, equation 15.13 states: The effect of a change AE b in plate voltage on 
the plate current can be cancelled by 
a change — A E c in grid voltage. The 
amplification factor is nearly a con¬ 
stant for any particular tube, but, 
because of small variations in grid- 
wire spacing in practical tubes, all sec¬ 
tions ol a tube do not reach cutoff (the 
point on a particular characteristic 
cui\e at which the plate current is 
approximately zero) for the same value 
of grid voltuae. As a iesult, there is 
a small variation of g in the vicinity 
of cutoff. 

The three coefficients for a type 
GJ5 triode are shown in Figure 15.9. 

It should be evident from the defini¬ 
tions of the three coefficients that they 
are not independent, that is, if Al b in 
equation 15.9 is made equal to — A I b 
in equation 15.11, the net change in 

plate current will be zero, and the ratio of the increments of voltage will be 
equal to the amplification factor. 



Fig 

ancc, 


Plate Milhamperes 

Tran^conductanee, plate resist- 
and amplification factor foi a type 6J5 
triode. 


15 9. 
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Writing these equations, 


and 


9 m ' Al ? c 


A Eb 

T p 


.for I b constant 


QmTp — 


A Et, 
A E, 


= M 


(15.14) 


Thus, the three coefficients are related by equation 15.14. 

15.5. The Equivalent Circuit. Although the tube coefficients are not con¬ 
stant over a wide operating range, it is possible to choose the operating point so 
that there will be a fairly linear relation between changes of plate current and 
changes of electrode voltages occurring about this operating point. Under these 
conditions of operation (called linear operation), a sinusoidal signal voltage ap¬ 
plied to the grid circuit will produce sinusoidal components of plate current and 
plate voltage. 

The incremental change in plate current resulting from incremental changes 
of grid and plate voltages is given by the equation 


A lb — !7w(A/i f “h 


lEh 


(15.15) 


where the values of g m and r p are those calculated at the operating point on the 
characteristic curves. When the changes are sinusoidal, equation 15.15 can be 
expressed in terms of the effective values of the a-c components. The equation 
then becomes 

E 

Ip = 9mEg H—- (15.16; 

r v 


where Ipj Eg, and E p are the effective values of the varying components of plate 
current, grid voltage, and plate voltage, respectively. 

For the circuit of Figure 15.8, the varying component of plate voltage is due 
to the voltage drop across the load resistor and i» equal to 


E p = —I p Rl 

Equation 15.16 can then be expressed as 


Up — QmE g 


IpRl 


(15.17) 


Solving for I p and substituting g m from equation 15.14, 
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The a-c component of load voltage El (using the convention El — E ab ) is given 
by the relation 

El — E p = —I p Rl 
Rl 

= ~vE t -—— (15.19) 

r P + Rl 


Equations 15.18 and 15.19 lead to the equivalent circuit of Figure 15.10, in 
which only the a-c components appear. The d-c quantities serve the purpose 
of establishing a proper operating point 
and set the values of the tube coefficients 
to be used in the equivalent circuit. The 
magnitude of signal-volt age amplification 
can be calculated from the relation 


4 =3 = 

** h —_ — 


Rl 


>'p + Rl 


(15.20) 



Fig. 15.10. Equivalent circuit of a 
triode. This circuit is the equivalent of 
that of Fig. 15.8. 


For the voltages shown in Figure 15.8 for 

the type <U5 tube. \x — 20 and r v = 12,000 ohms. The voltage amplification 
then is 13.5, tthich the same value previously calculated from the graph of 
the plate characteristics. 

As an aid to the understanding of some of the discussions to follow, it should 
be noted that 1 lie a-c components of grid voltage and plate voltage are 180 de¬ 
grees out of phase for a tube circuit using a resistance load as shown in Figure 


15.8. 


The details of amplifiers will be discussed more fully in the next chapter. 

15.6. The Tetrode. The triode presents certain difficulties ^ hen an attempt 
is made to use it to amplify radio-frequency signals in an amplifier using tuned 
circuits, such as is shown in Figure 15.11. In this amplifier the output circuit 


Fig. 15.11. 




Tuned radio-frequency amplifier with the grid-plate interelectrode capacitance 
indicated by the dotted line. 


is coupled to that of the input by the capacitance C gp between the grid and plate 
electrodes. As a result, radio-frequency power can be fed back through this 
capacitance to the grid circuit. By such regeneration, the circuit can supply its 
own input voltage, and sustained oscillations mav occur. In fact, the circuit is 
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a well-known form of oscillator—the tuned-grid tuned-plate type. In radio¬ 
frequency amplifiers using t nodes, special neutralizing circuits are used to bal¬ 
ance out the power fed back through C gp . 

The grid-plate capacitance can be reduced to an unobjectionable value by 
introducing a screen grid, in the form of a wire mesh or spiral bet w een the grid and 
the plate. This grid is held at zero a-c potential and acts as an electrostatic shield 
between these two electrodes. In addition, a shield on the outside of the anode 

and a metal shield enclosing the tube 
further isolate the input and output 
circuits. The general arrangement 
is shown in Figure 15.12. By such 
means, the capacitance between con¬ 
trol and output circuits can be re¬ 
duced by a factor of 1,000. The 
4-electrode tube, or t< trade, was in- 
1 1 oduced commercially in this country 
in 102S and greatly simplified the 
problem of radio-frequency amplifier 
design. 

The screen grid not only isolate-* 
electrically the plate from the control 

grid but also shields the plate from 
rm. 15.12. General construction of a tetrode, the ( , lthodc . Relatively few of the 
showing method of shielding bet ween input and . * 

output circuit- flux line- starting from the plate 

reach through both grids to attract 
electrons from the cathode. Mo-t of the-e llu\ lines terminate on the screen 
and control grid-. Becau-e of thi-, it is nec'—ary to operate the screen grid 
at a positive d-c potential in order to draw the electrons pa-t the control grid. 
Since the screen-grid structure i- of small cro——ectional area, most of the 
electrons pass on through it and reach the plate. Approximately 20 per cent 
are intercepted by the screen-grid wires. 

Becau-e the screen grid reduces ihe effect of change- of plate voltage on the 
tube current, performance of the tube i- actually impnned. The control grid 
always has a more effective control of the varying component of plate current. 
This can be understood by reference to equationl5.10, which, for convenience, is 
rewritten below: 

I P = g m E e + — (15.16) 

r P 

Since the a-c plate voltage E p is 180 degrees out of phase with E q , a reduction of 
the last term in the equation will increase the a-c component of plate current 
obtained for a given signal voltage. The value of plate resistance of the tetrode 
is very much higher than that of the triode. 





VACUUM TUBES AND THEIR CHARACTERISTICS 


345 


The tube coefficients of the tetrode are defined in the same manner as those of 
the triode, with the added qualification that they are defined for the screen-grid 
potential held constant at some specified value. Using the tube coefficients, de¬ 
termined for a specified operating point, the tetrode can be reduced to an equiv¬ 
alent circuit, as was the triode circuit. The simplified connections and equiv¬ 
alent circuit are shown in Figure 15.13. 



(a) Circuit connection of a tetrode (h) Equivalent circuit 

Fig. 15.13. Simplified circuit connections and equivalent circuit of a tetrode. 


The screen grid increase* the value of r p but does not appreciably change the 
value of g m . Since the three coefficients are related by the expression 


M — 9m r p 


the amplification factor increase? directly with r p . It doe.' not follow, however, 
that an extremely high voltage amplification can be obtained i. deigning a tet¬ 
rode to have a very large value of r p . Thi*. point is brought out by w riting equa¬ 
tion 15.20 in the form 

M Rl 

A v — — -- 

r p 1 + {Rl ' r p) 



In amplifier circuit*, there is a practical upper limit to the \alue of load resist¬ 
ance that can be used. To a first approximation, the ratio Rj r p is very much 
less than unity for a tetrode, or for a pentode type of tube. With this approxi¬ 
mation, equation 15.21 becomes 

.4, = 9,„Rl (15.22) 


The main point to be emphasized is that for tetrode and pentode tubes, the value 
of transconductance is of more importance than the value of the amplification 
factor. 

An alternate form of the equivalent circuit can be drawn which is generally 
more convenient to use when tetrode or pentode tubes are employed. As an aid 
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to the understanding of the second form of the equivalent circuit, equation 15.18 
can be written in the form 



(15.23) 


The a-c component of plate current is also the value of load current 7/., or 

r P B L 


-f.L QwiEg 


L'> + 77/. 


1 

Ri 


(15.21) 


The a-c component of load voltage, written in its proper phase relation with re¬ 
spect to Eg, is given by 

El = —IlRl 


dmEg 


rpRjL 
i'p + El 


(15.25) 


Equations 15.24 and 15.25 suggest the circuit of Figure 15.11. Tlm>, the 
vacuum tube, as viewed from the load circuit, can be considered as a source of 

of a-c current, —g m E c , flowing into 


— 2m Eg ' 


Fig. 15.14. Parallel-equivalent circuit 
vacuum tube amplifier. 



the parallel combination of r p and the 
load impedance. The circuit of Figure 
15.11 is called the parnlbl-cguiraluit 
circuit to distinguish it from the 
series-equivalent circuit previously 
discus-ed. The advantage of lining 
the paralld-cquivalrnt circuit with 


tetrodes and pentodes is that the value of plate resistance of these tubes is 
generally so much greater than the value of load impedance, that, to a good 
approximation, the plate resistance can be neglected in the equivalent circuit. 

A graph of the plate characteristics of a type 24-A tetrode is shown in Figure 
15.15. It is noted that when the plate voltage is below the screen potential, dips 
occur in the curves. These dips in the characteristic curves seriously limit the 
range of operation of the tube and reduce the voltage output and power output 
that can be obtained. They are a result of secondary emission from the plate. 
When the plate is less positive than the screen, the secondary electrons produced 
at the surface of the plate, by the primary electrons from the cathode striking it, 
are attracted to the more positive screen. The net current to the plate is deter¬ 
mined by the difference between the number of primary electrons arriving at the 
plate and the number of secondary electrons leaving it. When the plate becomes 
a few volts higher than the screen potential, the force on electrons near the plate 
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is directed toward it, and, hence, no electrons leave the plate. A curve of screen- 
grid current, I c2 , also is shown in Figure 15.15. 



Fig. 15.15* Plate characteristics of a type 24-A tetrode. 

15.7. The Pentode. The most effective way to pi event secondary electrons 
from leaving the plat e and producing undesirable dips in the characteristic curves 
to depress the space-potential in the region in front of the plate. If the region 
is depressed to a value below that of the plate, no electrons can move from the 
plate to oilier electrode-*. One means of 
accomplishing the result is to place a 
coarse-mesh grid in front of the plate 
and connect it to the cathode. Inas¬ 
much as this third grid serves to sup¬ 
press secondary emission from the plate, 
it is called a *uppr(6*or grid. The ad¬ 
dition of the suppressor grid makes a 
5-element tube, or pentode . Although 
the wires of the suppressor grid are 
at zero potential, the space between 
the wires through which the electrons 
pass is at a positive potential somewhat 
below that of the plate. Figure 15.10 
show's the approximate potential dis¬ 
tribution in a pentode along a path . . r . 

\ iii Fig. 15.16. Potential distribution in a pen- 

bet w^een grid wires and also along a todo Curve j s f or a pat h through the 

path passing through the grid wires. grid wires and curve i% h'’ is for a path pass- 

Characteristic curves for the type ing between the grid wires. 

0SJ7 pentode are given in Figure 15.17. 

The effect of the suppressor grid is quite evident. Also to be noted from the 
figure is the small degree to wiiich the plate voltage influences the plate current. 
As w T as discussed for the triode tube, the reciprocal of the slope of the curve at the 
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operating point is equal to the value of r v that is used in the equivalent circuit. 
The same equivalent circuit that is used for the triode and tetrode is used for the 
pentode. Because of the improved performance obtainable, the pentode has 
replaced the tetrode for all low-power applications. Because of space limitations 
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and manufacturing problems, ^ome of the high-power tube* are limited in design 
to four electrodes. 

Typical operating a alues lor the type 6SJ7 pentode are given below : 


Plate voltage .. . 

Saeen \ oltage. 

Suppies^or 

Giid voltage. 

Plate eunent .... 
Screen cuirent 
Tran ^conduct an oe 
Plate resistance 


250 

100 

Connected to cathode at socket 
-3 
3 nia 
0.8 ina 

1 ,G50 mieiomhos 
Approx. 2.5 megohms 


15.8. The Beam-power Tube. A second means of depressing the space- 
potential in front of the plate is to increase the electron space-charge in that 
region. This is accomplished by concentrating the electrons in beams that pro¬ 
duce a high electron density in the vicinity of the plate. In the beam-power type 
of tube, the screen-grid wires are aligned with those of the control grid. The 
alignment decreases the number of electrons intercepted by the screen grid and 
also helps to concentrate the electron flow into thin sheets passing between the 
grid Avires. In addition, two beam-forming plates, operated at cathode potential, 
further increase the concentration of the electron beam. A pictorial sketch of a 
beam-poA\ r er tube F shown in Figure 15.18. 

The characteristics of the beam-poAver tube are quite similar to, but someA\hat 
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better than, the pentode. The improvement results from a more uniform space- 
potential formed in front of the plate by the space-charge than can be obtained 
with a suppressor grid. 



15.9. The Variable-mu Tube. Some pentodes are purposely made with the 
spacing between the wires of the contiol grid non-uniform. A<- a result, if the 
value of negative d-c grid voltage (grid bias; is gradually increased, portions of 
the plate current from different sections of the cathode are not all cut off at the 
same a alue of grid bias. The portion of the plate current coming from sections 
where the grid wires are closely spaced is cut off first, 
whereas a large grid bias is required to stop the cur¬ 
rent flowing through the coarser-spaced sections of 
the grid. Such a tube will have a gradual cutoff 
characteristic. Tubes having such a characteristic 
are known by the various names variablc-mu, u mote- 
cutoff, and super-control tubes. A cioss section of a 
typical remote-cutoff tube is shown in Figuie 15.19. 

The remote-cutoff characteristic makes it practi¬ 
cal to vary the gain of an amplifier by adjusting the 
d-c grid bias. This type of control finds w kle appli¬ 
cation in radio-frequency amplifiers. It was shown 
that the voltage amplification of a pentode amplifier 
is nearly equal to g m Rx,. The remote-cutoff charac¬ 
teristic permits of a smooth variation of g m over a 
wide range of values. A comparison of a typical 
sharp-cutoff tube (type (5SJ7) and a remote-cutoff tube (type 6SK7) is shown 
in Figure 15.20. 

The gradual cutoff characteristic also enables the tube to amplify with min¬ 
imum distortion fairly large signals o\ er a w ide range of grid bias. This feature 



Fig 1519 Cross-section of 
a t\pu\il remote-cutoff tube, 
show mg the non-umform spac¬ 
ing of the control-gnd wires 
(Courtesy RCA.) 
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makes these tubes particularly suitable for use in the radio-frequency amplifiers 
of radio receivers. Input signals to a radio receiver may range from a few micro¬ 
volts to approximately one volt. The output level of the receiver can be adjusted 
by varying the grid bias of the radio-frequency stages of amplification. In prac¬ 
tically all receivers, the gain is controlled automatically (automatic-volume-con¬ 
trol, abbreviated A.V.C.) by deriving a d-c voltage from the radio-frequency out¬ 
put voltage and applying it to the control grids of the radio-frequency stages. 
Hence, an increase in the output signal increases the grid bias, v Inch thereby 
tends to counteract the increase in output by reducing the gain of the receiver. 
If a decrease in the output signal occurs, the opposite action takes place. 



15.10. Other High-vacuum Tubes. In addition to the tubes considered in 
this chapter, there are many special-purpose and multiple-unit tubes. The 
basic principles of these tubes do not differ essentially from those already de¬ 
scribed. One especially interesting type of special-purpose tube is the pentagrid 
mixer. The tube has a cathode, a plate, and five grids. One grid is a suppressor 
grid located near the plate, two grids serve as control grids, and the remaining 
two function as screen grids to shield the tv o control grids from each other and 
from the plate. In such a tube, two individual signals can be applied to the con¬ 
trol grids, with the result that the plate current will become a function of the 
combined effect of the two signal voltages. Tubes of this type are principally 
used in superheterodyne radio receivers to combine an incoming radio signal with 
that from the local oscillator of the receiver. The tube mixes the signal fre¬ 
quency with that of the local oscillator to produce the intermediate frequency. 
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To meet the space requirements of equipment designers, tube manufacturers 
have made available a variety of multiple-unit tubes. These are various com¬ 
binations of the basic types discussed in the previous sections of this chapter. 
Some of the more commonly used combinations are the twin-triode, a triode with 
two diodes, a pentode with two diodes, and a pentode with a diode and a triode. 

The tube connections, operating voltages, and complete tube characteristics 
for all of the various tubes are available in tube handbooks published by the tube 
manufacturers. 

15.11. Photoelectric Tubes. Photoelectric tubes, or phototubes, as they are 
more commonly called, consist of two electrodes enclosed in a glass envelope. 
The envelope is sometimes of special glass in order that it will transmit wave 
lengths in a particular region of the light spectrum. 

The cathode is the photo-sensitive electrode and often 
is in the form of a half-cylinder as is shown in Figure 
15.21. The anode used with this type of cathode is a 
slender straight wire located along the axis of the tube. 

The basic photosensitive surface consists of a film of 
an alkali metal such as caenum or sodium deported on 
a silver surface. The sensitivity of phototubes has been 
increased in recent years by the development of com¬ 
posite surfaces made of thin consecutive layers of differ¬ 
ent emitting materials. In addition, the sensitivity is 
greatly influenced by the method used in preparing the 
surface. The surface most widely used commercially 
today consists of a thinfilm of caesium superimposed on a 
layer of caesium oxide which, in turn, is on a silver base. 

The composition of the cathode surface determines the relative sensitivity to 
light of various colors as well as the over-all sensitivity. Commercial phototubes 
are available which have various color-sensitivit}" characteristics. By using dif¬ 
ferent emitting surfaces, the maximum sensitivity may be shifted to almost any 
part of the spectrum. The relative spectral responses for two typical commercial 
surfaces are shown in Figure 15.22. For comparison, the relative response of the 
eye is also shown in the figure. Since the majority of phototube applications 
make use of an incandescent lamp having a tungsten filament, the over-all sen¬ 
sitivity of a phototube is generally given for light from a tungsten filament 
operated at a temperature of 2,870°K. The spectral distribution of tungsten 
operated at this temperature is shown by the dotted curve in Figure 15.22. Light 
filters, composed of colored glass or gelatins, can be used with phototubes in such 
applications as color sorting or matching. 

The characteristics of phototubes can be shown by a set of curves, just as was 
done for the vacuum tubes considered in the preceding sections. A typical set 
of characteristics for a vacuum phototube, with light from a tungsten filament 
at 2,870 9 K striking the cathode, is shown in Figure 15.23. The amount of light 
striking the cathode, measured in lumens, is the parameter, a lumen being the 
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amount of light flux through a unit solid angle from a point source of one candle 
power. For a constant light intensity, the anode current at first increases as the 
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Fig. 15.22. Spectral characteristic of two RCA photoelectric surfaces, the human eye, and a 
tungsten lamp at a temperature of 2870°K. (Data for plotting this graph wen* obtained from 

RCA Tube Handbook.) 



Fig. 15.23. Characteristic curves of an RCA 929 vacuum phototube. (Courtesy RCA.) 

three-halves power of the anode voltage and then becomes practically independ¬ 
ent of it as the value of anode current approaches that emitted from the cathode. 

Since the current output of a phototube is only a few microamperes, a vacuum- 
tube amplifier is generally used with it. Although the magnitude of current is 
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small, a resistance of high value connected in series with the tube will afford the 
means of developing a relatively high voltage. Figure 15.24 shows a typical 
circuit used for relay operation. A load line can be constructed on the character¬ 
istic curves in the same manner as was done on the plate-current plate-voltage 
curves of the tubes discussed in the preceding sections of this chapter. It is 
drawn from the value of anode-supply voltage on the abscissa and with a slope 



equal to the reciprocal of the value of load resistance. A load line is shown on 
Figure 15.23 for a supply voltage of 200 volts and a load resistance of 20 meg¬ 
ohms, and operation is then along this line. As an example, a light of 0.04 
lumen will produce a phototube current of 1.7 microamperes and a change of 
anode voltage of 34 volts. This change of anode voltage is the value of voltage 
that appears across Ri and is applied to the grid of the ampli"er. 

For relay operation, the phototube and amplifier tube will give satisfactory 
operation on a-c power. A typical circuit is shown in Figure 15.25. The con- 



Fig. 15.25. Phototube relay circuit operated from a-c potentials. 

denser across the relay smoothes the a-c pulses, thereby preventing chattering 
of the contacts. 

The sensitivity of a phototube can be increased by introducing a small amount 
of an inert gas, such as argon, into the tube. The increase of tube current re¬ 
sults from the ionization of the gas by the electrons emitted from the photo- 
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sensitive surface. An emitted electron, moving toward the anode, strikes a gas 
molecule and splits it into a free electron and a positive ion. The positive ion 
will move toward the cathode, whereas the free electron will join the original 
electron in its travel to the anode. Both electrons may engage in additional 
ionizing collisions and further increase the current. As a result of these cumu¬ 
lative collisions, the anode current can be increased as much as tenfold. The 
characteristic curves of a tvpe-930 gas phototube are shown in Figure 15.26. 



Fig. 15.26. Charartorbti( <*urvot> of an RCA 930 ga>-fillrd phototube. f,C ouiU RCA.; 

Although the sensitivity is increased by the use of gas, there are several dis¬ 
advantages that result from it^ use. One is an appreciable departure from a 
linear relation between tube current and light intensity. This is evident from 
the curves of Figure 15.26. A second disadvantage is that the tube is not as 
stable as the vacuum phototube. If for some reason the voltage or light in¬ 
tensity becomes too high, a glow discharge may take place and the tube may be 
permanently damaged. Gas phototubes are used where the value of light vari¬ 
ation is quite small, as in the reproduction of sound on film. Vacuum photo¬ 
tubes, because of their relatively long life and stable characteristics, are pre¬ 
ferred for most industrial applications. 

It would be impossible to describe here the wide variety of applications of 
phototubes and, besides, the majority of applications are sufficiently well known 
so as not to require much discussion. Applications of phototubes can be divided 
into three general classes: tho.-e that depend upon the presence or absence of 
light and make u^e of the simple light-relay circuit; those that function from a 
change in light intensity, a change from either a specified amount, or the con¬ 
tinual change that occurs in the modulated light beam used in sound and fac- 
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simile reproduction; and those that respond to a change in the frequency spec¬ 
trum of the light, as in color matching and sorting. A partial list of applications 
would include high-speed counting, the control of conveyor lines, door openers, 
automatic weighing, automatic level control, personnel protection as on punch 
presses, fire detection, measurement of smoke density and the density of chemical 
solutions, production control, photometry, and various types of inspection and 
sorting. Such eye-straining tasks as inspection and control of material in paper 
and textile mills is done much faster and with far more accuracy by photo¬ 
electric devices than by the combined work of several employees. 


Problems 

1. Check the plate characteristic of the 6X5 diode shown in Figure 15.3 to see how 
closely it eonfornib to the three-halves power law. 

2. The voltage across a bpace-charge-limited diode h 32 volts when the tube current 
is 250 mu. What plate dissipation must have been provided in the tube design if the 
diode can supply 500 mu safely? 

3. A 6J5 tiiode is to be operated with a plate-supply voltage of 320 volts, a grid bias 
E r of —8 volts, and a load resistance of 40.000 ohms. Explain in detail the method by 
which the operating point is determined. Determine the values of d-c plate voltage and 
plate current. For a signal voltage of 3 volts rms applied to the grid circuit, plot the 
instantaneous values of plate current and plate Aoltage. Determine the peak value of 
the a-c component of plate \oltage. What is the phase relation between the a-c com¬ 
ponents of mid \oltage and plate voltage? Calculate the voltage amplification. Does 
the value of power dissipated at the plate change when a signal voltag- is applied? Com¬ 
pute the various components of power. 

4. An amplifier uses a 6J5 tiiode, a plate-supply voltage of 200 volts, and a load 
resistance of 25.000 ohms. Plot the plate current as a function of the grid voltage. Over 
what range ol grid voltage is the curve tairlv linear? 

5. Fiom the characteristic curves of Figures 15.6 and 15.7 for the 6J5 triode, deter¬ 
mine the values of /z, and 9m for the operating conditions of —5 volts grid bias and 
175 volts plate voltage. Compare these values with those shown in Figure 15.9. 

6. Explain the manner of obtaining a family of plat e-current plate-voltage curves 
for a tube, knowing the amplification factor and one curve of the gioup. 

7. The 2A3 triode has an amplification factor of 4.2. The plate current is 70 ma for 
a plate voltage of 200 and a grid voltage of —30. Calculate the plate current for a plate 
voltage of 300 and a grid voltage of —40. 

8. Using equation 15.6, express r p and g n . as a function of Ii. 

9. Evaluate the constants of equation 15.6 for the 6J5 triode for h = 5 ma. 

10. In equation 15.6, the values of K and g for a triode are 0.013 and 8. respectively, 
with the plate current expressed in milliamperes. From equation 15.6, deteimine the 
values of h, r p , and g m for Eb = 250 volts and E c — — 23 volts. 

11. The d-c operating voltages of a 6J5 triode are E c = — 4 and Eb = 160. The plate 
load resistance is 20,000 ohms. Draw' the series-equivalent circuit, showing the values 
of all circuit constants. Calculate the value of voltage amplification. What value of 
plate-supply voltage must be used? Do you consider that the choice of the operating 
point w'as a particularly good one? 

12. A 24A tetrode having a value of plate resistance of one megohm and a value of 
transconductance of 600 micromhos is used as a voltage amplifier with a load resistance 
of 80,000 ohms. Calculate the amplification factor at this operating point. Draw both 
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the series-equivalent and parallel-equivalent circuits, showing all values. Calculate the 
voltage amplification for each circuit. What percentage error is introduced by using 
equation 15.22 for calculating .4,? 

13. A 6SJ7 pentode is used in an audio-frequency voltage amplifier with the operating 
values listed in Section 15.7. The load resistance is 70,000 ohms. Using both the series- 
equivalent and parallel-equivalent circuits, calculate the voltage amplification. 

14. Using the plate characteristics of Figure 15.17, obtain data for plotting the curve 
of transconductance as a function of plate current for a plate voltage of 200 volts. Esti¬ 
mate the value of plate resistance at several operating points. In general, is it important 
to know accurately the value of plate resistance of a pentode in making calculations of 
amplifier performance? 

15. Two triodes are connected in parallel. In tube No. 1, jlc = 10 and K = 0.01 
(equation 15.6) when the plate current is expressed in milliamperos. In tube No. 2, 
H = 4 and K = 0.003. Plot the total plate current as a function of grid voltage for a 
plate voltage of 100 volts. (This combination of tubes would act as a variable-mu triode.) 

16. A type 929 phototube has a plate-supply voltage of 100 volts and a load resistance 
of 10 megohms. Using the characteristic curves shown in Figure 15.23. plot the voltage 
developed across the load resistor as a function of the light flux. 

17. A 935 vacuum phototube has a sensitivity of 30 microamperes per lumen and a 
cathode area of 0.82 sq in. Calculate the tube current when the cathode is illuminated 
by a 16-cp lamp at a distance of 1.5 ft, assuming that the lamp radiates uniformly in 
all directions. 

18. For the circuit of Figure 15.24, an increase of illumination increases the plate cur¬ 
rent of the triode. Draw a circuit for which an increase in illumination will decrease the 
plate current of a triode. 

19. A type 930 gas-filled phototube is used with a modulated light beam. The supply 
voltage is 80 volts and the load resistance is 5 megohms. Based on the characteristic 
curves shown in Figure 15.26, plot the tube current as a function of light flux. If light 
flux varies sinusoidally from 0.04 to 0.08 lumen, what rins value of voltage is developed 
across the load resistance? Would the percentage distention resulting from the non¬ 
linearity of the characteristics be large? 
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AMPLIFIERS AND OSCILLATORS 

The ability of a vacuum tube to amplify a signal voltage and to control the 
flow of a considerable vaxue of current v ith negligible signal power is by far its 
most important property. A surprisingly large number 01 electronic devices 
depend for their operation upon this dominant characteristic. In addition to its 
obvious application in amplifieis. the amplifying property is basic to oscillators, 
various types of regulators, industrial control equipment, and a variety of 
measuring devices. An understanding of the principles of amplifiers is funda¬ 
mental to the analysis of the majority of equipment employing electronic tubes. 

16.1. Classification of Amplifiers. Amplifiers are classified in several ways. 
One classification conforms to the frequency, or frequency range, for which they 
are intended and leads to the designations of direct-current, audio-frequency, 
video-frequency, and radio-frequency amplifiers. 

Direct-current amplifiers are designed to amplify electrical signals having a 
low-frequency limit of zero. The upper frequency requirement depends upon 
the particular application. One principal use is in the field of measurements, 
examples of which are the measurement of mechanical stress and strain, turbulent 
flow in liquids, illumination, and nerve-action potentials. This type also has a 
wide application in regulator and control systems. Certain design problems con¬ 
nected with the maintenance of stable operation in a system are encountered in 
high-gain direct-current amplifiers; minor variations in d-c supply voltages are 
amplified and appear as output voltages of such magnitude as to mask com¬ 
pletely the desired signal. In addition, these amplified variations of supply 
voltage change the d-c operating potentials of the tubes and, hence, change the 
desired amplifier characteristics. 

Audio-frequency amplifiers respond to signals in the frequency range to which 
the ear is sensitive, that is, from 20 cycles to 20,000 cycles, although, at the ex¬ 
treme limits, the sensitivity is quite low. An audio system is considered to be of 
high fidelity if it will respond, with reasonable uniformity, to a frequency range of 
30 to 15,000 cycles. The majority of audio systems use a more limited frequency 
range than is required for true high-fidelity reproduction, with some sacrifice in 
naturalness and intelligibility. A frequency range of 200 cycles to 3,000 cycles, 
such as is used over long-distance telephone lines, gives rather high intelligibility 
with a fair degree of naturalness. Most of the inexpensive radio receivers do not 
reproduce frequencies much higher than about 3,500 cycles. The limited fre¬ 
quency range used in commercial audio-frequency equipment is not imposed by 
the amplifiers but results from economic and engineering considerations involved 
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in the design of long-distance telephone lines and electromechanical devices, such 
as loud-speakers and microphones. A high value of amplification is easily ob¬ 
tained by using several stages in cascade. The limit of useful amplification is 
determined by the tube nois° of the first stage of amplification. The tube noise 1 
results from the fact that the tube current is not strictly continuous in nature 
but consists of contributions from a large number of individual electrons. This 
shot-effect noise, as it is called, can be expressed as an equivalent noise voltage 
that is introduced in the grid circuit of the tube. In a w ell-designed audio am¬ 
plifier, the equivalent noise voltage referred to the grid circuit will be about one 
or two microvolts. 

A video-frequency amplifier responds to the video signals of a television sys¬ 
tem. The design of a video-frequency amplifier is similar in many respects to 
that of an audio-frequency amplifier, but a much greater band width is required 
io amplify the video signals. To reproduce faithfully a black-and-white 525- 
line picture, a frequency range of 30 to 5,000,000 cycles is required, although a 
fairly satisfactory picture can be obtained with a band width of 2.5 me. A color- 
television system requires a frequency spectrum approximately three times that 
of a black-and-white system. 

Radio-frequency amplifiers are used to amplify radio-frequency signals. They 
generally employ a resonant circuit in the plate circuit, wdtich is tuned to the 
radio-frequency voltage to be amplified. Because of the selective character¬ 
istics of the tuned circuit, only frequencies in the vicinity of its resonant fre¬ 
quency are amplified. The degree of selectivity of the amplifier can be controlled 
through the choice of the constants of the resonant circuit. The interelectrode 
capacitances, lead inductances, and electron transit time set an upper limit to the 
frequency at which the tube can amplify effectively. This upper frequency limit 
for the types of tubes most commonly used is in the vicinity of a few hundred 
megacycles. Triodes, specially designed for high-frequency operation to give 
satisfactory performance at frequencies up to 3,000 me, are commercially avail¬ 
able. 

In addition, within each of the four divisions discussed in the preceding para¬ 
graphs, amplifiers are classified as voltage and poirer amplifiers. Voltage am¬ 
plifiers raise the voltage level of a signal with a relatively insignificant amount of 
powder being involved. In most amplifying systems, the output amplifier is re¬ 
quired to deliver electrical pow r er to some load, such as a loud-speaker, a recorder, 
a radio antenna, etc., and such an amplifier is called a power amplifier. The de¬ 
sign considerations of voltage and power amplifiers differ in many respects. In 
general, any amplifying system will consist of several stages of voltage ampli¬ 
fication with a powder amplifier in the output stage. 

Amplifiers also are classified according to their operating point on the char¬ 
acteristic curves. Under this system, amplifier operation is designated as class 
A, B, AB, or C. 

Under class A operation, the grid bias and alternating voltages applied to the 
grid are such that the tube performs over the approximately linear region of its 
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characteristics. Under this condition, the wave forms of the plate current anu 
of the output voltage approach closely that of the signal voltage. The distortion 
introduced by the non-linear tube character) ~dio can be kept to a very low value, 
with the result that high-quality speech and music reproduction is possible with 
the class A amplifier. It is the class of amplifk r most widely used and, fo: this 
reason, is the one given particular attention in the terf. 

In class B operation, the grid bias is approximately equal to the ( at off value 
so that the plate current is practically zero w hen no signal voltage is applied. 
When a sinusoidal signal voltage is applied to the grid, plate current flows for 
approximately 180 degrees of the cycle and consists of a scrips of half-sinusoids. 
The plate efficiency (ratio of output signal power to d-c power supplied to the 
plate circuit) in the class B amplifier is much higher than that of the class A 
amplifier. Since plate current flow s only during the positive half cycle of the 
signal voltage, distortion is high. It is not objectionable, however, in radio¬ 
frequency power amplifiers since the tuned circuits will eliminate the harmonics 
from the output. Two tubes can be used in a cla^s B push-pull arrangement to 
amplify audio-frequency signals. Operated in this manner, one tube supplies the 
positive half cycles while the other tube supplies the negative half cycles. 

Class AB operation is intermediate to class A and class B. Performance lies 
then between the two classes of amplifiers, the efficiency being higher than that 
of el as- A and the di-tortion less than that of class B operation. 

In class C operation, the grid bias is appreciably greater than the cutoff value 
so that plate current is zero when no signal is applied. When . signal voltage is 
applied, plate current flows for only a portion of the positive half cycle. The 
plate efficiency of this amplifier is higher than that of any of those previously 
discussed. The class C type is used in radio-frequency power amplifiers and 
radio-frequencv oscillators. 

In order to realize a high plate efficiency in class B and class C ojderation, the 
grid is driven positive during part of the cycle. As a re-ult, grid current flows 
and power is required from the source of grid excitation. 

16.2. The Resistance-capacitance-coupled Voltage Amplifier. In the appli¬ 
cation of amplifiers, it is generally necessary to operate several stages of amplifi¬ 
cation in cascade in order to bring the signal power to the desired level. There 
are several standard circuit arrangements employed to couple the output of one 
stage to the input of a following stage. The circuit most widely used for audio¬ 
frequency and video-frequency voltage amplifiers employs resistance-capacitance 
coupling, or, simply, resistance coupling, shown schematically in Figure 16.1a. 
Since operation is in the linear region of the characteristic curves, g, g m , and r p 
can be considered as constants, and the tube circuit can be replaced by the equiv¬ 
alent circuit of Figure 16.1b. 

The circuit formed by Rk and C* provides a method used commonly in ob¬ 
taining grid bias. The d-c component of plate current flowing through R k makes 
the grid negative with respect to the cathode by the amount of the /rfu drop. 
The value of Rk can be chosen to give the desired value of grid bias. In order to 
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reduce the voltage which the a-c components of current would otherwise de¬ 
velop across R k , a by-pass condenser is connected in parallel with it. The con¬ 
denser must have a value of capacitance sufficiently high so that the a-c com¬ 
ponent of voltage developed across it is negligible at the lowest frequency to be 
amplified. It is usually of the low-voltage electrolytic type, physically small in 
size, with a capacitance in the range of 10 to 50 yf. 


Cc 



i a 1 Circuit of the robistance-capacitance-coupkd amplifier. (bound lead i> generally connected 
to amplifier cha-"it> 


C, 



(b) Equivalent circuit of the redstance-capacitance-coupled amplifier 
I'ig. 16.1. A bingk-btage, re&ibtanee-eapacitance-eoupled amplifier and its equivalent circuit. 


The condenser C k provides a low-impedance path between the plate supply 
circuit and the cathode circuit. It is standard practice in electron-tube circuits 
to provide these low-impedance paths, in the form of by-pass condensers, so as 
to confine the a-c components of current to the vicinity of the tube. 

The condensers C 0 and C t represent, respectively, the output capacitance of 
the first tube and the input capacitance of the following tube. They consist of 
the interelectrode, the tube-socket, and the distributed wiring capacitances and 
can be neglected except at high frequencies. 

The combination of 7 ?l. Rg, and C c serves to isolate the d-c plate voltage from 
the grid of the next tube. The capacitive reactance of the coupling condenser 
C c should be no greater than the value of the grid-leak resistance R g at the lowest 
frequency to be amplified. The d-c component of plate current flows only 
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through Rl, whereas the a-c component divides between the output impedances 
in the manner implied by Figure 16.1b. 

In the study of the frequency response of the amplifier, the over-all range is 
generally divided into the following three frequency parts: the mid-frequency 
range where the capacitances C B , C it and C c can be neglected, the low-frequency 
range where the shunting effects of C 0 and C\ can be neglected, and the high- 
frequency range where the reactance of the condenser C c is small enough so that 
its effect can be neglected. This division — . A 

leads to the three equh .dent circuits shown l" r p v I f f 

in Figure 16.2. Ue/) r > > Rg £ 

The gain in the mid-frequency range is if ° 

determined by the tube con&iants and the •—»-1-1-<! 

values of the resistances in the load circuit (a) Simplified circuit, accurate at 
of the tube, as indicated by Figure 16.2a. raid-frequencies 

The voltage gain in this frequency range is _ C* 

given by the expression I T |[ 1 X 


P 

i mid_ 

q mid 


( 16 . lj 


>Rg E 0 


where R eqmi d is the equivalent resistance 
formed by Rl and R g in parallel. 

At low frequencies, the coupling condenser 
is of importance, and an analysis of Figure 
16.2b will b-how the gain to be given by the 


expre.ibion 


\ l + 


(16.21 


(b> Simplified circuit, accurate 
at low frequencies 


L Eo 
I C 0 +Ci 


(c) Simplified circuit, accurate at high 
frequencies 

Fig. 16.2. Equivalent circuits for the 
three ranges of a resist ance-capaci- 
tance-coupled amplifier. 


where X c — 1 (2irfC c ) — reactance of the coupling condenser C c 


7?eq low Eg -f- 


Kl + )'p 


The extent to which the coupling condenser causes the gain of the amplifier to 
fall with decrease in frequency can be estimated from equation 16.2, which shows 
that the gain has been decreased to 70.7 per cent at that frequency where the 
value of capacitive reactance X c equals the value of the equivalent resistance 

^eq low 
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At high frequencies, the capacitances of the tube electrodes and wiring are 
the limiting factors in determining the gain that can be obtained. An analysis 
of Figure 16.2c, aided by the use of Thevenin’s theorem, will show the gain at 
high frequencies to be given by 


A 


high 



(16.3) 


where X ot - = l/[2irf(C 0 + C,)] = reactance of the parallel capacitances 


R 


eq high 


r p R L R g 

?'pRl + fpRg + RlR& 


Equation 1G.3 shows the manner in which the amplification decreases with in¬ 
crease in frequency. The gain has decreased to 70.7 per cent of the mid-frequency 
response at that frequency where the value of the reactance X (n of the parallel 
capacitances is equal to the value of the equivalent renslance R tii hlKh . 

The gain-frequency characteristic of an amplifier can be expressed by means of 
a curve that shows the manner in which the amplification varies with tlie fre¬ 
quency of the signal voltage. A typical frequency-response curve for a resistance- 
coupled amplifier is shown in Figure lfi.3. The constant amplification in the 



Fig. 16.3. Typical frequency-response curve of a resistance-coupled amplifier. 


mid-frequency region indicates the range of frequency over which the effects of 
the capacitances are negligible. The frequencies at which the voltage ampli¬ 
fication has decreased to 70.7 per cent of the mid-frequency gain fairly w T ell 
specify the frequency range for wdiich the amplifier has been designed. The low^er 
and upper frequencies at w'hich the gain has decreased to 70.7 per cent are shown 
in Figure 1G.3. Frequency, plotted as the abscissa, is practically always on a 
logarithmic scale. The logarithmic distribution corresponds to the musical 
scale and indicates approximately the manner in which the ear judges changes 
in frequency. 

16.3, The Decibel. The ear also judges changes of sound intensity in a 
manner approximately logarithmic rather than linear. Since the output of an 
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audio-frequency amplifier is ultimately used to present sound waves to the ear, 
the variation of gain as a function of frequency is often shown by logarithmic 
ratios plotted to a vertical linear scale. The logarithmic unit used for this pur¬ 
pose is called the decibel, abbreviated db, and is defined in character by the 
equation 


db = 20 logi 



(16.4) 


where E 2 and E\ are two voltages to be compared in relative magni tude 

The decibel, as origin: lv conceived, was a logarithmic unit for the comparison 
of two values of power, but common practice is to use it for the comparison of a 
wide variety of quantities, for example, voltages, currents, sound pressures, 
sensitivities of microphones, eFctrie field intensities, etc. When used to compare 
two values of power, P x and P 2 , the ratio of magnitudes in decibels is 


db = 10 logio 


P 1 

Pi 


(16.5) 


It is evident that equations 16.4 and 16.5 are identical when E 2 and E\ are 
measured across the same value of resistance. 

In using the decibel, as expressed by equation 16.4, to show the gain of an 
amplifier, E\ is the value of the input signal voltage and E 2 is the value of the 



Frequency in Cycles per Second 


Fig. 16.4. Typical frequency-response curve of a resistance-coupled amplifier. Gain is plotted 
in decibels relative to the mid-frequency gain. 


output signal voltage. For the purpose of expressing the frequency-response of 
an amplifier, the gain in the mid-frequency range can be taken as a reference, 
the gains at other frequencies then being stated relative to the gain at the refer¬ 
ence frequency. In this manner of indicating the frequency response. E\ is the 
voltage gain at the reference frequency and E 2 is the voltage gain at the fre¬ 
quency being considered. Figure 16.4 shows the curve of Figure 16.3 replotted, 
where the ordinate is the relative gain in decibels. A decrease in voltage am¬ 
plification to 70.7 per cent corresponds to a 3-db loss in amplification from the 
gain at the mid-frequency. The frequencies at which the gain has decreased by 







364 


ELECTRIC CIRCUITS AND MACHINES 


3 db are indicated in Figure 16.4, these frequencies corresponding to the points 
of 70.7 per cent gain of Figure 16.3. 

16.4. The Resistance-coupled Amplifiers Utilizing Pentodes. A higher volt¬ 
age amplification can be obtained in resistance-coupled amplifiers by the use of 
a pentode tube in place of the triode, and, because of the increased amplification 
obtainable, pentodes have largely superseded triodes in audio and video voltage 
amplifiers. When the same values of circuit constants are used, the frequency 
response of the pentode amplifier is practically the same as that of the triode am¬ 
plifier. 

The circuit connections of a resistance-coupled amplifier utilizing a pentode 
tube are indicated in Figure 16.5a. The d-c screen-grid voltage i.' taken from the 


C, 



a 



(b) Parallel form of the equivalent eireuit of a pentode resistanee-eoupled amplifier 

Fig. 16.5. A single-stage pentode resistance-coupled amplifier and the parallel form of its 

equivalent circuit. 

power-supply voltage Ebb through the resistor 7?</. The screen-grid voltage dif¬ 
fers from Ebb by the drop produced by the d-c component of screen-grid current 
flowing through and the value of Rd is chosen so as to obtain the proper value 
of screen voltage. For best performance of the amplifier, it is essential that the 
screen voltage does not change when a signal is applied. This is assured by the 
by-pass condenser Cd, which provides a low-impedance path for the flow of the 
a-c component of screen-grid current. 

The equivalent circuit, using the parallel form, is shown in Figure 16.5b. It 
should be emphasized that either the equivalent series circuit or the equivalent 
parallel circuit can be used to represent an amplifier utilizing either a triode or a 
pentode type of tube. In general, however, it is more convenient to use the series 
form, involving fx and r P) with the triode, and the parallel form, involving g m and 
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t Pj with the pentode. In fact, the tube manufacturer seldom states the value ot 
M for a pentode type of tube. Since the value of r p is generally much larger than 
that of Rl and R gy it often is omitted from the equivalent circuit. 

The three equivalent circuits that apply to the mid-frequency range, the low- 
frequency range, and the high-frequency range are shown in Figure 16.6. 

The voltage gain in the mid-frequency range is given by 

*^-mid QniRe q ( 16 . 6 ) 

where R eq is the equivalent resistance formed by r v , Rl, and R g all in parallel. 


C c 



(a^ Accurate at mid-frequen- Accurate at low frequen- (c) Accurate at high frequen- 

fUiw roue 


Fig. 16 . 6 . Simplified equivalent circuits, using the parallel form, for the three ranges of a pen¬ 
tode ie&i^iance-coupled amplifier. 

The student should satisfy himself that equation 16.6 is but a different form of 
equation 16.1. 

The voltage amplifications at low frequencies and at high frequencies, in 
terms of the mid-frequency amplification, are given by equations 16.2 and 16.3, 
respectively. 

Suitable circuit constants for a variety of conditions and tube types, including 
both triodes and pentodes, are published in tube handbooks that are available 
from the tube manufacturers. 

16.5. Amplifiers Employing Audio-frequency Transformers. The principal 
application of an audio-frequency transformer is as an impedance-matching de¬ 
vice. In many installations, a vacuum tube receives its signal voltage from a 
low-impedance circuit and delivers power to a lov-impedance load. A vacuum 
tube is essentially a high-impedance device, and efficient transfer of power can 
only be obtained by properly matching the tube to the driving-source impedance 
and to the output load impedance. 

The use of input and output transformers is indicated in Figure 16.7. Ex¬ 
amples of various types of low-impedance sources are magnetic types of phono¬ 
graph pick-ups, dynamic and ribbon microphones, and audio-frequency trans¬ 
mission lines. The turn ratio of the input transformer is generally chosen to 
match 200,000 ohms on the secondary side. Since the impedance is transformed 
by the square of the turn ratio, a transformer connecting a 500-ohm line to the 
grid circuit of a tube would have a step-up turn ratio of 20. The signal voltage 
also is stepped up, of course, by the turn ratio. 

The output tube of Figure 16.7 would act as a power amplifier. For proper 
performance, the a-c load presented to the tube should be the value specified by 
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the tube manufacturer, which normally will be of the order of 5,000 ohms. The 
load might possibly be a 200-ohm or 500-ohm line or a dynamic loud-speaker 
having a resistance in the range of 2.5 to 50 ohms. As an example, a transformer 



Fig. 16.7. A 2-stage audio-frequency amplifier showing the use of impedance-matching trans¬ 
formers. 

having a step-down turn ratio of 14.1 would make a 25-ohm voice-coil impedance 
of a speaker appear as 5,000 ohms viewed from the primary side. 

When several amplifier stages are operated in cascade, as in Figure 10.7, it is 
important that a-c components of current do not flow through an impedance 
that is common to the set eral stages. If this occurs, voltage from the output 
stage will be fed back to the first stage and the amplifier may oscillate, with the 
result that it becomes unusable. One common impedance is the power supply 
for the d-c voltages to all the stages. By-pass condensers connected across the 



Fig. 16.8. The application of audio-frequency transformers in push-pull amplifiers. 

power supply are effective in some instances, but, if the amplification is high, ad¬ 
ditional isolation of the stages is necessary. This can be accomplished by resist¬ 
ance-capacitance filters, one such being formed by C b 2 , Rb- and C bl . 

Transformers are also useful in providing the proper grid signals to a push-pull 
power amplifier, see Figure 16.8. As discussed in a later section, push-pull oper- 






AMPLIFIERS AND OSCILLATORS 367 

ation reduces the distortion of the signal caused by the non-linear tube character¬ 
istic. In push-pull operation, the signal voltages applied to the two grids are 
180 degrees out of phase, as indicated by the polarity markings in the figure. 
The outputs of the individual tubes are combined by the output transformer and 
delivered to the load. 

An audio-frequency transformer also can be used to couple two stages of a 
voltage amplifier, although this type of service has been largely superseded by 
resistance coupling. These interstage transformers are costly, increase the weight 
of the amplifier, and give a poorer frequency response than resistance coupling. 
It is general practice, therefore, to use them only when special requirements 
suggest certain advantages. 

Because of the wide frequency range over which audio-frequency transformers 
are required to operate, the design features are quite different from those of power 
transformers. Leakage inductance and the distributed capacitance of the wind¬ 
ing must be kept to a minimum if a uniform frequency response to is be obtained. 
Commercial audio-frequency transformers, which have a satisfactory frequency 
response, are available for various types of service and for practically all power 
ratings. 

16.6. Radio-frequency Voltage Amplifiers. In a radio-frequency amplifier 
the load often is supplied by a parallel resonant circuit, as shown in Figure 16.9a. 
Xot only do pentodes give a higher value of amplification per stage than triodes, 
but the undesirable tube-capacitance coupling between the input and output 
circuits is negligible when these tubes are employed. For these reasons, pentode 
tube® are practically always u&ed in r-f voltage amplifiers. 

The gain of the amplifier will be high for frequencies in the neighborhood of 
the resonant frequency of the load circuit, and low for frequencies outside of that 
region. Thi® characteristic makes it possible to select easily any particular 
broadcast station by a radio receiver. 

The equivalent circuit of the amplifier is shown in Figure 16.9b. The capac¬ 
itive reactance of C c is negligible at radio frequencies, and hence C c need not be 
included in the equivalent circuit. The stray capacitances, considered in the 
case of the resistance-coupled amplifier, now’ provide part of the tuning capac¬ 
itance. Since the plate resistance of the pentode and the grid-leak resistance 
R g are generally high, the equivalent circuit can be reduced to the approximately 
equivalent circuit of Figure 16.9c. From this latter circuit, it is apparent that 
the voltage gain varies with frequency in the same manner as does the impedance 
Zl of the parallel circuit and is given by the expression 

A v = g m Z L (16.7) 

The gain at resonance can be shown to be approximately 

A v cs. g m Qco r L, gain at resonance (16.8) 

where ov is 2r times the resonant frequency, L is the value of inductance of the 
coil, and Q is its figure of merit, discussed in Chapter III. 
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The frequency response of the amplifier near resonance is shown in Figure 
16.10. When a radio-frequeDcy carrier wave carries a program of speech or 



(a) A radio-frequency amplifier using a parallel resonant circuit 



(b) Parallel form of the equivalent circuits of \a) 



(c) Simplified equivalent circuit accurate when r p and R g are ver} large 

Fig. 16.9. A radio-frequency amplifier u^ing a parallel resonant circuit and the associated 

equivalent en cmlc. 


music, there are side-band frequencies present that extend both above and below 
the carrier frequency. In A-M broadcasting there are important frequencies. 



A fr A 


Fig. 16.10. Typical frequency response of a 
radio-frequency amplifier using a single tuned 
circuit. 


extending 5,000 c\ des on each side of 
the carrier. In order to amplify these 
side-band frequencies, the selectivity 
of the tuned amplifier, controlled by 
the proper choice of the Q of the coil, 
should not be too sharp. It is con¬ 
venient to express the band width of 
the amplifier, / 2 — /i of Figure 10.10, 
as the frequency range over which 
the gain does not fall below 70.7 per 
cent of the maximum gain. An 
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analysis of the equivalent circuit will show that the band width can be 
the equation 


fi ~ fi = y. cycles 


given by 
(16.9) 


Thus, for a circuit having a Q of 100 and tuned to a frequency of 10 6 cycles, the 
band width f 2 — fi would be 10,000 cycles, hich would provide fairly well for 
the amplification of the side bands. 

Another type of tuned amplifier, and one quite commonly used, employs 
transformer-coupling, see Figure 16.11. The characteristics of this amplifier are 



Fig. 16 11. The transformer-coupled radio-frequency amplifier. 



(a) Band-pas^ amplifier 



A fr A 

(b) Frequency-response curve of a band-pass amplifier 
Fig. 16 12. A band-pass amplifier with typical amplification characteristic. 
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quito similar to tho^e of tho paiaIh» J -rt*"onan(-load type. 1 he gain at the VCsCUVuU 
frequency can be >ho\\ n readilx \o l>o 

J ^ a * MQ, gain at resonance }h I0 

where M is the value of mutual inductance between the two coils, (Jisthe figuie 
of merit of the secondary coil and the other quantities are as previously defined. 
The details of analysis of the transformer-coupled amplitier are left as a proldem 
for the student. 

In order to provide an amplification substantially constant for all the essential 
side-band frequencies of a broadcast wave, the curve of frequency response 
should have a band-pas^ characteristic of the type shown in Figure' lfi.l2b. 
The band-pass characteristic can be obtained by tuning the primary of the 
radio-frequency transformer as well as the secondary, Figure 10.12a, the method 
most generally Used in the intermediate-frequency amplifiers of superheterodyne 
radio receivers. Both primary and secondary are tuned to the same frequency 
fry and the coupling coefficient k is adjusted to give the desired value of band 
width. The band width f 2 — fi is approximately equal to kf r . A detailed an¬ 
alysis of the double-tuned circuit can be found in mo^t of the textbooks on radio 
engineering. 

16.7. The Class A Audio-frequency Power Amplifier. In the preceding dis¬ 
cussions on voltage amplifiers, no consideration was given to the signal-power 
output, since it wxi^ but incidental to the desired voltage amplification. When 
power output is not a factor, both the d-e and a-c* components of plate current 
have very small values, operation is confined to a relatively small region of tho 
characteristic curves of the tube, and distortion of the signal is kept to a very low* 
value. In contrast, the pow er required for operating a loud-speaker, for modulat¬ 
ing a radio transmitter, or for some other purpose is the most important con¬ 
sideration in the design of the pow er amplifier. The d-c pow er input to the plate 
circuit, IbEbby must be sufficient to supply the desired value of output power. 
Actually, the signal voltage applied to the grid of the amplifier converts part of 
the d-c plate-circuit power into output signal powder, rather than that the tube 
amplifies, in the strictest sense of the word, the signal power. As previously 
mentioned, the ratio of the signal-powder output to the d-e power supplied to the 
plate circuit is the plate-circuit efficiency of the amplifier. In order to obtain the 
largest powder output and the highest plate-circuit efficiency for a given value of 
plate-supply voltage, it is necessary that operation be over a large portion of the 
characteristic curves. This means that the a-c components of grid voltage, plate 
current, and plate voltage are large and of the same order of magnitude as the d-c 
components. 

Either triodes, pentodes, or beam-pow r er tubes can be used in powder amplifiers. 
Triodes are characterized by low r pow T er sensitivity (the a-c component of grid 
voltage required for a stated value of power output), low T plate-circuit efficiency 
(about 20 per cent), and low' distortion of the signal. Pentodes have a higher 
value of power sensitivity and a higher plate-circuit efficiency (about 35 per 
cent) but, in general, introduce more objectionable distortion than triodes. 
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Beam-power tubes have a somewhat higher plate-circuit efficiency than pentodes, 
and, hence, are able to deliver a greater power output for a given d-c power in¬ 
put and for a particular size of tube than either triodes or pentodes. For this 
reason, beam-power tubes are more commonly used in commercial power ampli¬ 
fiers than are the other types. Triodes, however, are still desirable as power 
amplifiers in high-fidelity systems, when very low~ distortion is a requirement. 

The method of analysis of the powder amplifier is much the same fc” either the 
triode, pentode, or beam-power tube. In this section, the triode will be used to 
outline the considerations involved. Although the equivalent circuit also applies 
to the class A power amplifier, it alone does not indicate the limits of operation, 
the factors vilieh determine the choice of the best operating point on the char¬ 
acteristic curves, and the optimum value of load resistance to be used. For these 
reasons, the analysis is made directly from the plate-current plate-voltage family 
of curves. 

Figure 16.13 show s the plate characteristics of a type 2A3 triode. The analysis 
involves the problem of determining, for a stated value of plate-supply voltage. 



0 100 200 300 400 600 
Plate Volts 

Tig 16 13 Plate* characteristic*" of the 2 \3 triode shotting load lme and wave shape of plate 

out lent i Courtesy RCA ' 


the values of d-c grid bias and a-c load resistance that will provide for the great¬ 
est output power, consistent with the following limits: the grid is not to be driven 
positive: to minimize distortion, the tube is not to lie operated in tire immediate 
region of zero plate current where the curvature of the characteristic curves is 
high; and the d-c power input to the plate circuit must not exceed the plate- 
dissipation rating of the tube. The RCA tube manual suggests the following 
procedure in analyzing triode power amplifiers: (lj Having decided upon the 
value of plate voltage the value of grid-bias voltage E c is given by the em¬ 


pirical expression 



(16.11) 




wdiere ju is the amplification factor of the triode. The values of E c and Eb set 
the operating point P and give the value of the d-c plate current /&. (2) Check 
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to see that the d-c plate power Eblb does not exceed the plato-dissipation rating 
of the tube. If it does, it will be necessary to increase the d-c bias or decrease 
the plate voltage. (3' Locate a point. A, on the curve for E c = 0 corresponding 
to a value of plate current equal to 27A straight line drawn from A through 
P gives the load resistance line and the reciprocal of its slope gives the value of 
the load resistance to be used with the tube. 


The RCA tube manual gives the following data for typical operation of the 


2A3: 


Plate-dissipation rating 
Plate \oltage 
Grid voltage 
Plate current 
Amplification faetoi 
Plate resistance 
Transconductance 
Load resistance 
Pow er output 

Second-harmonic distortion. 


15 max watts 
250 volts 
—43 5 volts 
60 ma 
4 2 

800 ohms 
5 250 micromhos 
2 500 ohms 
3 5 watts 
5 ptr cent 


Equation 16.11 would give a grid bias of — 41.7 volts. In order not to exceed 
the plate-dissipation rating of the tube, it is necessary to increase the bias to 
— 43.5 volts. When no signal is applied to the tube, all the d-c power supplied 
to the plate circuit must be dissipated by the plate, which, for these conditions 
of operation, amounts to 

plate dissipation =Eblb 

= 250 X 0 060 


= 15 watts 


When a sinusoidal voltage of 43.5 \olts peak value is applied to the grid cir¬ 
cuit, operation is along the load line from E c = 0 to E c = —87; the plate-voltage 
variation is from 105 ^olts to 370 volts, with a corresponding variation in plate 
current of 120 ma to 12 ma. The total variation of plate voltage, 370 — 105 = 
265 volts, is equal to twice the peak a-c \oltage variation across the load. The 
effective value of the a-c component of load voltage is, therefore, given by 


El = 


265 

2V2 


93 o \olts 


The same is true of 7 max — 7 n , in of Figure 16.13, and hence the effective value of 
the a-c component of load current is equal to 


_ (120 - 12 ) 
II ~ 2a/2 

The output signal pov er is 


= 38 milliamperes 


P = E l Il = (93.5)(0.038) = 3.55 watts 


which agrees well with the value listed by the tube manufacturer. 
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The plate-circuit efficiency is given by 

a-c output 

plate-circuit eff. =-X 100% 

d-c input 


E l I l 

Ebh 

3.55 


X 100% 


15 


X 100% = 23.7% 


The variation of plate current that results from a sinusoidal grid signal voltage 
is shown in Figure 16.13. It is to be noted that the variation is not a pure sin¬ 
usoid about the value I & and means that harmonics of the signal frequency are 
present in the output. Any periodic wave can be expressed mathematically as 
the sum of a fundamental frequency and a series of harmonics. In general, if a 
sine wave is distorted, it can be expected that both even and odd harmonics will 
be present. If the distortion is of the type indicated in Figure 16.13, where the 
upper and lower halves of the wave are not similar, the distortion is due mainly 
to the second-harmonic term. It can be shown that the per cent of second- 
harmonic distortion is given approximately by 


% 


2nd harmonic — 


+ Imm ~ 2 /& 


X 100% 


(16.12) 


2 ( 7 ^* - 7 mu j 

For the operating conditions of the 2A3, and using values from the characteristic 
curves, equation 16.12 gives 5.6 per cent. 

Two matched tubes operated in the push-pull circuit of Figure 16.8 will insure 
a symmetrical wave form for the load current. This is obvious from the fact 
that as one tube is supplying the top 
half of the wave shown in Figure 16.13 
the second tube is supplying a current 
to the load in the same direction as that 
from the first tube, and w r ith a wave 
shape similar to the bottom half in Fig¬ 
ure 16.13. The currents from the two 
tubes are combined in the transformer, 
as indicated in Figure 16.14. By mak¬ 
ing the w^ave symmetrical, all even- 
order harmonics are removed, thereby 
leaving only the odd harmonics which, 
for the triode, are usually quite small. 

The method of determining the optimum operating conditions and the pow T er 
output for a pentode or beam-pow T er tube is much the same as with a triode, al¬ 
though differing in the details of locating the load line on the plate character¬ 
istics. It is necessary to locate the load line on the characteristic curves by trial 



Fig. 10.14. Tube currents in a push-pull cir¬ 
cuit combine to give a symmetrical load cur¬ 
rent. 
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so that maximum pow er output can be obtained consistent w ith low distortion 
and the pow ei-handling ability of the tube The graph of plate charactei lstics 
of a 6V6 beam-power tube with the proper load line is shown in Figure 16.15. 



Fig. 16 15 Plate characteristics of the 6\ b beam-power amplifier tube ^how ing optimum load 

lint «C uuittbj R( V i 


The RCA tube manual ghes the following data foi txpnal operation of the 
3V6: 


Plate-dissipation riting 
Scrten-div^pation rating 
PLt+e xoltagt 
Screen \ olt ige 
Grid \olt igc, E ( i . 
Ztro-^ignal pldie cuiiti t 
Max-sign d plan cuircnt 
Ztro-signal strten c unut 
Max-signal screen curnnt 
Plate rebistance 
Transconductancc 
Load resistance 
Max pow er output 
Total harmonic distoin ai 


12 mi\ wati^ 
2 ini\ waits 
250 \ olt s 
250 \ oils 
— 12 5 \olts 
45 n a 
47 ma 
4 5 ma 
7 ma 

52,000 ohms 
3 700 rmuoiiihos 
5 000 ohms 
4 5 w atts 
S per cent 


It is suggested that the student calculate fiom the characteristic cuncs as 
many tabulated \ alues as are possible and compai e them v ith t he smulai quan¬ 
tities that pertain to the 2A3 tnode 

In the powei amplifier, the d-c plate voltage is not supplied through the a-c 
load resistance If this were done, there 'would be an unnecessaiv loss of d-c 
power in the load resistance Foi example, in the case of the 2A3 tnode, a plate- 
supply voltage of 400 \ olts w ould be lequued m order to supply 250 \ olts to the 
plate of the tube through a lesistance of 2,500 olims which caincs a d-c plate 
current of GO ma. The load resistance is generally connected in the plate cir¬ 
cuit by means of a transformer, as shown in Figure 16.16a. 



AMPLIFIERS AND OSCILI^ATOTIS 




With this arrangement the d-c current flows through the primary winding of 
the transformer, and since the d-c resistance of the winding is iow the voltage 
from plate to ground with no signal present is approximately equal to the plate- 
supply voltage. For a-e components of plate current, however, the load resist¬ 
ance in the plate circuit is given by 

R l = n 2 R, ec (16.13) 


where n is the turn ratio of the transformer, and JL ec is the resistance connected 
to the output of the transformer. 

When it is not necessai.v to match the load impedance to the tube by means of 
i transformer, the shunt-feed arrangement of Figure 16.16b is sometimes used. 




Shunt-food mot hod of supplying plate 
volt age 


Fig. 10.10. Method-* of connecting the load iosihtancc to a power amplifier. 


The inductance L is chosen with a low value of d-c resistanco, and an inductive 
reactance to the a-e components?- high in comparison with /?£. The coupling 
condenser should be of such size as to offer negligible impedance to the a-c com¬ 
ponents of current. Under these conditions the a-c load resistance reduces to 
Rls and the value of d-c \ oltage from plate to ground is equal to the plate-supply 
voltage. 

Since the grid bias is usually supplied from the plate-voltage supply by means 
of the cathode resistor In . the value of supply voltage should equal the sum of the 
magnitudes of the d-c plate \ oltage Eb and the d-c grid voltage E c . 

16.8. Negative-feedback Amplifiers. The performance of an amplifier can 
be improved decidedly if a portion of the output signal voltage is applied to the 
input of the amplifier in phase opposition to the input signal voltage. This ar¬ 
rangement for negative feedback, sometimes called degenerative feedback, im¬ 
proves the frequency response of the amplifier, reduces the distortion introduced 
by the non-linear tube characteristics, reduces hum voltages introduced by the 
plate-voltage supply and the a-c heater voltage, and makes the value of am¬ 
plification substantially independent of small changes of d-c supply voltage, 
bibe replacements, and aging of tubes and circuit elements. The principle ot 
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negative feedback has been widely used to improve the quality in electronic sys¬ 
tems of all descriptions. 

The basic scheme of connections of a negative-feedback amplifier is indicated 
in Figure 16.17. The relative polarities of the various voltages are shown on the 
diagram. If 7?i is made zero, there is no feedback '' , oltage present, E g (the am¬ 
plifier input voltage) is equal to the signal voltage E s , and Eo is given by 

E 0 = AE g = AE S (16.14) 

where A is the gain of the amplifier labeled amplifier unit in Figure 16.17. If a 
fraction /3 of the output voltage is developed across R lt and the relative polarities 



are as indicated, the voltage input E g to the amplifier unit bears the following 
relation to the signal and output voltages: 


where 


Eg = E s — &Eq 


P 


Ri 


Ri + Rf 


(16.15) 

(16.16) 


and is the magnitude of the ratio of feedback voltage to output voltage. Since 
the input and output voltage.-' of the amplifier unit are always related by the 
equation 

E 0 = AEg (16.17) 


whether feedback is present or not, equation 16.15 can be written 


ar 


Eq — AEg — pAE 0 


Eo 


A 

- Eg 

1+PA 


(16.18) 


Equation 16.18 shows that the over-all amplification A/{ 1 + (3A) has been 
reduced by the factor 1 (l + pA) became of negative feedback. This reduction 
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in gain is a disadvantage that is more than offset by the improved performance 
obtained and can be overcome easily by using an extra stage of amplification. 
When the product /3A is large in comparison with unity, the voltage amplifica¬ 
tion with feedback An, is given approximately by the equation 


A 


fb — 


1 

b 


7?i + Rf 


(16.19) 


Thus, to the extent that BA is greater than unity, the amplification with feed¬ 
back is independent of the characteristics of the original amplifier unit and de¬ 
pends only upon the values of Ji and Rf. 

As an example, the amplifier unit might consist of two stages of amplification 
using 6SJ7 pentodes and have a value of A equal to 5,000. Suitable values of 
Ri and Rf would be 1,000 ohms and 250,000 ohms, respectively. These quan¬ 
tities give a value of 

,BA = 19.9 


and a value of amplification equal to 


5,000 
]T+19.9 
1 
B 


239 


The extent to which the gain is independent of the characteristics of the am¬ 
plifier unit can be judged by assuming that, for some reason, the value of A de¬ 
creases to 4,000. The gain would then become 


-1 fb 


1,000 
1 + 15.9 


231 


a change of 1 per cent. 

The decrease in the distortion introduced by the amplifier results from the 
fact that the distortion is fed back to the input of the amplifier in such a phase 
relation that, after it is amplified and reappears in the output, it tends to cancel 
the original distortion. It can be shown that, for the same value of power out¬ 
put, negative feedback reduces the distortion by the fact or 1 (1 + j3A). For the 
example just considered, the distortion is reduced to 1/20.9 = 4.8 per cent of 
what it would have been without feedback. 

16.9. Vacuum-tube Oscillators. As a result of its ability to amplify, a vacuum 
tube is able to generate sinusoidal alternating-current power. When a fraction 
of the voltage developed in the output circuit of an amplifier is used to supply 
the input voltage of that amplifier, the device becomes a self-excited amplifier 
and is termed an osallator. 


The conditions necessary to produce self-sustained oscillations can be under¬ 
stood by reference to Figure 16.17 and equation 16.18. If oscillations are to be 
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produced, the phase of the feedback voltage must be reversed from what it was 
in the negative-feedback amplifier. The feedback now becomes positive, or re¬ 
generative, and the sign of B in equation 16.18 becomes negative. The equation 
is then written as 

.4 

E 0 = --— E s (16.20) 

1 — pA 

where B is the magnitude of the ratio of the positive-feedback voltage to the out¬ 
put voltage. 

When the amount of feedback is sufficient to make flA unity, equation 1(5.20 
indicates that the net gain of the amplifier has become infinity, and that a large 
output voltage will be present regardless of how infinitesimally small the signal 



Fig. 16.18. Schematic circuit of a pha^e-^-hift oscillator. 


voltage may be. When BA is unity, the feedback voltage i3E (l is equal in magni¬ 
tude to, and is in phase with, the original signal voltage A\. Under these con¬ 
ditions, the original signal voltage can be remoted and the amplifier is capable 
of supplying its own input, thus maintaining a voltage output. If the feedback 
is increased until fiA is greater than unity, the feedback voltage becomes greater 
than that needed just to sustain oscillation, and the magnitude of oscillation 
will steadily increase until limited by the non-linear characteristics of the tube, 
unless some sort of automatic volume control is provided. In order to maintain 
a constant amplitude of oscillation and a low distortion, some sort of automatic 
regulating arrangement always should be included in an oscillator circuit. When 
BA is equal to, or greater than, unity, it is not necessary to supply a small signal 
voltage to initiate oscillation; there are always present minute surges of tube 
currents that will assure the start of oscillation. The necessary and sufficient 
conditions for maintaining oscillation may be summarized as follows: first, the 
over-all amplification, including the feedback circuit, must be equal to, or greater 
than, unity; second, the amplified voltage reintroduced into the input must be 
in phase with the input voltage. 

A schematic circuit of a basic feedback oscillator is shown in Figure 16.18. 
It is called a phase-shift oscillator and represents the simplest type of feedback 
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circuit. When provided with automatic volume control, it is a very satisfactory 
audio-frequency oscillator. The value of Rl is usually made small in comparison 
with that of R. Under this condition, the a-c component of plate voltage is 180 
degrees out of phase with that of the grid voltage, as indicated by the polarity 



(a) Tuned-plate oscillator (bl Tuned-grid oscillator 


Choke 



(c) Hartley OM*illatoi. Tap on coil (iT) Colpitts oscillator. Feed-back voltage 

of tuned circuit provides means obtained thiough «plit-condenser cir- 

of obtaining teed-back voltage cuit. The choke has a high impedance 

to l-f currents 

Fig. 10.19. Some typical o&cillator circuits. 


markings on the circuit. The phase-shifting network introduces the additional 
180° phase shift that is necessary to produce oscillation. The frequency at 
which the phase shift of 180 degrees is obtained can be shown to be 

* = 2 WQRC (10.2U 

Using a variable air condenser, a frequency range of 10 to 1 can be obtained easily 
with one rotation of the dial. The frequency range can be extended further by 
using decade steps in the value of R. There are several commercial types of 
audio-frequency oscillators that use resistance-capacitance tuning, all of them 
operating under linear (class A) conditions. 
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Many oscillators—practically all radio-frequency oscillators—use a resonant 
circuit, an example of which is the tuned-plate oscillator of Figure lG.19a. The 
frequency of oscillation is practically equal to the resonant frequency of the tuned 
parallel circuit. It is the frequency at which the voltage amplification is a max¬ 
imum and at which the amplified voltage induced in the grid coil has the correct 
phase relation. When power output is a major consideration, oscillators of this 
type are operated as class C so that the highest possible plate efficiency is at¬ 
tained: the grid is driven positive and d-c grid current flows through the resist¬ 
ance R g . The d-c voltage developed by the grid current flowing through R g be¬ 
comes the grid bias of the tube and acts in a manner to self-regulate the mag¬ 
nitude of oscillation. Regulation results from the fact that if the amplitude of 
oscillation tends to increase, the grid current increases, which, in turn, increases 
the d-c bias on the tube. An increase in grid bias decreases the amplification 
and, hence, tends to decrease the magnitude of oscillation. If the oscillation 
tends to decrease, the reverse action occurs. 

The tuned circuit can just as well be placed in the grid circuit, as shown in 
Figure 16.19b. Often the tuned circuit is common to both the grid and plate 
circuits, as indicated in Figures 16.19c and 16.19d, which bear the names of their 
inventors. 

16.10. Applications of Oscillators. Vacuum-tube oscillators have a wide 
range of application in both the fields of communications and industry. They 
are capable of generating frequencies from a fraction of a cycle per second to 
several billion cycles per second. Their use extends from circuits in which the 
power requirement is only a few milliwatts to applications in which the radio¬ 
frequency power demand is several hundred kilow atts. 

In the communications field, the oscillator i- the heart of the radio transmitter. 
Low-power radio-frequency oscillators are also used to advantage in superheter¬ 
odyne radio receivers. They are used in carrier communication systems for 
generating both the carrier wave and the several individual tone frequencies that 
modulate the carrier frequency, the scheme making possible the transmission 
of several communication channels over one electrical line. In addition to the 
use of carrier current on communication lines, electric-power companies employ 
it on power transmission fines for relaying, supervisory control, and transmitting 
meter indications at a distant point to the dispatcher's office. Built for power¬ 
line carrier systems, commercial units are available that provide for ten separate 
channels by the use of ten tone-generating units, each generating a different 
frequency which is superimposed on the carrier wave. Low-power oscillators, 
both in the audio- and radio-frequency range, find wide use in laboratory testing. 

In the industrial field, low-power oscillators are used in process controls, in¬ 
dicators, and positioning controls. Higher-power oscillators are used extensively 
in high-frequency heating which is divided into two distinct types, induction 
heating and dielectric heating. 

In induction heating, the magnetic field from a coil carrying a high-frequency 
current induces eddy currents in the metal to be heated. Because of skin-effect, 
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the depth of heating can be controlled by the proper choice of frequency, thus 
making it possible to case-harden desired surfaces of metal parts while leaving 
the metal underneath in its more malleable condition. Induction surface heat¬ 
ing is also widely used in the plating of metals. In some processes, the time of 
heat treatment has been reduced by a factor of twenty-five by means of radio¬ 
frequency heating. 

Dielectric heating is used with non-conductors such as plywoods and plastics, 
which are heated by placing them in the electric field of a condenser. Heating 
results from the dielectric losses in the material and is due to the periodic dis¬ 
placement of the atoms. Diel -trie heating produces uniform heat throughout 
the volume of the substance subjected to the radio-frequency electric field. The 
process has a rather long list of applications in industry, the more important, 
perhaps, being the preheating and curng of plastics, and the bonding of plywood. 

liadio-frequency heating units are built in sizes ranging from 1 kw to 200 kw 
and utilize 1 frequencies in the range of 200 kc to 100 me. 

16.11. Crystal Diodes. In the early days of radio, the crystal rectifier was 
universally used as a deter T or in radio receivers. The detector was made by 
soldering a small piece of a . ivstalline substance such as galena or silicon in a 
small receptacle and then making a point contact with the crystal by means of 
a fine flexible win 1 (cat whisker). During its early use, the mechanism whereby 
rectification was achie' od was not understood. To obtain reasonable sensitivity 
it was necessary to adjust the contact point frequently: the early detector could 
not he considered an efficient or stable rectifier. After the development of the 
vacuum tube, the crystal detector in radio receivers soon became obsolete. 

With the extension of the radio spectrum to higher and higher frequencies, 
however, the crystal detector was brought hack into use. An important reason 
for the return of the crystal rectifier is its ability to operate at higher frequencies 
than vacuum tube rectifiers. This comes about because of the much smaller 
values of electron transit time and capacitance between electrodes in the crystal 
diode. 

A typical crystal unit is illustrated in Figure 10.20a. The crystal is a semi- 
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Fig. 16.20. Crystal unit and rectifying characteristic of a typical crystal detector. 
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conductor, either silicon or germanium, that has been prepared by a very care¬ 
fully controlled process. The cat whisker is a fine tungsten wire that makes a 
very small point contact. The assembly is sealed with wax in a cartridge to 
give it mechanical and electrical stability. The outside dimensions of the car¬ 
tridge are approximately inch in diameter and § inch in length. A typical 
voltage-current characteristic is shown in Figure 16.20b. As a result of much 
research and the development of very complete theories in the field of solid- 
state physics, it has been possible to develop crystal diodes that have very excel¬ 
lent and stable characteristics. They have the advantage over the vacuum 
diode of being very small in size, of requiring no heater or filament power, and 
of being able to operate at higher frequencies. As a result, they have replaced 
vacuum diodes in many applications. 

The theory that accounts for the rectification at the point contact is quite 
involved, and there is no necessity for considering it in detail in this treatment. 
It does seem worth while, however, to make a few statements that set forth 
some of the basic ideas. A semiconductor, such as germanium, is a very poor 
conductor in its pure state, except at high temperatures. If, however, a very 
small amount of impurity, antimony for example, is added to the germanium 
(the result is known as a-type germanium), the bond between the valence elec¬ 
trons and the atoms is changed to the extent that fre< electrons are present. 
The mechanism of conduction in the doped germanium is, therefore, essentially 
the same as in copper, the difference being that there are far fewer fra electrons. 
The condition at the surface (where the cat whisker makes contact) is far differ¬ 
ent from that in copper and it is this surface condition that results in rectifica¬ 
tion. In n-type germanium the free electrons are held away from the crystal 
surface by the internal atomic forces. The depletion of electrons in this region 
results in a barrier layer near the surface that has a net positive charge; it con¬ 
tains no free charges and, hence, acts as an insulator. This barrier layer is about 
10 -4 cm in thickness and has a rather large voltage gradient across it like a 
charged condenser. The barrier layer is eliminated from the back surface by 
properly treating it and then soldering it to the metal base electrode. The con¬ 
ditions are illustrated in Figure 16.21. 

If the metal point is made negative, the free electrons are repelled farther 
from the surface, thickening the insulating layer so that but little current flow 
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Fig. 16.21. Schematic cross section of n-type germanium showing surface barrier. 
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takes place. Making the metal point positive attracts the electrons, reduces 
the thickness of the barrier layer, and permits current to flow. Reduced to its 
barest essentials, the above describes the mechanism of rectification at a surface 
contact. 

16.12. The Transistor. The transistor, Figure 16.22, is essentially a triode 
form of the ra-type germanium diode. Two fine-point contacts are placed in close 


1 Emitter Collector 2 



Bias Bias 

Fig 10 22. Point-font‘iot tum-i-tor omplowiig n-type germanium. ( R s is the resistance of 

the -lgnal -our<e ' 

proximity (about 0.002 in apart) on the surface of a crystal of germanium. 
One of the^e. calk'd the emu ter. is biased in the highly conducting (forward) 
direction. The second, the collector, is biased in the low-conduction (reverse) 
direction. With no current flowing from the emitter, the collector circuit be¬ 
comes a diode biased m the reverse direction and, for the reasons discussed in 
the preceding -section, the current is practically zero. When a forward emitter 
current flows, however, the voltage barrier in the vicinity of both the emitter and 
collector point contacts is so changed that collector current flows even though 
the collector contact is biased in the reverse direction. Thus the emitter current 
is able to control the collector current; the effect is very pronounced, to the ex¬ 
tent that amplification of the same order that is obtained with vacuum triodes 
can be achieved. As a result, the transistor can be used to perform many of the 
functions of a vacuum tube. As in the case of the crystal diode, the transistor 
has the advantage of extremely small size and of requiring no filament power. 
In applications where size and battery consumption are of primary importance, 
as in hearing aids for example, it has taken over the field completely. The pri¬ 
mary limitation of transistor application is the relatively low power rating of 
the types presently available. 

A complete understanding of the phenomena upon which transistor perform¬ 
ance depends involves a detailed study of the physics of semiconductors. Its 
performance as a circuit element, however, can be described in terms of param¬ 
eters that can be measured at its terminals. As with the vacuum tube, the per¬ 
formance of the transistor can be determined on the basis of an equivalent 
circuit, the constants of which are determined from measurement. The equiva¬ 
lent circuit of the transistor is shown in Figure 16.23. Currents and voltages 
that appear in any of the equivalent circuits are the signal components. The 
parameters R (n /??>, R c , and R m can be obtained from the static characteristic 
curves in a manner analogous to that used in determining /u, g m% and r p for a 
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vacuum tube. At high frequencies, the electrode and distributed capacitances 
must be included in the analysis, as was done for the tube amplifier of Sec¬ 
tion 16.2. 

In the equivalent circuit, it is to be noted that the control of the collector 
current by the emitter current is expressed in terms of an equivalent voltage. 



Fin. 16.23. Equivalent circuit of a tran.sKtor amplified. 


R m I e , introduced in the collector circuit. Typical values of the parameters are 
given in problems 35 and 36. 

The characteristics of any device, in which several currents and voltages are 
inferdependent, can be conveniently set forth by one or more families of curves. 
For the transistor, at least two families of curves are required to express the 
complete characteristics. The collector characteristics of a typical transistor 
are shown in Figure' 16.24. The similarity to the plate* characteristics of a pen¬ 
tode (Figure 15 17) is very marked. 
The principle difference is that the 
emitter current now takes* the place of 
the grid voltage control. The ampli¬ 
fier response can be obtained by draw¬ 
ing a load line on the collector charac¬ 
teristics. The treatment is analogous 
to that used with the triodeamplifier. 
As the emitter current is varied from 
the quiescent value by a signal, cor¬ 
responding changes in collect or current 
and collector voltage can be obtained 
by moving back and forth along this 
line. This change in collector voltage appears across the load resistance and is 
the output signal voltage. 

The other set of curves that is generally used is the emitter characteristics 
and shows a plot of emitter current against emitter voltage for a series of con¬ 
stant values of collector current. These curves give information on the input 
resistance of the transistor. A detailed treatment of the characteristic curves 
is beyond the scope of this presentation. 

The transistor is in many respects similar to the vacuum tube in its operation. 
A transistor circuit and its analogous tube circuit are shown in Figure 16.25. 
The emitter is analogous to the tube cathode and the collector is analogous to 



E c - Collector Volts 


Fig. 16.24. T\ pieal collator churaeterMic^ of 
a transistor (junction type* with a 1,500-ohm 
load line 
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the plate. Although analogies of this type are useful, it is to be realized that, 
in the detailed analysis of the circuit, a complete one-to-one comparison is not 
possible. 

Since the introduction of the point-contact transistor in 1948. two other forms 
have been developed. These are the junction and surface-barrier transistors. 



The general principles of operation and the equivalent circuits for these types 
are the same as for the point-cjntact type The main differences are in the 
values of the circuit parameters, the high-frequency limit, and the maximum 
power output obtainable. 


Problems 

1. The following data are foi a resistance-coupled amplifier in which a 6SF5 triode 
i* u-ed Kbh = 300 volK h - 0.5 ma. r p = 100.000 ohms, g m = 1,000 mieromhos, 
n L = R r = 250.000 ohms. R h = 2.600 ohm*. C k - 25 /if. C r = 0.01 /if, i d C 0 + C x = 
26 u/xf. Calculate the following the value* of d-c grid and plate voltages, the impedance 
o 1 C k at 100 cycles, the mid-tiequenrv voltage gain, the frequencies at which the gain 
has decreased + o 70.7 per cent, and the peak value of the a-c component of plate current 
for a i.OOO-vycie signal \oltage of 0.5 volt* rm*. Plot the voltage gain as a function of 
frequency. Express the mid-frequency gain in decibels. 

2. Plot the frequency response of an amplifier that consist* of three stages, each stage 
Inning the circuit and tube of problem 1. State the relation between the over-all gain 
and th n gain ot each ;>tage when (a) the gain is expressed as a voltage ratio, and (b) the 
gain is expressed in decibel*. 

3. Repeat problem 1 with the following changes in circuit constants: C c = 0.002 /tf, 
and - C, - 150 wuf. 

4. A 3-stage resistance-coupled amplifier has a voltage gain of 150,000 and an equiva¬ 
lent noise voltage referred to the input circuit of 6.1 microvolts. Calculate the gain per 
stage. A microphone supplies a signal voltage of 200 microvolts. Calculate the output 
signal voltage and the number of decibel* this voltage is above the noise voltage. 

5. Derive equations 16.1, 16.2, and 16.3. 

6. A two-stage resistance-coupled amplifier has a mid-frequency gain of 64.1 db. 

For each stage: r v = 500.000, = 200,000, and Rl = 100,000. The gain of the ampli¬ 

fier at 40 cycles i* 3 db below' the mid-frequency gain. Calculate the transconductance 
of each tube and the frequency at wTiich the gain of each stage is 3 db below' the mid- 
frequency response. 

7. Each stage of a 2-stage resistance-coupled amplifier has a voltage gain of 50 at a 
mid-frequency of 1,000 cycles, and a gain of 35.4 at a frequency of 30 cycles. Calculate 
the .vain in decibel* of the amplifier for a frequency of 60 cycle*. 
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8. A triode, with g = 70 and r p = 60,000 ohms, is to be used in a resistance-coupled 
amplifier. If R g = 250,000 ohms, calculate Rl and C c to give a voltage gain of 40 at the 
mid-frequency, and a relative gain of 70.7% at 30 cycles. 

9. For a type-56 triode, g = 13.S and r p = 10,000 ohms. The load in the plate circuit 
is a resistance of 10,000 ohms and an inductance of 1.6 henries connected in series. Draw 
the simplified equivalent circuit and determine the gain for a 1,000-cycle signal voltage. 

10. A 6SF5 triode, with g = 100 and t v = 100,000, has a plate load of 100,000 ohms 
resistance shunted by a 500-ggf capacitance. Draw the series equivalent circuit. For 
what frequency is the gain 70.7% of the gain at 100 cycles? What is the phase relation 
between the a-c components of grid and plate voltages at this frequency? 

11. The following values are given for a resistance-coupled amplifier employing a 
6SJ7 pentode: g m = 1,0S() micromhos, r p = 2.5 megohms, Rl = R g = 100,000 ohms, 
C c = 0.01 gf, and C a 4- C, = 38 ggf. Draw both the series form and the parallel form 
of the equivalent circuit, showing the values of all circuit constants. Plot the voltage 
gain as a function of frequency from 10 to 200.000 cycles. State two methods of improv¬ 
ing the low-frequency response. It should be possible, by careful design, to reduce 
C 0 + C t to 22 ggf. What effect would this change have on the frequency response? 

12. In a resistance-coupled amplifier using a pentode, Rl = 500,000 ohms, R K = 
500,000 ohms. C c = 0.003 gf, and C Q + C t = 25 agf. The voltage gain in the mid¬ 
frequency range is 183. Assuming the plate resistance to he infinite, calculate the trans¬ 
conductance of the tube, and plot the amplification for the frequency range 10 to 200,000 
cycles. 

13. A 2A3 triode. with g = 4.2 and g„ = 5,000 micromhos, is used in a power amplifier 
with an output transformer to supply a load of 12.5 ohms. The load as seen by the tube 
is 2.500 ohms and the grid >igrial voltage is 25 volt" mis. Calculate the transformer turn 
ratio, the power delivered to the load, the a-c components ot plate cuirent and voltage, 
and the mis value of current in the 12..5-ohm load. If the signal voltage i" Mipplied from 
a 75-ohm line, calculate the turn ratio of a suitable input transformer. Calculate the 
rms value of the line voltage and the power supplied by the line. 

14. A timed amplifier uses a 68K7 tube, with g m = 1,700 micromhos and r p — 1.1 
megohms, in the circuit of Figure 16.9 for which R g — 1.0 megohms. At the resonant 
frequency (1,000 kc) the coil has a reactance of 900 ohms and a resistance of 10 ohms. 
Calculate the inductance and Q of the coil, the range of capacity for tuning from 550 to 
1.600 kc. the amplification at resonance, and the band width /» — fj. Calculate the gain 
of an interfering signal ^0 kc higher than resonance Plot the response near resonance. 

15. A radio-frequency .amplifier consists of three stages, each stage using the tube and 
circuit of problem 14. Calculate the ratio of the gain at the resonant frequency of 1,000 
kc to the gain at 1.0s0 kc. 

16. Derive equation 16.S from equation 16.7. If the coil has a Q of SO, calculate the 
percentage error introduced by the approximation made in deriving the equation. 

17. Assuming the plate resistance of the tubes in Figure 16.11 to be infinite, derive 
equation 16.10. 

18. The circuit of Figure 16.11 uses the tube of problem 14. Both coils have an in¬ 
ductance of 200 microhenries and a Q of 100, and the coupling coefficient is 0.31. Calcu¬ 
late the gain for a resonant frequency of 1,200 kc. 

19. The instantaneous value of an amplitude-modulated wave is given by the expres¬ 
sion e — A( 1 + m sin cod) sin cod, where m is the modulation coefficient, co, is the fre¬ 
quency of the modulating dgnal. and co, is the frequency of the carriei. Sketch the modu¬ 
lated wave. By trigonometric expansion show* that the wave consists* of a earner and 
tw*o side frequencies. 

20. Foi the 2A3 triode discussed in Section 16.7, calculate the ratio of the power dissi¬ 
pated at the plate when maximum signal is applied to the grid to the power dissipated 
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when no signal is present. Explain why the power dissipated at the plate decreases when 
there is a signal voltage applied. Calculate the plate-circuit efficiency when the grid 
signal voltage is one-half the maximum permissible value. 

21. Using the values tabulated in Section 16.7 for the 2A3 triode, calculate the power 
output for a grid signal of 43 volts peak value by means of the equivalent circuit. 

22 . The instantaneous plate current, in ma, of an amplifier using a triode with a d-c 
plate voltage of 300 and a load resistance of 3,000 ohms can be approximated by the 
expression i u = 70 + i.2e g + 0.003c g 2 , where e g is the instantaneous grid-signal voltage. 
Plot the wave shape of the plate current for a signal voltage e g = SOsinotf. Write the 
expanded express on of 4 ioi this sinusoidal signal voltage. Calculate the per cent second 
harmonic, the power in the fundamental component, the plate-circuit efficiency, the 
power in the second harmonic, a 1 the change in the d-c value of plate current. Is the 
change in d-c plate current related to the magnitude of the second-harmonic current? 
Calculate the per cent second harmonic when the signal voltage is reduced to 25 volts 
peak value. 

23. r l he following values apply to a power amplifier using a triode: Eb = 250, E c = 
— 45, I b = 60 ma, fi — 4.2, r p = 1,000, and Rl = 2,500 ohms. When a signal of 31 volts 
mis is applied, a cl-c meter in the plate circuit reads 65 ma. Calculate the plate-circuit 
efficiency, the per cent second harmonic, and the factor by which the per cent second 
harmonic i> reduced if the signal \ullage is decreased to 20 volts rms. 

24. Show that if two idem *tl tubes, each having a characteristic expressed by the 
equation of problem 22. are used in a push-pall amplifier, the per cent second harmonic 
is ze*‘o. (In a push-pull amplifier the instantaneous load current is the sum of the indi¬ 
vidual tube currents.) 

25. Calcinate tlu pLi**-cireuit efficiency of a 6Y6 beam-power tube for the operating 
conditions "fated in Section 16.7. 

26. F^ing the values tabulated in Section 16.7 for the 6V6 beam-power tube, calculate 
the powet output for a grid signal of 12.5 volts peak value by means of the i. rallel equiva¬ 
lent circuit 

27. In the circuit of Figure 16.16b, L — 20 henries, C c = 4 >uf, and Rl = 5.000 ohms. 
For a 400-c\rlo output voltage of 100 volts rms, calculate the power output, the current 
through the a-c voltage across C c , the a-c current through L, and the a-c component 
of plate current. 

28. The following data are for a 2-stage amplifier: 

Freq (cveles 20 50 100 500 1,000 2,000 10,000 

Voltage gain 800 1,000 2.830 3,020 3,080 4,000 4,000 

(a) Plot the frequency response in decibels relative to the gain at 10,000 cycles, (b) Re¬ 
peat part (a) alter degenerative feedback, with a feedback factor (3 = 0.007, is introduced. 

29. A 2-stage resistance-coupled amplifier has a gain of 8.000. .After one of the tubes 
is replaced, the gain is 6.900. If the gain of the amplifier, using the original tubes, w^ere 
reduced to ISO by the introduction of negative feedback, calculate the per ^ent change 
in amplification resulting from the tube replacement. 

30. Design a phase-shift oscillator that uses the basic ideas contained in Figure 16.18. 
The oscillator is to be a 3-stage regenerative amplifier, each stage introducing a 60° phase 
shift. Explain in detail the operation of the circuit, and w'rite the expression for the fre¬ 
quency of oscillation. 

31. Explain the operation of the Hartley oscillator. 

32. For the operating point, E c = 24 volts and I e = 15 ma, on the collector charac¬ 
teristics of Figure 16.24, make an estimate of the transistor collector resistance (analogous 
to the plate resistance of a vacuum tube). 
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33. Using the transistor characteristics and the load line of Figure 16.24, calculate a-c 
components of output voltage and power for an emitter signal of 10 ma peak value. The 
operating point on the load line is at I e = 15 ma. The input resistance (the ratio of the 
signal components of voltage across the terminals 1 1, of Figure 16.23, to emitter current) 
of the transistor is 20 ohms. Calculate the value of the power gain. Express the gain in 
db. 

34. For the equivalent circuit of Figure 16.23. show that: 

(a) I c 'Ie = (R m + Rb), (Rl + Rc + Rb)- 

(b) The input resistance, Rn — En 7 e = R e + f?(,(l ~ Ic'D- 

36. The following parameters are given for a point-contact transistor: R , = 250 ohms, 
Rb = 250 ohms, R c = 20,000 ohms, and R m — 3S.000 ohms. Using the equivalent 
circuit of Figure 16.23, calculate the voltage gain from terminals 1-1 to terminals 2-2 
for a load resistance of 20.000 ohms. Calculate the input resistance, R n (see problem 
34). Calculate the ratio of the output power to the power input to terminals 1 1. Ex¬ 
press this power gain in db. A generator with internal resistance R, will deliver max¬ 
imum power to a load when the load impedance Ri equals R... In circuit theory, this 
power is termed the generator available power. For R , = 500 ohms, calculate the ratio 
of the transistor output power to the available power from the generator. Express this 
power ratio in db. 

36. A junction transistor has the following parameters: R„ = 50 ohms, Rb — 200 ohms, 
R e — 1.2 X 10 6 ohms, and R m = 1.15 X 10 6 ohms. Repeat the calculations of problem 
35 for this transistor using values of A'/. = 50,000 ohms and A, = 150 ohms. 
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GAS-FILLED TUBES AND POWER SUPPLIES 

17.1. The Thermionic Gas-filled Diode. In the case of high-vacuum diodes, 
it has been shown that the an^de current is limited by the negative space charge 
produced by electrons from the cathode and that its value is proportional to 
the three-halves power of the plate voltage. The gas-filled diode differs from 
the high-vacuum diode in that it contains a small amount of mercury vapor or a 
chemically inert gas, usually neon, argon, or xenon. The purpose of the vapor 
or gas is to provide positive ions which neutralize the negative space charge and 
thus allow a large flow of current for a relatively low value of plate voltage. 

The inert gases are used at a pressure of about 0.2 mm of mercury. In the 
mercury-vapor tube, the a . ,>or is in equilibrium with the small amount of liquid 
mercury distilled into the tube during the exhaust process. The vapor pressure 
varies, therefore, with the temperature of the coldest part of the tube, being 
1.2 X 10“ 3 mm of mercury at 20°C and 9 X 10 -2 mm at 80°C. In a high- 
vacuum tube the pressure of the residual gas is between 10 —5 and 10 —6 mm of 
mercury. 

A general understanding of the gas-filled diode can be obtaini 1 from the 
following considerations: for low values of plate voltage—less than 10 volts if 
mercury vapor is used—the electrons are attracted toward the plate just as in 
the high-vacuum tube, but because of collisions with the gas atoms the plate 
current will be even less than if no gas were present. As the plate voltage is 
increased, the electrons acquire sufficient velocity to produce additional free 
electrons and positively charged ions in many of the collisions with the gas 
atoms. The electrons resulting from the ionization join the original electrons 
in their motion to the plate while the heavy positive ions drift slowly toward the 
cathode. Because of their low velocity, the positive ions spend a relatively long 
time in the intereleetrode space, which makes it possible for one ion to neutralize 
the space-charge effect of many passing electrons. In this manner, the negative 
space charge is eliminated and very large electron currents are obtained for low 
values of plate voltage. Because of their low velocity, the positive ions do not 
contribute much to the total plate current. In general, the plate potential 
required is somewhat greater than the ionizing potential of the gas (for example, 
the ionizing potential of mercury vapor is 10.4 volts) and is relatively independ¬ 
ent of the value of plate current. The contrast between the characteristics of 
the vacuum and mercury-vapor diodes is shown in Figure 17.1. It is evident 
from the curve that in order to avoid damage to the tube the current must be 
limited by the external circuit. 
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The ionization of the gas by the electrons emitted from the hot cathode leads 
to an arc discharge and the volt-ampere curve shows a characteristic sloping 
downward, Figure 17.1, that is typical of all arcs. The arc can be maintained 
only if a continuous source of electrons is provided by the negative electrode 
and, hence, the gas-filled diode cannot conduct if the anode is made negative. 
The time from the first ionizing collisions to the complete formation of the arc 
varies from a fraction of a microsecond to several microseconds, depending 
upon the tube design and the gas pressure. The time required for the ions to 
disappear after the plate voltage is removed, termed deionization time, usually 
ranges from several microseconds to a millisecond. These time intervals place 
an upper limit on the frequency above 
which gas-filled tubes will not give satis¬ 
factory performance in certain applica¬ 
tions. 

When used as a rectifier of a-c power, 
the mercurv-vapor diode has a higher 
efficiency than the high-vacuum tube. 

This results from the low voltage drop 
in the tube, giving a relative low power 
loss at the plate. For example, a liigh- 
vacuum water-cooled diode supplying a 
d-c current of 4 amp u ould have a plate 
dissipation of approximately G kw, whereas 
a typical mercurv-vapor tube could supply this current with a plate loss of 
only 50 watts. The low plate loss greatly simplifies the problems of tube 
design and rectifier operation. As a result, gas-filled diodes have practi¬ 
cally replaced the high-vacuum type in applications where a rectified cur¬ 
rent greater than about 0.5 amp is required. Furthermore, the small voltage 
drop in the tube makes possible a rectifier with good output voltage 
regulation. One disadvantage of the gas tube is the danger of “arcback.” 
During one half of the cycle in rectifier service, the tube is non-conducting. 
The potential during this half cycle is negative, and if a discharge in the wrong 
direction through the tube occurs it is termed “arcback.” If present-dav com¬ 
mercial tubes are properly operated within their ratings, however, failure due 
to arcback rarely occurs. Gas diodes have been designed that will withstand 
safely a voltage (maximum peak inverse voltage) of 22,000 volts in the direction 
opposite that in wliich the tube is designed to pass current. They are available 
with d-c current ratings ranging from 0.125 to 75 amp. High-vacuum rectifiers 
are available that have maximum peak inverse voltage ratings of 150,000 volts. 

17.2. The Glow-discharge Diode. Another type of gas-filled diode, one hav¬ 
ing two cold electrodes, has a characteristic that makes it useful as a voltage 
regulator. It consists of a cylindrical cathode about one inch in diameter with a 
slender straight wire along its axis which serves as the anode. A wire stub 
projects from the cathode to a point near the anode in order that a gaseous dis- 


Fig. 17.1. ('omparativo eharacteristic- 
of vacuum and mou*ur\-vapoi diode*-. 
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charge can be established in the tube at a reasonably low voltage. The cathode 
is covered with an oxide of an alkali metal so that electrons can be liberated 
easily by potitive-ion bombardment. 

When the voltage applied between the electrodes is increased progressively 
from zero, a negligible current flows until the breakdown potential of the tube 
is reached. At this voltage the tube suddenly becomes conducting, the value 
of voltage across the tube decreases, and the current that flows is determined 
by the resistance in series with the tube. The voltage across the tube is nearly 
constant for a range of tube current from 5 to 40 ma. Commercial tubes are 
available that hold constant potentials of 75, 90, 105, or 150 volts. A voltage 
about 30 per cent greater than the conduction potential is required to initiate 
the tube discharge. The first discharge ionizes the gas, producing positive ions, 

X * 



t 


Fia. 17 . 2 . The glow-discharge diode as a voltage regulator. 

which, in turn, bombard the cathode and liberate electrons by the process of 
•secondary emission. The elections from the cathode are attracted towards the 
plate and engage in collisions which maintain the state of ionizatie: 

A typical circuit of a voltage regulator is shown in Figure 17.2. The dot in 
the tube \vmbol denotes the presence of gas. Over a rather wide range of supply 
voltage the tube will maintain a voltage across its terminals that is nearly con¬ 
stant. As an example, consider the type-OC'3 VR105 voltage-regulator tube 
on a supply voltage of 250 volts. The normal d-e operating voltage of this 
tube is 105 volts, the range of d-c operating current is from 5 to 40 ma, and a 
change in tube current of 25 ma produces a one-volt change in tube voltage. If 
R is chosen as 14,500 ohms, the tube current will be 10 ma. An increase in plate- 
stipplv voltage to 350 volts will increase the plate current to 10.9 ma, resulting 
in an increase in tube oltage of 0.9/ 25 = 0.270 volts or a change of only 0.20 
per cent. 

These tubes provide a convenient method of obtaining a constant d-c voltage 
over moderate variations of line voltage and load current, and they find consider¬ 
able use as voltage standards in various types of electronic regulators. Several 
tubes can be operated in series to obtain a higher value of regulated voltage. 

17.3. Single-phase Rectifier Circuits. The d-e power required to operate 
vacuum tubes is in the majority of cases obtained from the a-c power lines by the 
use of electron-tube rectifiers. Both the vacuum and gas-filled diodes can act as 
rectifiers since they will pass current only when the plate is positive with respect 
to the cathode. 
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A simple half-wave rectifier circuit with a resistance load is shown in Figure 
17.3. If a high-vacuum diode is used, the insl antaneous value of current, during 
the half cycle that the tube is conducting, can be written as 


E m sin u>t 

ib =-amperes 

Rp + Rl 


(17.1) 


where E m is the peak value of the a-c voltage applied to the rectifier circuit, 
Rl is the load resistance, and R p is an average value of the tube resistance, 
usually of the order of 300 ohms. Since the tube cannot conduct in the opposite 
direction, the current is zero for all negative values of equation 17.1. The load 
current will be a pulsating unidirectional current, Figure 17.3b, which can be 



(a) Half-wave rectifier 



Fig. 17.3. Circuit of half-wave rectifier together with rectified load current. 


analyzed to show a d-e component and a series of a-c components. The d-e 
component is the average value of equation 17.1 and is equal to 


I d- e = -amperes (17.2) 

*(R P + Rl) 

The alternating components can be removed from the load by an appropriate 
smoothing filter. 

If a gas-filled tube is used in the circuit of Figure 17.3, the plate current, 
for positive values of q,, is given by the expression 

E m sin ut — Ft 

?6 =-amperes (17.3) 

Rl 

where Et is the tube voltage. As before, h is zero for negative values of the 
equation. Since the value of tube voltage is generally small in comparison 
with E m , the wave form of current differs but slightly from a half sine wave, and 
the value of d-c current is very nearly equal to 


Em — (ir/tyEr 

1 d-c =-amperes 

7r Rl 

The d-c component of load voltage is given by 

E m Et 
E d . c = I d . c R L = ~~~ 

7r 2 


(17.4) 


volts 


(17.5) 
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In order to reduce the a-c components of load voltage, use is generally made 
of two diodes and a center-tapped transformer to obtain full-wave rectification, 
Figure 17.4a. The diodes conduct during alternate half cycles to supply a 
pulsating d-c current of the form shown in Figure 17.4b. The values of d-c 
current from a full-wave rectifier are twice those given by equations 17.2 and 17.4. 



(a) Full-wav*- rectifier 



(b'l Wave form of rectified current 


Fiq. 17.4. Circuit of full-wave rectifiei together with rectified load current. 


17.4. Filter Circuits. Be *ause the plate voltage for most tubes must be 
nearly free of any pulsation, .z is generally necessary to insert a filter between 
the rectifier and its load circuit in order to remove a-c components from that 
load circuit. In the simple analysis given here for the inductance-input filter, the 
action of the rectifier t- 1 be is assumed to convert the sine-wave supply voltage 
to the form shown in Figure 17 5a. This pulsating voltage then is smoothed 
into a steady d-c voltage by means of the L-C filter shown in Figure 17.5b. 

^-Voltage Applied 
to Filter 


A/wf 

t 

(a) Rectified sinusoidal voltage 
Fig. 17 5. Rectified voltage wave form together with inductance-input filter. 




c4= >R, 


< b) Inductance-input filter 


Analysis of the wave by Fourier’s method shows it to be 


e — 



2 2 2 

1-cos 2 ut -cos 4 ut -cos 6 a>t — • 

3 15 35 


volts (17.6) 


where w = 2irf, and / is the frequency of the supply voltage. The voltage con¬ 
tains the d-c component 2 E m , jr, and a-c components that are even harmonics 
of the supply frequency. The d-c component delivers a constant current 
2E m /ir(R p + Rl) amperes to the load. 
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To illustrate the effectiveness of the inductance (choke coil) and condenser 
in eliminating the a-c components, the following example with typical circuit 
constants is given: L = 30 henries, C — 16 juf, / = 60 cycles, E m = 400 volts, 
R p = 300 ohms, and Rl = 5,000 ohms. At the second-harmonic frequency of 
120 cycles, Xl = 22,600 ohms and Xc = 83 ohms. The second-harmonic 
component of voltage e 2 c that appears across the condenser is 


e 2C 


4 E m X c 


3tt X l - X c 


4 E m 
3ir 


(0.0037) cos 2o>t volts 


The filter hence has reduced the largest a-c component to 0.37 per cent of what 
it would be without the filter. 

Treating each voltage component in like manner, the total load current for 
the single-stage filter is 

I L = 51(0.94 - 0.0025 cos 2 id - 0.00012 cos 4 ut - 0.000024 cos (W - • • •) 

milliamperes 

It will be seen that the magnitudes of the a-c components are very small and 
that they decrease rapidly w ith increase in frequency. 

Filtering action also is made much more effective by increasing the number of 
stages of the filter circuit. If two filter sections are used, as shown in Figure 
17.6, the load current becomes practically a pure direct current. This circuit 



Fig. 17.6. Circuit of full-wave rectifier together with a 2-stage inductance-input filter. 

is the one most commonly used on single-phase power sources. The two diode 
units are usually built in one glass or metal envelope such as in the 5U4G, 
6X4, etc., types of tube. For most purposes, a .sufficiently constant direct current 
can be obtained with two stages of filtering. 

Additional filtering can be obtained by placing a condenser at the input to 
the filter, which filter is then said to be of the condenser-input type. The power 
transformer and tube requirements for the condenser-input filter are greater 
than for the inductance-input filter, and for this reason condenser-input filters 
are not generally used in high-power rectifier service. 
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17.5. Regulated Power Supplies. In many applications of electronic devices 
it is necessary to supply a source of d-c power, the output voltage of which does 
not vary with the value of load current or with fluctuations in the a-c supply 
voltage. It is possible to obtain almost any desired degree of voltage stability 



Fig. 17.7. Schematic diagram of a voltage regulator. 

with relatively simple electronic regulators. Since the regulators respond to 
sudden voltage fluctuations 'hcv also greatly reduce any ripple voltage which 
otherwise would appear in the output. The general principles of an electronic 
regulator are indicated in Figure 17.7. A sample of the output voltage is taken 
from a potentiometer and compared with a voltage standard or reference. The 
voltage standard can be a battery or a voltage-regulator tube of the type de¬ 
scribed in Section 2 of this chapter. A d-c error voltage, which is the difference 



Fig. 17.8. Circuit diagram of a voltage regulator. 

between the sample and standard voltages, is amplified by a d-c amplifier and 
applied to the giid circuit of a control tube. The grid voltage of the control tube 
determines the voltage drop from the plate to the cathode of this tube. The 
regulator operation can be described briefly as follows: If for some reason the 
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voltage between points A and B increases, a d-c error voltage will be applied 
to the amplifier, the sign of which will contain the information that the output 
voltage has increased. The amplifier then increases the grid bias of the control 
tube, thereby increasing the voltage drop across that tube, and, hence, reduces 
the output voltage to within a very small fraction of its predetermined value. 




(b) Wave form of output voltage 

Fig. 17.9. Three-phase half-wave rectifier circuit together with the wave form of the voltage 

developed across the load. 


Rather simple and inexpensive regulators can reduce voltage variations by a 
factor of several hundred. Somewhat more elaborate regulators have been 
designed that have a corrective factor of 50,000. 

A circuit quite commonly used in laboratory equipment is shown in Figure 
17.8. The voltage standard is the ()( 3 - YRlOf) regulator tube, and R\ is chosen 
so as to limit the current through the glow tube to its normal range. The input 
voltage to the pentode, GSJ7, is equal to Ecb minus the voltage across the glow 
tube. The output voltage is varied as desired by means of R 2 . It 5 is the load 
resistor of the amplifier tube; Rq and R? provide a suitable screen-grid voltage 
for the pentode. The circuit is essentially that for a 2-stage degenerative- 
feedback amplifier. 
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17.6. Polyphase Rectifiers. Where the d-c power required is more than 
about 1 lew, it is the usual practice to use rectifiers operating from a 3-phase 
supply. The percentage ripple from these rectifiers is very much less than from 
a single-phase supply, with the result that a simpler and less expensive filter 
can be used. 

The simplest polyphase rectifier is the 3-phase half-wave rectifier shown in 
Figure 17.9a. Each tube carries current for one-third of the time, and the 




Fig. 17.10. Three-phase full-wave rectifier circuit together with the wave form of the voltage 

developed acres.-, the load. 

output voltage pulsates tit a frequency three times that of the supply, as shown 
by the heavy line of Figure 17.9b. The d-e output voltage is approximately 
83 per cent of the peak value of the secondary leg voltage. 

Six tubes can be connected to comprise a 3-phase full-wave rectifier, as shown 
in Figure 17.10a. In this circuit the load current pulsates at six times the fre¬ 
quency of the a-c supply. Figure 17.10b. Two tubes conduct in series at any 
ins tant, the rectified voltage being identified with the line-to-line voltage of the 
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transformer secondaries. The d-c output voltage is approximately 95 per cent 
of the peak value of the line-to-line voltage of the secondary windings. 

The circuits of Figures 17.9 and 17.10 are but two of several connections that 
are commonly employed. Other arrangements that are of practical importance 
are the 3-phase double-Y, the 3-phase zig-zag, and the 0-phase half-wave. 
Descriptions of these circuits can be found in the majority of books on electronics. 

17.7. Thyratrons. A thyratron is a vapor- or gas-filled tube that contains 
a thermionic cathode, a plate, and a grid, the grid to set the time of starting of 
the plate current. In discussing the gas-filled diode, it was shown that the 
start of the arc discharge depended upon the electronic current producing the 
ionization. If no electronic current is present, no ionization can occur and hence 
the arc discharge docs not form. For any voltage 
on the plate, the electronic current can be held 
to zero by a grid voltage sufficiently negative. If 
the grid voltage is gradually decreased, a magni¬ 
tude will be reached at which electrons will start 
to the plate and ionize the vapor. After ioniza¬ 
tion, the grid loses complete control over the plate 
current. The loss of grid control after ionization 
results from the fact that some of the positive 
ions form a sheath around the grid structure. The 
positive field from this sheath neutralizes the nega¬ 
tive field of the grid, thereby preventing the grid 
from having anv effect on the magnitude of the Fig. 17.11. Starting eharacter- 

plate current. The grid can regain control only cury temperature 70°C. 
by removing the anode voltage momentarily and 

allowing the tube to deionize. Thus, the grid can be used to prevent or 
start the plate current but cannot control the magnitude of it. This action is 
quite distinct from that of the high-vacuum triode. 

The characteristic of a gas-filled triode is given by a curve called the starting 
characteristic, as shown in Figure 17.11. The curve shows, for any negative 
grid voltage, the anode voltage necessary for the arc to start. The starting 
characteristic of mercury-vapor tubes varies somewhat with the temperature 
of the condensed mercury since this temperature determines the vapor pressure 
in the tube. The grid voltage at which ionization will just occur is called the 
critical grid voltage. If the tube is in a non-conducting state and the grid voltage 
is gradually made less negative until the critical voltage is reached, the anode 
voltage will drop to about 15 volts as soon as the tube becomes conducting. 
Both anode and grid currents must be limited to safe values by impedances in 
their respective circuits. 

If a-c voltages are applied to both the anode and the grid, the average value 
of the anode current can be controlled by adjusting the phase relation between 
the grid and anode voltages. With an alternating voltage on the anode, the grid 
is able to regain control once each cycle, that is, when the plate voltage passes 
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through zero. The phase relation between the grid and anode voltages deter¬ 
mines the time, in the positive half cycle of the anode voltage, at which the anode 
current starts to flow. This phase-shift method of control is illustrated by the 
diagrams of Figure 17.12. In (a), the anode and grid voltages are 180 degrees 



(a) E g lags E p by 180° 
Fig. 17.12. 




Control of plate • irrent by phase control. 


out of phase and the grid is sufficiently negative during the positive anode cycle 
that no plate current flows. !n Ori, the grid voltage lags the plate voltage by 
about 120 degrees. The tube “fires” when the grid voltage is equal to the 
critical voltage, the shaded area showing the portion of the cycle during which 
plate current flows. In v o\ the grid voltage lags the plate voltage by 30 degrees 
and plate current flows for approximately 150 degrees of the positive half cycle. 
Figure 17.13a shows a. circuit commonly used for obtaining phase-sir r t control. 



Fig. 17.13. Thyratron phase-tdiift control circuit and vector diagram. 


By means of the capacitance-resistance bridge it is possible to obtain a phase- 
shift range of nearly 180 degrees. The vector diagram of the circuit is shown 
in Figure 17.13b. 

Tliyratrons have found a wide application to industrial problems. A partial 
list would include control of electric welding, regulated power supplies, speed 
control of motors, voltage regulators for alternators, sweep circuits for cathode- 
rav oscillographs, and theater lighting. These tubes can also be used to convert 
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direct current into alternating current. Such a circuit, complete with tubes, 
is called an inverter. 

17.8. Mercury-arc Power Rectifiers. The mercury-are, or mercury-pool, 
tube was one of the first gaseous-discharge tubes to be used as a rectifier of a-c 
current. The tube contains a pool of mercury that becomes the cathode, one 
or more anodes, and auxiliary or starting electrodes. The pool of mercury serves 
the double purpose of providing the 
electrons and of supplying the vapor 
from which the positive ions, required 
to neutralize the negative space charge, 
are produced. 

If an arc is established between the 
mercury pool and an electrode at a 
positive potential with respect to the 
pool, the cathode spot formed by the 
termination of the arc at the surface of 
the mercury becomes a source of prac¬ 
tically unlimited electron emission. 

The cathode spot is an exceedingly 
strong source of electrons and allows 
very large values of currents to be 
drawn from it without any danger of 
the cathode being damaged as often 
happens with thermionic cathodes. 

The mechanism by which the spot 
emits electrons is not clearly under¬ 
stood, but it is believed that the posi¬ 
tive mercury ions form an extremely 
thin sheath at the surface of the mer¬ 
cury. The very high potential gradi- 




Fig. 17.14. An early form of moi oury-pool 
rectifier for battery charging. 


ent established would account for the 

large electron emission. Since the mercury pool is not a source of electrons 
until the arc has formed, some means must be provided to start the arc. This 
is usually accomplished by a starting electrode which strikes an arc, thus form¬ 
ing a cathode spot to allow the formation of an arc to one of the main anodes. 

An early form of the mercury-pool rectifier is shown in Figure 17.14 and serves 
to illustrate some of the basic features that are significant in all mercurv-pool 
tubes. The arc is started by tipping the tube until the two mercury pools are 
joined. Upon restoring the position of the tube, the mercury path between the 
two pools breaks and a small are is formed which is immediately picked up by 
one of the main electrodes. With the tw o anode s and the center-tapped trans¬ 
former, the tube acts a.- a full-wave rectifier. The function of the reactor is to 
maintain the are when the voltage passes through zero, for if the arc goes out it 
must be restarted by tilting the tube again. The large glass dome is to provide 



G \S-FILLED TUBES AND POWER SUPPLIES 


401 


adequate cooling surface on which the vapor can condense and return to the 
cathode pooh In modern high-cui rent tubes the metal walls are water cooled 
to prevent excessive temperatures of the mercury vapor. Placing the anodes 
in arms extending from the main tube reduces the possibilitv of arcbacks occur¬ 
ring or of an arc forming between the two anodes. This is an important considera¬ 
tion in modern multiple-anode, steel-tank rectifiers. In these units an elaborate 
baffle arrangement is used around each anode to prevent undesirable arcs from 
being formed. 

Large, steel-tank, mercury-arc rectifiers are built with 6, 12, or 18 anodes. 
The basic principles of operation of these units me similar to those described for 
the 2-anode rectifier. The cathode spot is formed by an electrode magnetically 
operated that is lowered into the mercury pool and then quickly withdrawn to 
form an initiating arc. Multiple-anode rectifiers always are operated from a 
polyphase source, and once the arc ha-- started it passes from one anode to 
another as each becomes more positive than the others during certain parts of 
the a-c cycle. Tank rectifiers are ataiiable in a wide range of voltages and in 
power-handling capacities up to several thousand kilowatts. Because of the 
low voltage drop from ano i' to cathode—about 20 volts—the efficiency of 
rectification is very high. For an output of 600 volts the efficiency is approxi¬ 
mately 90 per cent. Because of the difficulties encountered in the prevention 
of undesirable arc*. Mid the higher voltage drop attendant with the use of 
baffles around the anodes, the use of igmtroiu is favored over the multiple-anode 
steel-tank rectifier in the majority of installations. 

17.9. Ignitrons. The ignitron, Figure 17.15, is a single-anode n;rcury-pool 
tube in which the au* is started by a third electrode called the igrutor , a high- 

resistance material, such as boron 
carbide, with a pencil-point tip pro¬ 
jecting into the pool. When a current 
of several amperes is passed through 
the ignitor to the mercury by means 
of a control circuit, it attempts to 
leave the high-resistance ignitor and 
enter the low-resistance mercury at 
the nearest point of contact. As a 
result, a small arc is formed at the 
immediate junction of the two that is 
sufficient to establish an arc from 
the main anode to the pool. The 
ignitor need carry current only for 
that short time (a few" microseconds) 
required to produce the main are, and the control circuit can be designed 
to start the arc at any chosen time during the positive half cycle of the 
a-e input voltage. The action of the ignitor is therefore similar to that of the 
grid in the thyratron, and the success of the tube has resulted from this practical 
method of initiating the are each cycle. 
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Fig. 17.15. Sketch of the internal structure 
of an ignitron. 


Glass Insulating 
Seal 




402 


ELECTRIC CIRCUITS AND MACHINES 


During the negative half cycle of the applied voltage the ignitron carries no 
current between main anode and pool, whereas in the multi-anode tank rectifier 
the anodes are at all times in an atmosphere of ionized mercury vapor. Although 
arcback may occur in the ignitron, the tendency is therefore much less, and the 
use of several of these single-anode tubes in place of the multi-anode rectifier 
materially reduces the difficulties and limiting factors resulting from that 
problem. 

The main feature of the ignitron is the extremely high values of current that 
can be controlled. Sealed-off tubes of relatively small physical size are available 
that can supply a continuous current of 400 amp. As an example of the power¬ 
handling capacities of these tubes, the WL-G53-B. which has an over-all length 
of 29^ in. and a diameter of of in., can be used wdtli voltage's up to 900 volts, 
can carry a continuous current of 200 amp, and sustain a surge current of 12,000 
amp for 0.1 sec. The tube drop is approximately 15 volts when conducting. 
Continuously pumped ignitrons have much higher rating-. 

Ignitron unit substations, using sealed-off tubes, are available commercially 
to supply d-c voltages ranging from 125 to GOO volt'- and in power ratings up to 
1,000 kw. Each unit is a complete substation and includes circuit breaker-, 
transformers, and auxiliary equipment. The efficiency of these rectifying units 
is quite high compared with that of a motor-generator set. For example', the 
over-all efficiencies of a 500-kw* (500-volt unit are 95, 9(5, and 95 5 per cent at the 
respective loads of 25, 50, and 100 per cent, la-nitron units for -upplying d-c 
power are largely supplanting rotating machines in railway -on ice, in factories, 
in mines, and in chemical plants. During the war, over three million kilo¬ 
watts of ignitron capacity w*ere installed in aluminum and magnesium plants 
alone. 


Problems 

1. In the circuit of Figure 17.2, the input voltage i- 250, the output \oItage 105, 7? 
is 4,000 ohms, and the tube is a type-OC3 VII105 glow-discharge diode. Explain the 
operation of the circuit when a 5,000-ohm resistoi is connected a« ios- the output termi¬ 
nals and calculate the change in output \oltage. 

2. Express the wave form of Figure 17.3b by a Fourier -('lies. 

3. Using equation 17.3, derive the expression for the exact value of the d-o current. 

4. The circuit of Figure 17.3 is used with a mercury-A apor rectifier for charging a 
battery. The load circuit consists of a 125-ohm lesistor and a ISO-Aolt batteiy connected 
in series. The -upply \oltage is 220 volts mi- and the tube drop i- 15 volts. Write an 
expression for the instantaneous value of current. Calculate the time required for the 
battery to acquire a charge of 2 ampere-hours. 

5. An FG-32 mercury-vapor diode is to be used to charge a 0.3-volt battery, having 
a resistance of 0.015 ohms, in a half-wave rectifier circuit. The (50-cycle supply voltage 
is 18 volts rms. In the rating of the diode: tube drop = 12 volts, maximum peak cur¬ 
rent = 15 amp, and maximum average current = 2.5 amp. Calculate the value of a 
series resi-tor that will allow* the maximum safe charging rate, and the ampere-hours of 
charge after 14 hours at this rate of charging. 

6. Two rectifier tubes are used in a full-wave rectifier supplying a resistance load, 
Figure 17.4. Calculate the peak inverse voltage of each tube for a d-c voltage of 400. 
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7. A full-wave rectifier and filter consists of a 5U4G vacuum rectifier, an inductance 
coil of 30 henries and 300 ohms resistance, and an 8-//f condenser. The tube resistance 
is 300 ohms. Calculate the secondary voltage of the supply transformer if the filter is to 
supply 400 volts, 100 nia. Calculate the percentage second-harmonic ripple voltage. 
Calculate the d-c output voltage for a load current of 200 ma, 

8 . A type-83 mercury-vapor tube is used in a full-wave rectifier circuit. The voltage 
drop across the tube is 12 volts and the rms plate-to-plate supply voltage is 800 volts. 
Calculate the d-c voltage available from the rectifier. 

9. Explain in detail the operation of the circuit of Figure 17.8. 

10. Calculate the ratio of the d-c voltage to the peak voltage for a 3-phase, hall-wave 
rectifier. Figure 1L9. Calculate the ratio of the maximum inverse voltage that exists 
across each tube to the d-c voltag 

11. Repeat problem 10 for a G-phase, half-wave rectifier. 

12. Sinusoidal voltages are applied to both the anode and the grid of an FG-G7 thyra- 
trou. The rin^ a alues of plate and grid voltages are 400 and 5, respectively. If the plate 
current is to flow for 120° oi the cy'de, determine the phase relation between plate and 
grid voltages. Calculate the value of plate 'mrrent that would be read on a d-c meter 
for a resistance of 2,000 ohms in the plate enmit. 

13. Redraw the vector diagram of Figm: 17.13b vhen the positions of R and C of 
Figure 17.13a ate interchanged. Does this new cimuit allow continuous control of the 
plate current? Explain. 

14. In the circuit ot Figure 0.13, C = 1 /d and the frequency is 60 cycles. Calculate 
the \ due of R for the tube to fire at approximately 45° after the start of the cycle. 

15. Over what portion of a cycle can control of the plate current of a thyratron be 
obtained bv a d-c cont: «' voltage in the grid circuit? 

16. A eontio! circuit use- an FG-G7 thyratron with a 500-volt GO-cycle voltage and a 
200-ohm register connected in the plate circuit. A 10-volt 60-cycle voltage, which lags 
the plate Aoltago by 90°, and a d-c voltage in series are impressed on the '~ r id. Sketch 
the wa\e form of the plate current for the following values of d-c voltage: -iG, —6, —3, 
0, -f-3, and -Hi volts. 

17. A thyratron passes current for 120° of each cycle through a 200-ohm resistor. 
The peak value of the current is 5 amp. Calculate the average power delivered to the 
resistor, and the effective value of the current. 

18. 'fhe following is for a WL-679 ignitron: peak inverse rating = 900 volts, tube 
voltage drop = 1.5 volts average d-c current rating = 100 amp, and peak anode current 
rating — 900 amp. Six of these tubes are to be used in a G-phase, half-wave rectifier 
unit supplying 300 volts d-c. Calculate the maximum kw rating of the unit, and the 
efficiency at full-kw output and at half-kw output. What is the maximum inverse volt¬ 
age to vliich each tube is subjected? Calculate the kw rating and the efficiency of the 
rectifier if the tubes and circuit are to be used to supply 125-volt service. 

19. Calculate the highest value of d-c voltage that can be safely obtained from a 
6-phase half-wave rectifier if WL-679 ignitrons, having the ratings given in problem 18, 
are to be used. 

20. A single WL-679 ignitron is used in series with a 220-volt single-phase supply 
and a 5-ohm resistor. The tube drop is 15 volts for all values of current. Calculate the 
d-c current, the average power in the resistor, and the average plate loss for each of the 
following conditions: the tube fires at 0°, 45°, 90°, and 135°. 



CHAPTER XVIII 


ELECTRICAL INSTRUMENTS 

By general accepted definition, electrical instruments are indicating devices 
to show the present value of voltage, current, power, etc. Electrical meters are 
defined as those devices that can give, in addition, a permanent record, either 
by a chart on which an ink trace shows the continuous variation of the quantity 
measured or by an arrangement of rotating dials that continue to add units 
of the measured quantity. The first type of device, the recording meter, applies 
usually to voltage, current, power, frequency, or the like. The second type, the 
integrating meter, is applicable in registering energy, active or reactive, for 
example, the watt-hour meter. The same principles of operation are employed 
in indicating instruments and in recording meters. While the general distinction 
between the instrument and the meter is as stated, it is not followed rigorously 
in practice and the terminologies are often used interchangeably. 

18.1. Direct-current Instruments—The D’Arsonval Movement. P-c instru¬ 
ments are the voltmeter and the ammeter and they employ the D’Arsonval type 
of movement, Figure 18.1. The outer iron body is a 
permanent magnet which has been given special treat¬ 
ment so that it will retain its magnetism. Soft-iron 
pole pieces provide a uniform radial flux distribution 
across the air gaps to a fixed cylindrical soft-iron core. 

The current-carrying coil is wrapped on a light aluminum 
frame placed over the core and free to revolve about it. 

With current flowing in the coil, motor action takes place, 
the coil on its frame with a pointer attached moving as 
a unit. Jewel bearings reduce friction, and springs at 
both ends of the mounting shaft control the motion so p IG ]S j The d'Arson- 
as to give a steady deflection for a constant current. val movement 
The coil sides are always under the poles and in a 

magnetic field of uniform strength. The torque developed and, consequently, 
the displacement are directly proportional to the current, thus leading to a uni¬ 
form scale. Damping is obtained by eddy currents in the aluminum frame. 

The coil is built to carry continuously only a very small current, in the range 
of 1 to 20 ma (in some instruments only a few microamperes), and the resistance of 
the element is but a few ohms. Commercial instruments give full-scale deflection 
for usual voltages of 50, 60, 100, or 200 millivolts on the circuit of the element 
Small resistances in series with the coil limit the current to its specified value for 
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the millivolts potential to be impressed. Because the instrument is actuated by 
a few millivolts impressed on its terminals, it usually is called a millivoltmeter. 

18.2. D-c Ammeters. If the movement is to be used to measure current 
other than a few milliamperes, a very low resistance, called a shunt, is placed 
in parallel with the element, thus diverting the greater part of the current, Figure 
18.2a. If the shunt is mounted within the instrument case the entire assembly 
becomes an ammeter with the scale calibrated directly in amperes. A multi¬ 
range ammeter has several shunt arrangements within the same case and with 
circuit terminals connected to binding posts appropriately marked. All of these 
shunts will have the same num er of millivolts across them for the rated currents 
they are to carry, and the instrument will read full scale in each case. 



(a) Ammeter—paral'- resistance ib) Voltmeter—series resistance 


Fig. 18 2. Tin millivoltmeter a* ammeter and as voltmeter. 

The movement only, with no shunts, may be encased with bindmg posts for 
one or more millivolt ranges, for example, GO and 200 millivolts. An such, the 
instrument is a millivoltmeter, but it becomes an ammeter when used with an 
external shunt. It can be used with a wide range of shunts, and, if the millivolt 
rating of a shunt correspond-, to that of the instrument, full-scale deflection is 
obtained for rated current in the shunt. Double scales of 100 and 150 divisions 
permit convenient conversion of the graduations read with various shunts to 
actual currents carried in the main line. The moving coil and the shunts are 
made of an alloy having a negligible temperature coefficient. It should be 
apparent that the leads connecting a millivoltmeter to a shunt must be included 
in the calibration of the instrument. 

18.3. D-c Voltmeters. A high resistance placed in series with the coil of the 
element permits use of the device as a voltmeter, Figure 18.2b. The total 
resistance of the current path must be such as to limit the galvanometer current 
to normal value for the maximum voltage of the range designated. A multirange 
voltmeter, for example, one with 1.5-, 15-, and 150-volt terminals, will have 
within the case three separate series resistances for these ranges, or will have a 
single resistance tapped at proper points as shown in Figure 18.2. External 
resistances, called multipliers, in series with the instrument will allow of voltage 
readings beyond the range of the instrument. In general, multipliers are in¬ 
tended for the 150-volt circuits of instruments and they carry terminal markings 
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indicating the over-all circuit voltage that can be measured, either in terms ol 
volts or as multiples of 150 volts. These statements apply also to multipliers 
for a-c instruments. 

Voltmeters employed with d-c permanent-magnet tachometer generators often 
have scales graduated in rpm (revolutions per minute) since speed and voltage 
of these small generators are proportional to each other. Such generators usually 
produce 6 volts at 1,000 rpm. 

18.4. General Comments. Because the magnetic field is created by a per¬ 
manent magnet, the usual d-c voltmeter and ammeter will give indications only 
for one direction of current flow in the moving coil. It is necessary, therefore, 
that the instrument be inserted correctly in the circuit if it is to read up-scale. 
On-scale deflections are obtained if the positive terminal is met first in tracing 
the circuit from the positive side of the power supply through the load. These 
instruments hence may be used as polarity indicators. If the circuit polarity is 
not known, as is a very usual case, it is an even chance that the instrument will 
read off-scale, the pointer resting against the left-hand stop. The leads to the 
instrument must then be interchanged. 

Some instruments are set to give the zero reading at the midpoint of the entire 
scale length. The scales of these zero-center-reading instruments then are to 
show maximum positive voltage or current at the extreme right, and maximum 
negative voltage or current at the extreme left of the dial. 

The power required to drive the D’Arsonval movement is generally but a 
small part of a watt, and for many d-c instruments the power may be expressed 
in milliwatts or even microwatts. The total lo^s for an ammeter and its shunt, 
or a voltmeter with its series resistance, will be much higher and may be several 
watts. Practically all the loss is in the shunt or series resistance. 

D-c wattmeters are uncommon. There L generally no necessity for them 
since the direct product of voltage and current is the power in watts. D-c watt- 
hour meters, though, are met frequently in practice. 

18.5. Movements of A-c Instruments. The D’Arsonval movement is, of 
course, not applicable to the measurement of a-c quantities because the current 
reversals through the coil in the fixed field yield zero average torque. It is 
therefore necessary to change considerably the form of construction of a-c 
instruments. Two types are by far the most common, the electrodynamometer 
and the moving iron vane. Both types are used for a-c voltmeters, the iron-vane 
type is employed practically always for a-c ammeters, and the electrodynamom¬ 
eter movement for wattmeters. The scales are graduated initially by comparison 
with standard instruments. 

18.6. The Electrodynamometer Movement. In the electrodynamometer 
instrument, Figure 18.3, a magnetic field is produced by two fixed coils, F. In 
series with them is a movable coil. M, mounted on a spindle with a pointer and 
restoring springs. Light aluminum vanes, also attached to the shaft, move in a 
closed chamber and provide air damping. 

The reaction between the magnetic fields of the fixed and movable coils pro* 
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duces a torque on the shaft. Since the current reverses in all coils at the same 
instant, the magnetic torque on the spindle always is in the same direction. 
This torque is a function of the field strengths of coils F and M, and of the angle 
between their axes. Both fields are produced by the same current, hence the 
torque to a great extent is a function of the square of the current. The average 
torque is proportional to the average square of the current, and a non-uniform 
scale, usually called a squared scale, results. 

The eleetrodynamomcter movement is used for a-c voltmeters, the instru¬ 
ments being calibiated to read effective volts. The maximum current with all 
coils in series is limited to abou+ 50 ma. hence nigh resistances are placed in the 
circuits as is douc v ith d-c voltmeters. The cunent range in portable ammeters 



Fig. 1S.3. 'V eleetrodyramometer movement. 

hating this type of movement is increased to 10 or 15 amp, the moving coil for 
currents above one ami‘ere placed across a manganin resistor of very low resist¬ 
ance in-ei tea in the line to act as a shunt. 

Although a change in iiequeney will affect the impedance of the coils, errors 
caused by this lactor aie very small over a rather wide frequency ran. 5 on most 
commercial instruments. The instrument may be calibrated at a standard fre¬ 
quency, although calibration on a d-c circuit Is more usual. The electro¬ 
dynamometer instiument normally is not used as an ammeter with shunts 
because of the difficultv, due to frequency, of matching shunts with the coils. 
In general, the instrument can be Used on d-c circuits as well as on a-c. 

18.7. A-c Wattmeters. The fixed coils of the electrodynamometer instru¬ 
ment may earn the line current and the movable coil may be placed across the 
line in series with a high resistance. Under this condition the torque on the 
shaft is proportional to the product of the line current (magnetic field of coils F), 
the line voltage (magnetic field of coil Ms, and the power factor which for sine 
waves is the co-ine ot the phase angle between the current and the voltage. The 
error introduced in phase angle by the instrument itself is negligible. 

With such a connection of the coils the instrument becomes a single-phase 
wattmeter, Figure 18.4, calibrated to read average power. Connections, whereby 
the two fixed coils can be placed in parallel as well as in series, permit a double¬ 
current range. Similarly, taps on series resistances in the potential circuit in¬ 
crease the number of voltage ranges. Appropriate multiplying factors for the 
scale readings of the wattmeter, depending upon these various current and volt¬ 
age ranges, usually arc given inside the cover of the case or on the face of the 
wattmeter. 
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The mechanisms of two single-phase wattmeters contained within the same 
case, and with the two movable coils mounted on a single shaft, comprise a 
polyphase wattmeter. The terminals and connections of polyphase wattmeters 
correspond exactly to those of two separate single-phase instruments, and the 
average torque is the resultant of the torques of the two sets of coils. Polyphase 
wattmeters are used on 2-phase and 3-phase systems. 

A wattmeter has three separate ratings—voltage, current, and power. The 
current rating is the maximum continuous current which can be carried safely 



Tig. IS.4. Circuit element of the singlc-pha** 1 wattmeter. 

by the current coils. The voltage rating is the maximum continuous voltage to 
which the potential circuit can be subjected safely. The power rating is the 
maximum indication shown on the scale and it may or may not be equal to the 
product of the voltage and current ratings. Each of these three ratings applies 
separately, and no one of them may be exceeded, in the selection of a wattmeter 
for a gi\ en duty. 

Wattmeters may carry information on normal amperes and volts, on maximum 
amperes and volts, or on both. Normal values are of historical interest only and 
can be disregarded. As just stated, maximum values are those which can bo 
carried continuously by the instrument and consequently are the only ones of 
usual concern in its selection. Markings on the terminals for currents and volt¬ 
ages may or may not agree with either normal or maximum values given in the 
instrument cover or on its face. Similarly, the full-scale readings in watts may or 
may not be the products of combinations of normal, or maximum, or marked 
colts and amperes. There are no uniform procedures in rating and marking 
wattmeters that have been adopted by instrument manufacturers, and in select¬ 
ing a wattmeter one is required to use his own judgment on current and voltage 
ranges, in choosing a satisfactory scale, and perhaps in calculating and checking 
necessary multiplying factors. 

The great majority of single-phase wattmeters are designed for service where 
the phase angles between current and voltage may vary from zero to perhaps 
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65 or 70 degrees. For low-power-factor circuits special design is required in 
wattmeters, thus making them more expensive. Low-power-factor wattmeters 
show, by the full-scale reading in watts, only a small part of the direct product 
of voltage and current given by these respective ranges. In general, such instru¬ 
ments cannot be used on high-power-factor circuits. 

The torque on the shaft of a single-phase wattmeter reverses if the connections 
to either the current or the potential circuit are reversed. Consequently, one 
current and one voltage terminal are so marked that a proper connection of the 
instrument, without trial and error, will give an on-scale reading. These polarity 
markings vary among manuff -turers but, in general, are given by (±) or (0) 
designations. The wattmeter will read on scale if the line current enters the (±) 
current terminal during the same half cycle that the current in the potential 
circuit enters the (±) voltage terminal. For a 2-wire circuit the marked voltage 
terminal should be connected, therefore, to the line containing the current coils. 
Through this interpi etation on the markings, the direction of power flow through 
the instrument is shown, and, comeiseh, a wattmeter can be used as a power- 
flow indicator if desired. A polyphase wattmeter or two single-phase instru¬ 
ments in a 3-phase circuit ,.i-o will show the direction of power flow. 

The (±) terminal of the po’ ential circuit connects directly to the moving coil, 
thus reducing the voltage between fixed and movable coils to a minimum. Full 
line voltage exists b<n\een these coils if the potential circuit is reversed, and 
errors in readings may thereby be introduced because of electrostatic effects. 
It is better to reverse the current circuit should the pointer initially move off 
scale to the left. Wattmeters with reversing switches interchange connections 
to the potential coil only, not to the entire potential circuit. 

Connection of the (±) voltage terminal to the (d=) current terminal gives a 
power reading which is high by the watts loss in the current coil. Connection 
of this same voltage terminal to the unmarked current terminal gives a power 
reading which is high by the watts loss in the potential circuit. The wattmeter 
always will include one of these losses, depending upon the manner of connection. 
However, since voltages usually are standard and of constant value, and it is 
the current that varies widely, many wattmeters are built with compensating 
coils which automatically subtract the constant loss in the potential circuit for 
the second manner of connection stated above. 

As already stated, the torque on the moving element of any wattmeter depends 
upon three things: the current in the stationary current, or field, coils; the current 
in the potential coil on the moving element; and the phase angle between these 
two currents. Obviously, the pointer will deflect even though the currents in 
the two sets of coils are obtained from unrelated circuits, provided that their 
frequencies are the same. With the instrument connected as in Figure 18.4, and 
with power flow r and polarity marks as indicated, the wattmeter hence gives an 
on-scale reading of 

power = Ha.Eab cos (7.4, Eab) watts 
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where k is the multiplying factor, usually an integer, dependent upon the current 
and voltage terminals used. 

Interchange of the current-coil terminals (now —1a in the above equation), 
interchange of the potential-coil terminals (now Eba), or reverse power flow 
(also now —Ia) will move the pointer against the left-hand stop. It should be 
stressed that the manner of writing the general power equation for the instru¬ 
ment is directly dependent upon the terminal markings and the connection of 
the device. In predicting wattmeter readings from vector diagrams for circuits, 
for example, in the 2-wattmeter method of measuring 3-phase power, these con¬ 
ventions must be observed. 

18.8. Iron-vane Movements. Early moving-iron instruments had as the 
current-carrying coil a solenoid, sometimes bent into an arc of a circle. A soft- 
iron core, fastened to the shaft of the device, moved a pointer across a scale as 
the core was pulled into the solenoid by magnetic action. 




Fig. 18.5. Mechanism of the iron-vaue instrument. 

Practically all modern a-c ammeters are of the iron-vane type, the construction 
allowing measurement of much higher currents than can be used with the electro¬ 
dynamometer instrument. In the usual form of the iron-vane instrument. Figure 
18.5a, the line current flows through a coil within which are two concentric soft- 
iron bodies. Consequently, these vanes are magnetized in like manner and exert 
a repelling force on each other. The force always is of the same character because 
the polarities of the iron vanes change together as the current passes through its 
alternations. With the outer vane F fixed, the inner vane M then rotates the 
movable mechanism of shaft and pointer to which it is rigidly fastened. The 
strength of the magnetic poles of the vanes is determined by the field produced 
by the current, and the shaft torque therefore is proportional to a certain degree 
to the square of the current. The vanes are so placed with respect to each other 
that their magnetic centers of gravity do not lie on the same radius at zero 
deflection. A change in relative shape of the vanes leads to a somewhat uniform 
scale over a large part of the range. 
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Two rectangular vanes placed radially within the coil, Figure 18.5b, one vane 
fixed and the other secured to the shaft, also provide repelling force action of 
the character just described. These instruments are the most sensitive of any 
of the iron-vane types and give a fairly linear scale. 

A single iron vane of rectangular shape may be mounted at an angle of about 
45 degrees on the shaft of the instrument. The coil also is inclined at about the 
same angle with the shaft, the axes of vane and coil being approximately 90 
degrees apart at the zero position of the pointer. Current in the coil magnetizes 
the vane and it turns the shaft in that direction which will increase the flux 
carried longitudinally by the . ane, thereby moving a pointer across a scale. 

Iron-vane ammeters are built for current ranges from a few amperes to several 
hundred amperes, although in practice current transformers usually are used 
for currents above 50 amp. The imrruments may be designed with 1- or 5-amp 
coils, the range being extended as desired by means of the ratios of the trans¬ 
formers. Multirange ammeters sometimes have current transformers within 
the case—several primary windings on the transformer core and a single second¬ 
ary coil. Such an instrument, of course, cannot be used on a d-c circuit. 

Voltmeters also are made using iron-vane movements, the coils having many 
turns of fine wire. Series resistances limit the current taken from the line. 
Although not so accurate as the electrodynamometer type of voltmeter, they 
are simpler in construction and they cost less. Within an error of perhaps one 
per cent, iron-vane instrument-' containing no current transformers can be used 
for d-c as well as f< >r a-c measurements. 

18.9. Rectifier Instruments. Rectifier instruments employ the typical 
D’Arsonval movement in a bridge circuit of copper-oxide rectifiers so as to permit 
measurements on a-c systems. Figure 18.0 shows the bridge circuit, the arrows 

indicating the unidirectional current 
characteristic of the rectifiers. Each 
rectifier is composed of two very 
small plates of copper and a soft 
metal with a layer of cuprous oxide 
betw een them. Current flow' is only 
from the oxide to the copper. The 
bridge circuit provides for a uni¬ 
directional current through the gal¬ 
vanometer element regardless of the 
external polarity, and deflections, now' proportional to the average current 
carried by the element, give a linear scale. 

Rectifier instruments are built as ammeters and as voltmeters and are cali¬ 
brated to show effective values for pure sine waves. Because the average current 
determines the deflection, errors are introduced in the readings if the wave forms 
of the measured quantities are non-sinusoidal. The instrument can be used for 
direct as well as for alternating currents and voltages by a change in the external 
circuit. A rectifier voltmeter, for example, calibrated to read a-c voltages, will 



Fig. 18.G. Bridge circuit of the rectifier instru¬ 
ment. 
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read high on d-c voltages by the factor 1.11. An appropriate resistance, though, 
to be connected externally in series with the device w hen measuring d-c voltages, 
can accompany the instrument and thus make it serviceable for either a-c or d-c 
circuits. Rectifier instruments are built for actuating currents in the range 
.‘rom a few milliamperes down to a few microamperes. 

18.10. Vacuum-tube Voltmeters. The vacuum tube can be used to measure 
d-c voltages and a-c voltages extending from the lowest audio frequencies up 
to frequencies of the order of 1,000 me. In measuring a-c voltages use is made 
of the non-linear characteristic of the tube. Numerous circuits have been de¬ 
veloped for the measurement of both d-c and a-c voltages, one of the more widely 



(a) Simplified circuit 

Fig. 18.7. A 



typical vacuum-tube voltmeter r , ait. 


used being shown in Figure 18.7a. The grid is biased to cutoff, and a d-c milli- 
ammeter is connected in the plate circuit. When an a-c voltage is applied to the 
grid circuit, a d-c plate current flows, as shown in Figure 18.7b. \\ hen properly 
designed, the instrument can be calibrated on 60 cycle-,, and the calibration can 
be relied upon up to very high frequencies. If the grid is not driven positive, 
the input resistance is extremely high and the power taken from the source is 
substantially zero. 

Another widely used vacuum-tube voltmeter makes use of the rectifying 
property of the diode, Figure 18.8. The time constant of the R-C circuit is 
made several times greater than the period of the lowest frequency to be meas¬ 
ured. Under these conditions, the d-c voltage of the condenser builds up to a 
value very nearly equal to the peak of the a-c voltage being measured. The 
voltage across the R-C combination is read by a d-c vacuum-tube voltmeter. 

A wide variety of commercial vacuum-tube voltmeters is available, each one 
having certain special features. In some models the voltage is amplified by a 
stabilized negative-feedback amplifier before being measured. One instrument 
obtains a sensitivity in this manner sufficient to give a full-scale reading for a 
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voltage of one millivolt. The input resistance of the commercial models ranges 
from 1 to 5,000 megohms. One model has substantially no frequency error up 
to 700 megacycles. 



Fig. 18.8. Circuit of a. diode vacuum-tube voltmeter. 


18.11. Watt-hour Meters. The a-c vatt-hour meter, which registers elec¬ 
trical energy, is essentially a small induction (eddy-current) motor, the rotor 
being an aluminum disk, D, Figure 18.9a. The current coils I carry the line 
current and produce a flu' between their magnets that traverses the space in 
which the disk lies. Eddy currents, created in the disk by the potential coil E, 
lie in this field of flux and motor action ensues. The driving torque is propor¬ 
tional to the product of the line current, the line voltage, and the circuit power 
I act or. Because the action is obtained through induction, these measuring de¬ 
uces often are called induction watt-hour meters. 




t,a) Essential olcctue and magnetic circuits (hi Top view showing relative 

position of coils, magnets, 
and disk 

Fig. 18.9. Simplified diagram of the watt-hour meter. 

The disk also rotates between the poles of permanent magnets M, Figure 
18.9b, and damping is developed by virtue of eddy currents which they produce. 
The retarding torque is proportional to the speed of the disk, and hence the 
speed is proportional to the driving torque, or power. A series of pointers, 
geared to the shaft of the disk and arranged in fixed speed ratios, introduce the 
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time element by indicating total revolutions. This time integration of power, 
which is energy, is registered on dials over which the pointers move. The gradua¬ 
tions usually are given in kilowatt-hours. 

As has been stated, the speed of rotation of the disk of the a-c watt-hour meter, 
or kilowatt-hour meter, is proportional to the product of the line voltage, the 
line current, and the cosine of the phase angle between them. By making the 
speed of the disk proportional to the product of voltage, current, and the sine 
of the phase angle, the meter can be used to register reactive kilovolt-ampere 
hours. This is achieved by applying to the potential circuit of the meter a 
voltage at 90 degrees to the normal voltage measured. The particular manner 
of obtaining such a quadrature voltage depends upon the nature of the circuit. 
In practice it is from the readings of the kilowatt-hour and reactive kilovolt- 
ampere-hour meters for a given period of time, a month for example, that an 
average power factor for a system is calculated. 

One type of d-c watt-hour meter is fundamentally a shunt motor and is an 
electrodynamometcr movement with a commutator. The field coils carry the 
line current, and several armature coils, which are connected to a commutator, 
are placed across the line in series with a high resistance. There is no iron in the 
magnetic circuit. The diiving torque on the armature, which is free to lotate, 
is directly proportional to the product of line voltage and current, and the speed 
is controlled by a disk and permanent magnet^ as in the a-c watt-hour meter. 
A series of dials registers energy aho in the ^aine manner described for the a-e 
w'att-hour meter. 

A second type of d-c watt-hour meter employs a copper dhk which is free to 
rotate in a closed chamber filled with mercury. The line current is carried to 
the disk through the mercury, entering and leaving at diametricalh opposite 
edges. The current path in the disk lies in a magnetic field which is produced 
by a coil placed across the line. The field strength hence h proportional to the 
line voltage, and the driving torque on the movable mechanism is proportional 
to the circuit powder. 

Watt-hour meters are integrating meters since they show the total energy 
transmitted through the circuit up to the time they are read. The energy over a 
previous interval is obtained by subtracting the reading taken at the beginning 
of the period from that taken at the end of the interval. 

18.12. Recording Meters. Recording, or graphic, meters give the values of 
voltage, current, powder, power factor, frequency, etc., with time so as to form a 
permanent record. A clock mechanism drives a circular paper chart or a roll 
under an inking pen, thus to give a continuous trace of the magnitude of the 
quantity being measured. The circular charts are primarily for 24-hour records, 
although a few r are for 7-dav periods. Rolls may cover longer time intervals. 
Recording meters are fundamentally indicating instruments with the substitu¬ 
tion of the inking pen and the chart for the pointer and the dial. 

Graphic meters are built for portable or for switchboard use. The majority 
have recording elements that are actuated by their measuring elements, but in 
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many cases the measuring element controls the power of an auxiliary circuit from 
which the recording mechanism is driven. Some graphic instruments employ 
an optical system of control. The charts or rolls may be moved by spring-wound 
clocks or by small synchronous clock motors. 

18.13. Other Instruments. There are many other instruments that are in 
general u.~.e in the electrical field, and a few of them are noted briefly here. Any 
complete description of these more special instruments is beyond the scope of this 
discussion, and the reader is referred to electrical handbooks or to manufac¬ 
turers’ publications for further details on construction and operation of such 
devices. 

Frequency is indicated in severed ways. The simplest frequency meter com¬ 
prises a series of steel reed*', each tuned to a slightly different mechanical fre¬ 
quency so that it v ill vibrate in resonance with a given system frequency as the 
latter is varied. The excitation is produced by an electromagnet, the coil of 
which is across the line. The frequenr. of each reed is marked on a scale opposite 
the row of reed-', and the system frequency is shown by that reed having the 
greatest amplitude of vibr , on. Two other means of indicating frequency are 
by the induction-tx pe frequency meter, and by an instrument in an impedance- 
bridge circuit 

The single-pha-e rower-factor meter, Figure 18.10, built somewhat on the 
principle of the wattmeter, shows, the cosine of the phase angle between voltage 



and current regardless of the magnitude of either. The main field is produced 
by a coil in series with the line and hence depends upon the current. The two 
smaller coils are fastened at 90 degrees with each other, are free to rotate within 
the fixed coil and with no restoring torque, and are connected across the lines 
so as to obtain dependence on the voltage. Their connections are as shown, one 
circuit containing a high resistance and the other a high inductance. The posi¬ 
tion of the rotating element depends upon the phase angle between line voltage 
and current, and the two extremes are those in which the axis of either movable 
coil lies along the axis of the fixed coil. A pointer attached to the spindle moves 
over a scale graduated in the percentage equivalents of the cosines of the dis- 
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placement angles with 100 per cent (unity) power factor at mid-scale. Both 
frequency and power-factor meters may record as well as indicate the quantities 
they measure. 

The synchroscope employs the same principle as the power-factor meter, but 
the fixed coil is excited from the machine to be synchronized and is placed around 
a 2-pole magnetic structure surrounding the movable coils. The movable coils 
and their circuits are connected as before and are placed across the main lines. 
The three leads to these coils are brought out through slip rings so that the coil 
assembly can turn as a motor. The direction of motion of a pointer attached 
to these coils indicates the relative speed of the incoming machine, and the posi¬ 
tion of the pointer shows the phase position of the incoming machine with respect 
to the line. The pointer should be stationary, at the position of zero angle, when 
the machine is synchronized. Synchroscopes serve the same purpose as lamps 
in synchronizing alternators. 

Instruments having the trade names of Clamp-On or Tong-Test ammeters 
consist of movable, laminated iron jaws which can surround a conductor or a 
cable and thereby measure the current being carried. In some ammeters of thb 
type that measure alternating currents the conductors enclosed by the jaws 
become the primary winding of a current transformer. The secondary coil of 
many turns of small wire i^ connected to a copper-oxide rectifier bridge circuit 
A group of resistances in the galvanometer branch provides several current 
ranges, from a few* amperes to several hundred. Another type of tong-test 
ammeter, suitable for d-c as well a^ u-c measurements concentrates the flux of 
the iron-jaw’ circuit in an air gap in the instrument. An hon-vane movement 
in this field is acted upon to carry a pointer over a scale, (iamp-on ammeters 
indicate the total current parsing through the jaws and thus they show only 
the current being carried by an equivalent single conductor. Where the number 
of conductors of a cable is known, and all are to carry the same current, such an 
instrument will detect short-circuited or reversed turns. 

Multimeters, or test sets, are very compact unit-* for general testing. They 
may contain circuits, batteries, and galvanometers so that several ranges each 
of a-c and d-c voltage and current, resistance, inductance, capacitance, and 
reactance can be measured with good accuracy. Many types of test sets are 
available with varying character of measurements that can be made and with 
varying ranges of those quantities. A single galvanometer may have associated 
circuits so that the pointer will indicate the magnitudes of all quantities, or the 
unit may contain two galvanometers, one for d-c and the other for a-c testing. 

When measuring resistance, the test set functions as an ohmmeter, and several 
types of circuit are used in practice. A general method is to place the unknown 
resistance, if low’, in parallel w ith the galvanometer so as to shunt current from 
the element. If the resistance is high it is placed in series with the galvanometer 
element. In either case, readings are obtained directly in ohms. A common 
type of ohmmeter is a compact Wheatstone bridge, with batteries and zero- 
center galvanometer, all contained in a small case. Terminals provide for con- 
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nection to the unknown resistance, which becomes one arm of the bridge, the 
rheostat arm being a group of decade resistances with dial settings. Bridge ohm- 
meters have ranges from 0.001 to several million ohms, whereas the other types 
give readings up to a few thousand megohms. 

Meggers also are instruments used in measuring resistance. They contain a 
small hand-driven magneto and a galvanometer in a permanent-magnet field. 
The moving element carries two coils mounted at right angles with each other, 
separate circuits for these two coils being in parallel between the generator 
brushes. One coil is placed across the line and hence produces a torque propor¬ 
tional to the line voltage. Tne second coil, in series with the resistance to be 
measured, also carries a current proportional to the line voltage but inversely 
proportional to the unknown resistance. The torques of the two coils are in 
opposition, and, with no springs providing a restoring torque, the pointer takes a 
position dependent upon the relative tifects of the coils. On open circuit the 
potential coil acts to move the poi'i’ • r to one extreme position, and on short 
circuit the effect of the current coil predominates to move the pointer to the 
other extreme position, 90 'egrees from the fir=t. The scale is calibrated directly 
in olims from zero to infinity. Resistances in series with both coils limit the 
currents which they may carry. While normal speed of the crank will produce 
500 volts d-c, for rea-ons indicated above, the readings are independent of the 
generator speed. 

Instruments measuring voltage or current at high frequencies may be of the 
hot-wire or thermocouple types. In the former, a wire extends wi ’ increasing 
temperature because of the current it carries and allows a spring to rotate a 
pointer. In the latter, heat produced at the junction of the thermocouple, which 
w placed in contact with a conductor carrying the line current, gives rise to a 
thermal voltage which becomes a measure of that line current. 

Temperature indicators are of many types. One of the most common is that 
in which a search coil one arm of a bridge circuit. Temperature changes alter 
the resistance of the coil and consequently vary the current through a galvanom¬ 
eter in the network. The instrument is calibrated directly in degrees tempera¬ 
ture. 

18.14. The Magnetic Oscillograph. The magnetic (sometimes called mechan¬ 
ical) oscillograph is an instrument that shows the time variation of a quantity 
being studied by means of a light trace on a screen or on a film. This type of 
oscillograph is distinct in many wav s from the cathode-rav oscillograph. Com¬ 
mercial cathode-ray tubes usually have but one beam and therefore can give 
only one trace at a time. The magnetic oscillograph may have one, two, three, 
six, or more elements so as to show many wave shapes on the same screen or 
film at the same time. Again, cathode-rav tubes respond to radio frequencies, 
wdiereas the magnetic oscillograph is limited generally to frequencies below 
5,000 or 6,000 cycles per second. 

The essential parts of an oscillograph are (a) a light source with its sequence 
of lenses, prisms, and mirrors to direct the path of light, (b) a galvanometer 
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element, (c) a rotating or vibrating mirror, and (d) a reviewing screen. When 
taking pictures, a stationary film replaces the screen, or a moving film is substi¬ 
tuted for the rotating mirror and the screen. The schematic diagram for the 
oscillograph is shown in Figure 18.11. 

Light from a low-voltage lamp is projected onto a tiny mirror glued to a looped 
conductor in a strong magnetic field. The plate of the mirror is rotated as the 
current varies through the loop, the angle of deflection being proportional to the 
strength of the current. The light beam, consequently, is moved back and forth 
as the galvanometer mirror swings to and fro. 
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Fig. 18.11. Essential elements of the magnetic oscillograph. 


The light from the galvanometer mirror project cm 1 further to a rotating 
mirror which moves the beam in a plane at 90 degrees with the fir^t motion. This 
second mirror provides the time axis, and the consequent result is movement of 
the light beam in two dimensions. The timing mirror is driven at a synchronous 
speed so that each repetition of its motion retraces the wave shape and hence 
shows the wave in a fixed position. The magnitude of the galvanometer current 
therefore is given, as a function of time, by the displacement above or below a 
zero or reference axis. 

What has been said of the D’Arsonval movement in its application applies 
equally as w~ell to the oscillograph element. When used for current indications, 
the element is placed across a non-inductive shunt, the millivolt drop being 
proportional to the measured current. When used for voltage indications, a 
high non-inductive resistance is placed in series with the element to keep the 
galvanometer current within a safe value. 

18.15, The Cathode-ray Oscillograph. A cathode-ray oscillograph consists 
of an assemblage of a cathode-ray tube and its associated powder supply, voltage 
amplifiers, and a saw-tooth-wave oscillator for generating the linear sweep volt¬ 
age, arranged for convenient and flexible operation. The basic principles of the 
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cathode-ray tube and the saw-tooth sweep circuit are discussed in Chapter XIV. 
Means for adjusting the rate of sweep along the time axis are provided, most 
commercial units incorporating a sweep-frequency range of 2 to 30,000 saw¬ 
tooth cps. The amplifiers generally have sufficient gain so that voltages of the 
order of a few millivolts will produce large deflections of th*> cathode-ray spot 
along both the vertical and horizontal axes. If desired, the signal voltage can 
be applied directly to either the vertical or horizontal deflecting plates, thus 
eliminating the characteristics of the amplifiers. Controls for focusing and 
adjusting the intensity of the spot and for shifting its position on the screen are 
normally included. 

The pattern winch the electron beam traces on the screen is sufficiently well 
defined so that it can be viewed even in a well-lighted room or it can be photo¬ 
graphed The pattern may be projected on a large screen for making a detailed 
study of a wave form or for demonstration purposes by means of a lens. With 
one commercial lens, a pattern 3 by 3 in on the tube screen can be projected to 
give an image 12 ft square. 

The principal advantage >.f the cathode-ray oscillograph are that it responds 
to extremely high trequenc ic- and that the current it takes from the source under 
observation is negligible. Although cathode-ray tubes can be used at frequencies 
up to 100 me. the design of the amplifiers generally sets a frequency limit of a few 
megacveles for the mme commonly used models. 

Commercial models are available with various screen sizes, and some units 
incorporate many special features. For example, one model has two separate and 
completely independent beams in the one tube, each beam having its own electron 
gun. V ith this oscillograph, any two wave forms can be viewed simultaneously. 

18.16. Transducers: The Resistance Strain Gage. A transducer is a device 
that is capable of being actuated by a signal or power from one system and 
supplying a related signal or power to another system. The signal or power 
may be constant or varying with time and may be the same type or of different 
types in the input and output systems, e.g., thermal to electrical (thermocouple), 
electrical to acoustical (loud-speaker), mechanical to electrical (phonograph 
pickup, strain gage), light energy to electrical (photocell), electrical to electrical 
(transformer), etc. Within this definition, an electrical meter can be classified 
as a tranduecr; it translates an electrical signal into a visual indication or records 
it in some suitable form. 

The development of uansdueers has progressed to the stage where it is pos¬ 
sible to translate a signal of practically any type into an electrical quantity, in 
which form it can be amplified, conveniently controlled, transmitted to any 
desired location and finally transformed, by means of an output transducer, 
into a suitable indication, record, or control operation. The flexibility, accu¬ 
racy, and speed of measurement afforded by appropriate combinations of trans¬ 
ducers and electrical circuits have led to their use in the measurement of prac¬ 
tically all types of physical quantities. In addition, these systems have had a 
wide application in the automatic control of various industrial processes. 
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It is not the purpose of this section to discuss the many and varied electrical 
methods that are used in the measurement of physical quantities. The resistance 
strain gage is of sufficient importance and has such a wide range of application, 
however, that it will be discussed in some detail and, together with its associated 
circuitry, will serve to illustrate the possibilities of the measurement of non¬ 
electrical quantities by electrical means. 

The principle of the resistance strain gage is extremely simple. A gage con¬ 
sists of a length of very fine wire (about 0.001 in. in diameter) arranged in one 
of a variety of patterns and cemented between two pieces of thin paper. In 
the general-purpose gage the wire is formed into a grid as illustrated in Figure 
18.12a. In Figure 18.12b is shown a pattern that can be used lor measuring 
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(a) General-purpose gage 



(b) Gage for measuring 
multi-direclional strain** 


J u, lft.12 Grid pattern^ 101 two t\pi<*d strain uag;t*N. 


multi-directional strains Commercial units tha f have been accurately cali¬ 
brated are available in a variety of patterns and a/e" In use, the gage is iirmly 
cemented to the member to be tested and experiemes the .same strain as the test 
member. The resistance ol the wire Mines with the strain and a measure of this 
resistance change is an accurate measure o< the 'ti.un The gage responds 
equally well to either tension or compression. 

Under tension, the length of the gage wire increases, its area decreases, and, 
in general, the specific resistance of the wire material < hangcs These changes 
result in a change of resistance that is in accordance with equation 3.3. The 
gage factor is the ratio of unit resistance change to strain, l e., 

AR Ii 

gage factor = /* = - (18.1) 

AL L 

where R and L represent the initial resistance and initial length of the strain 
gage wire, respectively, and A R represents the change in resistance as a result 
of the change in length AL Commercial units have gage factors in the range 
of from 1.5 to 3.5 and a nominal resistance between GO and 1,000 ohms. 
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The Simplest circuit tor measuring static strains Is the NVheatstone-br’idge 
arrangement shown in Figure 18.13. The bridge is initially balanced by means 
of II 3 and li 4 with the slide-wire rheostat, S, in the midpoint position (zerc 
setting on the dial). After strain is applied 
to the active gage, the bridge is rebalanced 
by means of the slide wire. The change in 
resistance, either plus or minus, can be read 
from the slide wire setting or the dial can 
be calibrated directly t<> indicate the strain 
in micro-inches per inch. A re^stor can be 
used in the bridge circuit in place rf the 
dummy gage. The dummy gage, however, 
serves to compensate for the effect Oi tem¬ 
perature changes of the gage wire* both 
gages are located close together (ofte- at 
some distance from the bridge! an 1 experi¬ 
ence the same temperature hinges. Since 
the strain generally produce- an extremely 
small percentage change in resistance, a highly sensitive galvanometer must be 
u^ed. With a galvanometer of &uch high sensitivity in the circuit, the application 
of this d-c 1 ridge circuit F limited mainly to laboratory service. 

In one type of portable strain indicator that is widely used, the bridge is 
excited with an audio-frequency voltage and the bridge output signal amplified 
before applying it to an indicating meter. The schematic circuit arrangement 
i> shown in Figure 18.11. The simpler design and greater stability o: audio- 



IiG. 18.13. Basic strain-gage bridge us¬ 
ing an active gage and a dummy gage. 
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frequency amplifiers as compared with d-c amplifiers are the principle factors 
that favor the use of the audio-frequency signal. The a-c output of the amplifier 
is fed to a phasc-snisitirc rectifier (detector), the output of which actuates a 
high-resistance d-c galvanometer. Tensile strain causes the galvanometer needle 
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to move in one direction while compressive strains cause the needle to move in 
the opposite direction. When the bridge is rebalanced by means of the slide- 
wire rheostat S, the reading on the attached dial indicates the strain. In some 
models, an electronically driven servo balances the bridge automatically and a 
pen attached to the servo mechanism records the strain. These latter models 
will record dynamic strains , of relatively low frequency, the frequency being 
limited by the response time of the servo and recording system. 

It is necessary to use a phase-sensitive rectifier circuit with the a-c system in 
order to determine sign of the strain. If a simple rectifier instrument were con¬ 
nected to the output of the amplifier, the meter would read in the same direc¬ 
tion whether the resistance of the strain gage increased or decreased. The 
bridge output voltage, however, is either in phase or 180 degrees out of phase 
with the bridge input voltage, depending upon whether the gage resistance is 
greater or less than the value corresponding to balance. The phase-sensitive 
rectifier compares the phase of the amplifier output voltage with that of the 
bridge input voltage and gives an output that is proportional to the strain and 
of the proper sign. The analysis of the circuit is left as an exerci.se for the stu¬ 
dent (see problem 30). 

The balanced-bridge method of measuring static or slowly varying strains is 
easy to use and gives a high degree of accuracy, ft is obvious, however, that it 
would be impossible to follow a bridge balancing ptoredure if the strain in the 
test member were varying at several hundred or thousand cycles per second. 
For dynamic measurements, exactly the same a-c bridge circuit, amplifier, and 
phase-sensitive detector can be used. The output of the detector is recorded on 
an oscillograph or pen-and-ink recorder. After the bridge w initially balanced, 
the oscillographic record gives a measure of the strain In this strain-indicating 
system, the audio frequency applied to the bridge circuit is known as the carrier 
frequency. The strain-gage signal modulates the carrier frequency, the envelope 
of the modulated wave being proportional to the strain. For proper operation 
the carrier frequency needs to be at least five times the highest strain frequency 
to be measured. 

Dynamic strains can be measured, also, by using the d-c bridge, a d-c ampli¬ 
fier, and an appropriate recorder. One commercial unit, using a cathode-ray 
oscillograph with a special four-gun tube, permits the simultaneous recording 
of four different strains. The frequency response of 0 to .>0,000 cycles per second 
of this unit makes possible high-frequency and transient stress studies of rockets, 
jet engines, high-speed reciprocating mechanisms, impact loads, etc. 

18.17. The Selection of Instruments. The selection of instruments for a 
given job depends, of course, solely upon the nature of that job. In no case 
should any instrument be connected into a circuit without specific knowledge 
that its range will not be exceeded. In general, this involves but one quantity 
for each instrument, but for wattmeters it may require knowledge on voltage, 
current, and power. The first necessary step in choosing any measuring device 
for a system is a satisfactory preliminary study of known circuit conditions to 
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be met, with thought also given in anticipating others. For example, measure¬ 
ment of the no-load current of a motor ordinarily would require a low-range 
ammeter, but, if the instrument is in the circuit at starting, the starting current 
may destroy it. Not even an ammeter of normal range for a motor may be left 
in the circuit at starting. Protective devices, therefore, enter the preliminary 
survey as well as do the meters. What has been stated presupposes a working 
knowledge on the functions of the usual kinds of electrical instruments and the 
proper manner of connecting them. 

Electrical machines and equipment all carry nameplate information which 
very definitely displays the mnnal or maximum conditions within which the 
equipment has been designed to operate continuously. Instruments are no ex¬ 
ception. The quantities given in nameplate data of apparatus, expressed either 
directly or implicitly, and which are of concern in choosing instruments for par¬ 
ticular tests or measurements, inxolve such items as d-c or a-c required supply, 
number of phases, toll age, current, power, frequency, power factor, speed, etc. 
The nameplate information of instrunrnts is contained in the manufacturers’ 
stated ranges found on the buttons, terminals, or scales, or within the covers of 
the cast's. Instruments are ‘o be so selected that their ranges will be sufficient 
for the desired measurements on a particular piece of apparatus or on a given 
circuit. It should be noted that, although voltmeters and wattmeter potential 
cirt nils protect then wives up to the limit of their ratings, ammeters and watt¬ 
meter current coils are protected only by the impedance of the load circuit. In¬ 
strument ranges are general and cover standard magnitudes which indicate the 
maximum cuirent or \oltago to be used. They do not show the ac ual current 
or \ ullage m the operating (oils of the movement. 

Since the d-c instrument has a uniform scale, the ease in taking readings is 
practically the same for all positions of the pointer, and the entire scale generally 
may be used. However, the range of the instrument should be such that, with 
due allowance for a reasonable overload, readings of normal quantities are well 
up on the scale. The a-c ammeter and voltmeter, particularly, have so-called 
“squared scales" which may be very greatly cramped at the lower ends. This 
first part, roughly 20 per cent of the entire scale, is seriously limited in accuracy, 
and readings in this region are generally not satisfactory. An a-c ammeter or 
voltmeter should be selected to read not lower than mid-scale the most repre¬ 
sentative values of the quantity measured. Since neither the current nor the 
potential circuit of a wattmeter must be overloaded, one has to be satisfied wdth 
the subsequent power readings even though they may be w r ell down on the scale. 

The accuracy of instruments usually is given as a percentage error of full scale, 
for example, 4 of 1 per cent of full scale at any part of the scale. This means 
that the possible error of any reading on a 150-volt voltmeter having 150 scale 
divisions is then within f of a division, although it does not imply that all read¬ 
ings may have that maximum error. Obviously, the percentage error of read¬ 
ings may be minimized if the range of the instrument is reasonably comparable 
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to the normal magnitudes of the quantity measured. The meter range should 
not exceed by very much the highest magnitude to be read. 

Generally, an open-circuit test on a generator requires a voltmeter that will 
read to 150 per cent of rated voltage. For a no-load test on a transformer or a 
motor, the ammeter will be of very low range, and the highest magnitude to be 
read probably will have to be estimated. As noted above, protection must be 
provided in these cases for the ammeter. An ammeter switch is preferred to a 
short-circuiting switch because the first type of device actually removes the am¬ 
meter from the circuit when the switch is closed in one position. Closed-circuit 
metering jacks, with ammeter plugs, provide the same protection. 

An armature resistance test or a short-circuit test on either an alternator or a 
transformer requires an ammeter reading from 100 to 200 per cent of rated cur¬ 
rent. The corresponding voltage readings will be low. Good practice is to check 
the general magnitude of such voltage readings at start by a sufficiently high- 
range instrument. 

Load tests are normally taken at rated voltage and over a current range from 
zero, or no-load, current, up to 150 per cent of rated current. Field currents of 
machines have to be estimated. In special tests, where the run is to cover a wide 
range in current or voltage, it may be advisable to use tv*o or more instruments, 
each having a different range, or a multirange instrument. 

Problems 

1. A milliammeter has a total circuit resistance, including the diunt leads of 10 ohms. 
If full-scale deflection is obtained with a 200-amp 60-mv shunt, what i- the resistance 
of the shunt, the parallel resistance of the &hunt and the instrument eiieuit, and the full- 
scale w^atts loss in the shunt? 

2. A millivoltmeter having terminals for 200- and GO-mv shunts has mtei nal reM'dance^ 
of 10 and 3 ohms, respectively. The scale divisions are 100 and 150. Forty-two amperes 
are to be measured, using a 50-amp 60-mv shunt. 

(a) What is the resistance of the shunt, and w’hat scale deflection w’ould he read? 

(b) What current in the element gives full-scale deflection? 

(e) Repeat (a) for a line current of 12 amp, using a 15-amp 200-mv shunt. 

3. A millivoltmeter, designed for use with 60-mv shunts, has 2 scales, one of 100 divi¬ 
sions and the other of 150 divisions. What factor is required if current is measured by 
the millivoltmeter and a 75-amp 50-mv shunt? 

4. A millivoltmeter having an internal resistance of 5 ohms is to be used as an am¬ 
meter with 60-mv shunts. 

(a) What should be the resistance of the shunt if 400 amp full scale are to be read? 

(b) What should be the resistance of the shunt if the instrument is to read zero at mid¬ 

scale and is to read 400 amp for maximum deflection either side? 

(c) If the shunt resistance is to be fixed at the value of (a), what else could be done 

to satisfy the conditions of (b)? 

6 . Twro millivoltmeters, scaled to indicate amperes, have 20-ma movements and 
10 ohms resistance in each movement and are used to read up to 100 amp with 200-mv 
shunts. The shunts are placed in series adjacent to each other in the main circuit with 
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one ammeter directly across its shunt. The other ammeter is located at some distance 
from its shunt, the leads containing 2.5 ohms. If the distant ammeter is actuated by the 
voltage drop across its own shunt, what change in cross-sectional area of that shunt will 
permit both ammeters to read alike? If the leads of the distant ammeter are placed 
across both shunts in series, what resistance added to this circuit will permit equal read¬ 
ings on both ammeters? 

6. A galvanometer element has a resistance of 10 ohms, and it carries 10 ma for full- 
scale reading as a millivoltmeter. What series resistances are required if it is to have 
scale readings of 150, 300, and 600 volts? 

7. A 10-ma galvanometer movement has a resistance of 15 ohms and is to be used as 
a voltmeter with 3-, 15-, and 150-volt ranges. Calculate the series resistances for each 
range. What resistances in a n ltiplier will permit measurements on 300- and 750-volt 
systems? 

8. A voltmeter having a 10-ma movement and a resistance of 15.000 ohms is con¬ 
nected in series with another instrument having a 15-ma movement and a resistance of 
20,000 ohms. What is the range of each voltmeter? What will each instrument read if 
the combination is placed in series across a 350-volt supply? 

9. Inside the cover of a 150-volt d-c \oltmetei is the information “100 Ohms Per 
Volt.” A multiplier for the instrument has 4 separate resistances and 5 terminals marked 
0 (common terminal), 2. 3, 5. and <> which are multiplying factors. What is the ohmic 
value of each resistance 0 W \t additional voltage ranges are provided by the multiplier? 

10. A 150-volt d-c voltmeter contains a total resistance of 14,550 ohms. A multiplier 
lor it has 2 resistances, one of 14,550 ohm 4 ? and the other of 43,650 ohms, connected to a 
common terminal. What should be the factors stamped on the terminals of the multiplier? 

11 . An a-c voltmet'» ha^ 3 voltage ranges of 150. 300, and 750 volts. The respective 
resistances at 25°C are 4.666, 9,326, and 23,332 ohms. What is the power loss in the 
instrument vs hen placed across 230-volt lines? When placed across 450-volt lines? 

12. An a-c voltmeter has a triple rating of 75, 150, and 300 volts. If tl power loss is 
3.92 watts when the instrument reads 117 volts on the 150-volt range, what values of 
resistant e should accompany these three voltage ranges? 

13. A d-c voltmeter and a millivoltmeter to be used vvith 60-mv shunts are arranged 
to measure the power taken by a pure resistance load. The voltmeter reads 150 volts 
lull ftcale and contains 100 ohms per volt. If the load res^tance is 120 ohms, and the 
millivoltmeter reads* full scale with a 1-amp shunt, and the voltmeter is placed across 
both shunt and load, what is the percentage eiror in power by taking the direct product 
of the readings of voltage and current? Repeat for the voltmeter placed inside the shunt. 
Repeat for a load resistance of 0.8 ohm, the millivoltmeter reading full scale with a 150- 
amp shunt. 

14. A wattmeter lias current connections for 10 and 20 amp. The voltage terminals 
are marked for 50 and 100 volts, but the potential circuits can carry a 50°^ overload indefi¬ 
nitely. A multiplier having 2 terminals marked 0 and 300 volts, respectively, contains 
3,774 ohms. What resistances should accompany the 50-volt and 100-volt potential 
circuits? What is the loss in the potential circuit when it is placed across 230-volt lines? 

What is the loss with full current in the current coils if their resistance is 0.023 ohm 
for the 10-amp connection, and 0.0045 ohm for the 20-amp connection? 

A single scale is graduated for 500 watts, and the multiplying factor is 1 for the 10-amp 
and the 50-volt ranges. What are the multiplying factors for the other combinations of 
current and voltage ranges, including the multiplier? 

15. A wattmeter has current terminals for 2.5 and 5 amp, and voltage terminals for 75 
and 150 volts, although the potential circuits can carry double voltage indefinitely. The 
resistances of the potential circuits arc 4,953.4 and 9,916.8 ohms, respectively, at 25°C. 
What is the loss in the potential circuit when it is placed across 120-volt lines? 
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If the current circuits have resistances of 0.12 ohm for the 2.5-amp range, and 0.03 
ohm for the 5-amp range, what is the loss when the instrument carries 1.8 amp? When it 
carries 4.5 amp? 

A single scale is graduated for 500 watts, and the multiplying factor is 1 for the 5-amp 
and the 75-volt ranges. What are the multiplying factors for the other combinations of 
current and voltage ranges? 

16. A wattmeter is rated for 30 60 amp maximum and 200/ 400 volts maximum al¬ 
though the voltage terminals are marked 150 and 300 volts, respectively. Three scales 
are graduated for 3, 6, and 12 kw. Tabulate the combinations of current and voltage 
ranges anti the corresponding power scales to be used. 

17. A low-power-factor wattmeter is rated 20 40 amp and 75, 150 volts, with a multi¬ 
plier for 300 and 600 volts. Full scale is 600 watts direct readiug for the 20-amp and 
150-volt ranges. Tabulate the multiplying factors for the other combinations of current 
and voltage, including the ranges covered by the multiplier. 

What is the maximum power factor for 600 watts scale reading and for 20 amp and 
150 volts on the^e ranges? For 600 watts scale reading and for 40 amp and 300 volts 
on these ranges? The power factor for 130 watts scale reading and for 11.8 amp on the 
20-amp range and 14.5 volts on the 75-volt range? 

18. A voltmeter and a wattmeter are arranged to measure the voltage and power of a 
circuit. The voltmeter has a rating of 75 150 300 volts and has resistances of 2,560, 
5,120, and 10.240 ohms, respectively, in its {x>tential circuits. The wattmeter is rated 
5 10 amp and 150 300 volts, with resistances of 1\M)7 and 37,710 ohms, respectively, 
in its potential circuits. The voltmeiei and wattmeter potential circuit are on the load 
side of the wattmeter, and the xoltage is 144 \olts. What value of power is indicated by 
the wattmeter with the load current zero? 

An ammeter placed ahead of the wattmeter and voltmeter indicates 2.74 amp when 
the load is drawing eunent. What current is the load taking? The load \oltnge is still 
144 volts. 

19. A rectifier-type voltmeter is calibrated to read a-c volts and has a rating of 
75 150 300 \nlts. Information on its scale states 1,000 oilin'- per volt. What current 
does it draw’ on 235 volts a-c? What indication will the instrument gi\e on 120 volts 
d-c? What series resistances added externally to the voltmeter will allow one to use it 
for d-c voltages? 

20. A rectifier-type voltmeter, calibrated to read a-c volts, has a rating of 
75, 150 300 600 volts and has a circuit resistance of 400 ohms per volt. What is the 
equivalent series resistance of a 500-ohm resistor having the 150-volt circuit of this instru- 
ment in parallel with it? Repeat for the voltmeter of problem 19. Repeat lor an electro¬ 
dynamometer-type voltmeter containing 3,000 ohms resistance. >tatc the conclusions 
you draw with respect to the change in impedance ot a circuit element having a volt¬ 
meter in parallel with it. 

21. In order, between a power supply and a load, are a wattmeter current coil of 0.028 
ohm resistance, the wattmeter potential circuit of 9,800 ohms resistance, an ammeter 
having 0.036 ohm resistance, and a voltmeter having 3,960 ohms resistance. The am¬ 
meter reads 9.65 amp and the voltmeter reads 117.20 volts. What is the loss in each 
instrument, and by what number of watts will the wattmeter read high? 

22. The saturation curve on a 3-phase. 50,000-kva, 14,500-volt turbogenerator re¬ 
quires test results carried to 150% of rated voltage. A potential transformer with a 
120:1 ratio and a 150 300-volt voltmeter are available. What will be the maximum 
reading on the voltmeter? What transformer ratio would permit use of only the lower 
scale of the voltmeter? What is the minimum ratio that can be used? What ratio is 
required of a current transformer for a short-circuit test on the generator reaching to 
200% of rated current? 
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23. A special current transformer for testing purposes has primary terminals marked 
± (common), 0.5, 1, 2, 10, and 25 amp. The secondary coil has a 5-amp rating. Give 
the current ratios as fractions or multiples of the output current. If an ammeter is to 
measure from 0 to 7.8 amp line current, with scale graduations below 1.5 amp unsatis¬ 
factory to read, what primary terminals should be used? 

24. A switchboard wattmeter is designed for 5 amp and 100 volts. The scale reads 
full line kw, 1.0 pf, when used with a 20:1 potential transformer and a current trans¬ 
former haung a 00 -amp primary. What is the full-scale reading in kilowatts? If the 
instrument is used without instrument transformers for regular laboratory w T ork what 
multiplying factor is needed? If a new scale is made so as to give correct readings directly 
what i- the full-scale value of power? 

25. A 5 -amp ammeter has an a curacy within \ of 1% of full scale at any part of the 
scale. What might be the possible percentage accuracy in reading 1 amp on this instru¬ 
ment? A wattmeter having 3 scales maiked, respectively, 30, 60, and 120 hektowatts 
is stated to be correct within 0.4 of 19 c without a correction scale, and to be correct 
within \ of 1 % with a correction scale. What might be the possible error in readings at 

s full-scale deflection? . 

26. A type SR -4 strain gage having a resistance of 120 ohms and a gage factor of 2 is 
cemented to a steel bar that has a modulus of elasticity of 30 X 10 6 psi. If the bar is 
subjected to a stress of 20,000 psi, calculate the change in resistance of the strain gage. 

27. The d-c bridge circuit c b .gure 18.13 is initially balanced. Each arm of the bridge 
has a resistance oi 120 ohms ami the battery voltage is 6 volts. When Ri is ir creased by 
0.2 < r an ohm, calculate the open-circuit voltage developed across terminals A and B; if 
the galvanometer has a resistance of 200 ohms, calculate the galvonometer current (the 
use oi Thevenin’- tl eoi': l will simplify the solution of this part). 

28. Two type SR -4 strain gages are used in a d-c bridge (Figure 18.13). Each ga.ge 
lui*' a resistance of 350 ohms and a gage factor of 2. The bridge is initially balanced with 
8 at the midpoint of its dial and R$ = R* = 500 ohms. Alter strain is ; -olied to the 
acti\e gage, balance is restored by moving S so that the resistance in one aim is increased 
by 0.01 and the resistance in an adjacent arm is decreased by the same amount. Calcu¬ 
late the strain. 

29. A plastic tod \ in. in diameter supports a 150-lb weight. The modulus of elasticity 
of the plastic mateiia! is 450.000 psi. A gage of the type referred to in problem 28 is used 
to measure the strain. Calculate the change in resistance due to the strain. 

30. For the phase-sensitive detector shown in Figure 18.14, show’ the following: 

(a) When the voltage Bo is zero, the d-c voltage across terminals A and B is zero. 

(h) \\ hen the voltage E\ is zero, the d-c voltage across terminals A and B is zero. 

(c) When the voltages E x and B 2 are in phase, the d-c voltage of terminal A is positive 
with iexpect to terminal B. 

(d) Reversing the phase of E\ reverses the d-c polarity of the terminals A and £. 
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The Magnetic Circuit 

Through his studies on electricity and magnetism the student by this time 
should have a knowledge of magnetism and magnetic effects, the terminology 
and symbolism pertaining to the magnetic field and the magnetic circuit, and 
some introduction to the procedures in making calculations on simple magnetic 
circuits. It is not the purpose of the following discussion to duplicate past sub¬ 
ject matter but merely to present the few basic laws of the magnetic circuit from 
a general viewpoint and from them to approach typical engineering applications. 

A1.1. Force on a Current Element. In 1820, Oersted made the discovery 
that an electric current affected a magnet in its vicinity. That is, a current 
gives rise to an inseparable magnetic field about it. Immediately following 
Oersted’s discovery, Ampere investigated tlx* force action 
between conductors carrying current. His experiments led 
him to the firm belief that all magnetic effects can be attrib¬ 
uted to current flow, a viewpoint generally adopted today, 
and he conceived the effects of permanent magnets to be 
caused by atomic currents (electron motion) within the 
magnets. Ampere’s experiments resulted in the laws gov¬ 
erning mechanical action between currents and in the basic 
force equation: 

df = 81 dl sin a newtons. (A 1.1) 

It expresses the force on an elemental length, dl, of a conductor carrying I am¬ 
peres in a magnetic field of flux density, 8- a is the angle between the direction 
of the magnetic field and the direction of the current I. The direction of the 
force is perpendicular to the plane containing both fi and dl, and the sense is as 
indicated in Figure Al.l. The rationalized mks system of units is used in all 
equations in the text part of this appendix. The student will recognize equa¬ 
tions 2.3 and 2.4 as specific applications of equation ALL 

A1.2. Magnetic Field Intensity. From Ampere’s experiments we also are led 
to the general expression for magnetic field intensity. That is, the differential 
magnetic field intensity produced at a point P a distance r from an element of a 
conductor carrying / amperes is 

I dl sin 9 

dll = --—amperes meter (AL2) 

4ir r 

where 9 is the angle between the direction of the element dl and the direction of 
r. The direction of dH is perpendicular to the plane containing dl and the radius 



Fig. Al.l. Force on a 
current element. 
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r, and the sense is as indicated in Figure A1.2. Equation A1.2 is one form of 
Ampere’s law. Ampere stated that experimentally one could work only with 
closed circuits; hence the resultant magnitude of the magnetic field intensity 
at any point has meaning only when integration 
is carried out over the complete circuit of the 
current. That is, 

II — J'dII amperes/meter (A1.3j 

The vector nature of dll must be taken into 
consideration in performing the integration over 
the current path. 

It will be noted that equation Al.l expresses 
force action on a current in an exiting magnetic 
field, whereas equat ion A1.2 indicate'' * he strength 
of the field established by a current. 

Ampere's law can be t .cressed, also, in the 
form 



Fig. A 1.2. Field produced by cur¬ 
rent element. 


§ 


II'dl = 1 amperes 


(A1.4) 


w r here the symbolism means the line integral of ll around a closed path and 7 is 
the total current enclosed by that path. The quantities under the mtegral form 
a dot product meaning that only the component of II in the direction of dl con¬ 
tributes to the value of the integral. This integral form of Ampere's law is per¬ 
haps most useful in treating magnetic circuit problems. 

The relationship between the magnetic field. II, and the magnetomotive 
force, mmf. of a magnetic circuit follows directly from Ampere’s law, 

mmf = XI = §11 dl amperes for ampere turns) (A1.5) 

It is obvious that the integral of II around a closed path is zero unless current 
is encircled. 

We can express the continuity of current and lines of flux by the equations 

divergence 7 = 0 

and (Al.6) 

divergence d = 0 

The first equation simply means that at any point in a conducting circuit as 
much current leaves that point as enters it. It is Kirchhoff’s current law 

v 7 = 0 (A1.7) 

Divergence d = 0 means that for any small volume in space as much flux leaves 
the area enclosing the volume as enters it. An alternate statement is that flux 
lines are continuous—they neither emerge from nor terminate on any point 
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source as do electric lines of flux. The above statements are true for a volume 
enclosing a magnet since magnetic poles always appear in pairs and experiment has 
HOt shown the existence of a single magnetic pole analogous to the concept of an 
electric charge. ¥uri\\eYraore, magnetic ftux is continuous within the magnet. 

A.1.3. Flux Density and Permeability. Magnetic flux density is the flux per 
unit area and is given by the equation 

A <f> 

(3 = — webers square meter (A1.8) 

AA 


where A<£ is the increment of flux passing through the incremental area, A A, 
that is normal to A<£. Conversely, the total flux through an area is 

<P = f fin dA webers (A1.9) 


where 0 „ is the component of the flux density normal to the area d .\. It is not 
an easy matter to compute <p for many magnetic systems, particularly those in 
which the flux is not confined to relatively simple geometric paths having a 
fairly uniform flux density. 

For the same mmf, geometry of circuit, and flux configuration, the flux density 
of magnetic materials is many times that of the circuit having air only as the 
medium. The ratio of the flux density in the magnetic medium to the density 
that would be measured in free space is called the relative permeability, u r fa 
numeric), of the medium. For magnetic materials it has values ranging from a 
few hundred to 100,000 or more. It is unity for free space, and essentially this 
same magnitude for air. It is dependent upon flux density and can be evaluated 
only by test. 

Flux density is related to magnetizing force by 

0 = nH (A1.10) 

= webers square meter (A 1.11) 


In the mks system of units fi 0 = 4tt X 10 — ‘ henry per meter, the permeability 
of free space. The distinction between 0 and H lies in the fact that H depends 
solely upon the driving mmf of the circuit, whereas 0 depends upon the medium. 
Both quantities are vector quantities. 

A1.4. Energy of the Magnetic Field. Employing equations 2.G and 3.12, 
we have 


= fX A %) mdt - A i 


d0 

II —dt 
dt 


- A, f 1 

•'O 


H dp watt-seconds 


(AL12) 
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which is equation 3.36, page 53. If both area and length are unity, the integral 
gives the energy density of the magnetic field—watt-seconds per unit volume. 

It will be remembered from studies in physics that, as the magnetizing, force 

On a sample of iron is carried progressively from zero to a positive maximum, 
then to a negative maximum, and so on, there is a lag of induction behind the 
driving rnmf. This effect is called magnetic hysteresis, and the complete graph 
of the cycle is called the hysteresis loop. For an unmagnetized iron sample the 
curve starts at the origin, but once magnetized the iron generally retains some 
residual flux. Thereafter, the curve does not pass through the origin again 



Fig. A 1.3. Magnetic circuit, illustrating air-gap force. 


unless the residual magnetism is reduced to zero. As discussed in Chapter XIII, 
for the sclf-p\cited d-c generator a small voltage obtained from residual mag¬ 
netism is necessary if 1 lie machine is to build up its voltage. 

Equation A] .12 is directly related to the hysteresis loop of the magnetic mate¬ 
rial in that, for one complete cycle, the integral ghes the area of the loop which, 
in turn, is the hysteresis loss (heat) per unit volume per cycle. The nature of 
the hysteresis loop is determined solely by the kind of material, and the asso¬ 
ciated energy loss is obtained by test. This loss often is expressed as a certain 
number of watts per pound at a specified frequency and maximum flux density. 
The energy stored in the air gap of a tractive magnet (d and II are linearly re¬ 
lated) is 



where .1 is the cross-sectional area of the core, and l s is the length of the gap. 

A1.5. Magnetic Force. Obtained directly from equations A 1.1 and Al.4, the 
force per unit length between two parallel conductors carrying currents Ii and 
I 2 , separated a distance d between centers, is 


F = 


M/1/2 

- newtons 

2 wd 


(A 1.14) 


The derivation of this equation is left for the student. It is a very common 
practical application of the force equation. 




432 


ELECTRIC CIRCUITS AND MACHINES 


As is well known from experience and experiment, a force of attraction exists 
between the faces of magnetic bodies carrying the same flux. The force tending 
to shorten the air gap (see Figure A1.3) can be determined from the energy equa¬ 
tion (A1.13). If the length of the air gap were increased by a small increment, 
dig, the mechanical work done on the system would be equal to the increase of 
energy stored in the air gap provided that the energy in the rest of the magnetic 
circuit did not change and that no energy has been transferred to the electric 
circuit. These conditions would be fulfilled if the magnetizing current in the 
winding were increased, as the length of the air gap is increased, in such a manner 
that the flux in the magnetic circuit is kept constant. Under these conditions, 


and 


/8- A 

mechanical work = / dl B = dll = — dl g 

2mo 


2mo 


newtons 


(A1.15) 


Magnetic attraction between iron bodies exists only along the lines of flux. 
The rotor of a motor will have an outward radial pull over its entire lateral sur- 



Fig. A1.4. Analogous electric and magnetic circuits. 


face, but because of mechanical and magnetic symmetry the net outward pull 
is zero. Should the rotor be displaced axially within the stator, magnetic sym¬ 
metry is lost and a resulting force is produced to pull the rotor back into normal 
running position. The force action exists at both ends of the machine and has 
the same direction at each end. Assuming a given displacement and constant 
flux, the starting pull can be calculated from the differential change in stored 
energy in the air gap. 

A1.6. Electric and Magnetic Circuit Analogies. Treatment of the magnetic 
circuit shows the equations to be identical in form to corresponding ones for the 
d-c electric circuit. Further, the manner of calculating the over-all results for 
either system are the same as for the other. This mathematical equivalence is 
the basis for the analogous relations of the two systems. Figure A 1.4 shows 
two analogous circuits, and Table Al.l states the corresponding relations be¬ 
tween them in both general terms and specific quantities for these two systems. 
The student will recognize the first two equations for the electric circuit in Table 
Al.l as Ivirchhoff’s two basic laws for the d-c circuit. All of the analogous rela- 
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tions in the two systems follow from the fact that the two basic equations for 
the magnetic circuit are equivalent to Kirchhoffs laws. 

A1.7. Example on the Magnetic Circuit. The circuit of Figure A 1.5 carries 



Material 

Length 

Area 

Mr 

1 

6 in. 

0.5 sq in. 

300 

2 

6 in. 

0.5 sq in. 

500 

3 

20 in. 

1 sq in. 

1000 

Gap 

0.06 in. 

1 sq in. 

1 


Fig. A1.5. Magnetic circuit with air gap. 


the information given in the figure. For a coil of 800 turns carrying 1.5 amp, 
it is desired to know the flux densities in each material, the inductance of the 


Tabij: Al.l. Analogot - Relations Between Electric and Magnetic Circuits 


Electric Circuit 

Magnetic Circuit 

/ continuous and 2/ = 0 at a junction 1 

j <j> is continuous and 2<£ = 0 at a junction 

E = emf — 2/ft around a closed path. 

JR = difference in electric potential. 
Around loop £1, I\R\ -f- I 2 R 2 — E 

Around loop £2, — I 2 R 2 = 0 

| A T 7 = mmf — 20(R = 2 HI around a closed path. 
<p(R = HI = difference in magnetic potential. 
Around loop -1, (pi^i + 02^2 = AY 

Around loop ^2, — 4>2^2 = 0 

I\ = jr = h + h 

j 

XI 

01 — =02+03 

<R* 

ht Rl + H, + R, 

, CB 2 CR 3 
di f — oil 1 - 

! + <r 3 

ft = p -L z= resistance 

<R = - -L = reluctance 
ju A 

p = * = resistivity 

1 

M 

a — corulin tivitv 

n — permeability 

C = ^ = conductanee 
ft 

P = ^ = permeance 

CR 

J = current density 

d = flux density 

j P i = in 

0 - l = 77/ « 0CR 
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coil, the energy storage of the circuit, and the pull between the faces of the air 
gap. Leakage flux and fringing at the air gap will be neglected. 

The reluctances are calculated first, using conversion factors from Appen¬ 
dix III. 


I 0 X 0.0254 

An ~ 0.5 X G.45 X 10“ 4 X 300 X 4*- X 10“ 7 


1.252 X 10 6 amp/weber 


In like manner, (R 2 = 0.752 X 10". tR 3 = 0.020 X 10", and tR g = 1.5G5 X 10 6 
amp/weber. From these, 


(R ( =-h <R 3 + (R g = 2.GG X 10" amp/weber 

oij + «R S 

Hence 

<t>t — <t>3 = </>£ — 4>1 + <t>2 — - 

iR< 

800 X 1.5 

. = 4.51 X 10 4 webers 
2.06 X 10" 

= 45.100 lines (maxwells! 

(f>l (R2 

From — = — , wc obtain <£1 = 10.900 lines and = 28,200 lines. From these 
4>2 <H X 


values for the flux, 

Pi = 33,800 lines/sq in. = 0.523 welter sq meter. 

p 2 = 50,400 lines sq in., and >i :i = ,4 = 15.100 line** t,q in. 

At this point, the distribution of the magnetic potential drops follows readily: 
H\l\ = 4 >\ Ri = IIJ 2 = ~ 212: //,</;, = (£ 3 n!,< — 282: 7/ t / g = $g'R g = 700; 

and (//]/1 or 7 / 2 / 2 ) // 3 / 3 + — 1.200 = A I — 800 X 1.5 amp turns. 

The inductance of the coil is 

A> 3 800 X 4.51 X 10~‘ 

L = —— =-= 0.21 henry 

I 1.5 

The energy stored in the magnetic field is 

11 = \LI 2 = | X 0.24 X (1.5)“ = 0.27 watt-second 


The pull between the faces of the gap is 

2 A (45.100 X 1.55 X 10~V X (G. 15 X 10~ 4 ) 

2go 2 X 4 tt X 10~ 7 


= 125 newtons 


= 28.2 lb 
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A1.8. Magnetization Curves. The magnetization curve for a circuit is the 
graph, such as Figure 3.11, of the total flux, or flux density, plotted as a function 
of the magnetizing force. It is shown only in the first quadrant and is but the 
path followed in starting either from the origin for an unmagnetized circuit, or 
from some small residual flux if the circuit has been magnetized previously, and 
stopping at a chosen value of flux density. This part of the magnetization curve 
lies within the hysteresis loop; the return curve to zero magnetizing force is a 
part of the complete hysteresis loop. 

The addition of very small amounts of other chemical elements to iron and 
steel may change the magnetic characteristics decidedly. Present-day steels 
produced for a variety of sped a 1 applications, and having distinct magnetic 
properties, may contain any one, or perhaps some combination, of the following 
elements: chromium, cobalt, copper, manganese, nickel, phosphorus, silicon, 
tungsten, vanadium, etc. Further, the rolling and manufacturing processes, 
and heat treatment, also affect the <n physical and magnetic characteristics 
of iron and steel. The magnet Nation curves shown in Figure A1.6 are merely 
represent ative. 

Magnetization curves hav* several practical uses. A given flux density leads 
directly to the ampere turns per unit length of path for the particular kind of 
magnetic material and hence to the total ampere turns for that path. Again, 
the density can be ascertained for a given degree of saturation, and from this 
d obtained the associated area if the total flux is known. Further, the curves 
contain information on the relative permeability, n r , and the ma’ ter in which 
it varies with the degree of saturation. With a given total flux, and with mate¬ 
rials having fixed dimensions and known magnetic characteristics, the total 
driving mmf for a circuit can be calculated, generally to a good degree of approx¬ 
imation considering the fact that there will be a certain amount of leakage flux. 

Although the international mks system of units has been adopted widely, the 
coordinates of magnetization curves often are given in other units, for example, 
lme* (or kilolines) per square inch and ampere turns per inch. Because these 
unit* appear in engineering practice, the scales for them are shown along with 
tho.-e of the mks system in Figure A1.6. For a given coil or set of coils acting 
on a magnetic circuit, the over-all magnetizing force is often expressed as the 
total ampere turns, or more simply as the exciting current in amperes. 

In the case of electric machines, the magnetization characteristic usually is 
given by generated voltage as the ordinate and exciting current as the abscissa. 
For rated speed or frequency, the generated voltage is, of course, directly pro¬ 
portional to either the flux density or the total flux, and the exciting current is a 
direct measure of the magnetizing force. The volt-ampere curve so obtained is 
called the saturation curve for the machine. See Figures 3.7, 13.6, and 13.7 for 
example. 

For most apparatus the magnetization curve is practically linear over the 
range from the voltage of residual magnetism to a rather high percentage of 
normal, or rated, voltage. The tangent, through the origin, to the face of the 
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curve is called the air-gap line (see Figures 3.7 and 10.3), since the abscissa repre¬ 
sents the excitation required primarily to force the flux across the air gaps. 
Some small part of this current, or corresponding number of ampere turns, is 
consumed, obviously, in driving the flux through the unsaturated iron of the 
magnetic circuit. Beyond the point at which the magnetization curve per- 



I_i_i_i_i_I_i_i_i i_'''ii 

0 2000 4000 6000 
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Fig. Al.G. Typical magnetization curvet- tot M‘k*cted material 

ceptiblv leaves the air-gap line, magnetic saturation takes place. The horizontal 
separation between these two lines represents the increased excitation required 
to overcome that saturation. 

Practically all electric machines are worked with normal flux densities at, or 
slightly above, the bend or knee of the saturation curve. Densities just a little 
beyond the point at which saturation is apparent permit stability, while much 
above the knee of the curve far too great an excitation is required for a small 
increase in flux density or resulting generated voltage. 

Figure 9.1 show's the cross sections of the 4-pole d-c motor, or generator, and 
the 4-pole synchronous machine. The field poles of either type of machine are 
marked as shown. For a given machine the field coils are identical and are so 
connected in series that the same d-c field current produces driving mmf’s in 
opposite directions in alternate poles. The other magnetic part of each machine 
is the armature which is wound with coils also so connected that they give the 
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same number of magnetic poles around the periphery as are on the field struc¬ 
ture. Symmetry of mechanical construction is to give symmetry of the mag¬ 
netic circuit, thereby giving balanced electrical performance. 

A1.9. Problems on the Magnetic Circuit The design of most electrical 
apparatus involves a study of the magnetic characteristics of the device together 
with calculations on the associated electrical circuit. The magnetic require¬ 
ments may be a total flux or corresponding flux densities. The kind of magnetic 
material to be used, the degree of saturation desired, the lengths of paths, and 
the amount ot air gap are all quantities tha* of necessity must be considered. 
The most usual type of problem is that in which the desired magnetic results 
lead to a certain number of ampere turns that must be provided. Electrical 
machines, which here include generators, motors, and transformers, are built 
to work at certain voltages and frequencies or speeds. This requires considera¬ 
tion of the total flux and hence densities throughout the magnetic structure. 
Relays, contactors, holding coils, cinuit breakers, lifting magnets, etc., which 
arc calculated mainly from the standpoint of magnetic pull, again involve the 
same items. 

Once the driving msu io found, the problem turns to the calculation of the 
bc't balance between turns and current. In the complete study, thought must 
be given to the operating voltage of the device (or perhaps it works on its own 
current at in the cast of the circuit breaker and some holding coils), the amount 
of space that can be taken, the heat productivity of the coil and its allowable 
temperature rise, ventilation, kind of insulation, etc. In other wt ds, the usual 
magnetic piece of equipment is not completed in design until everything else 
that goes with it also has been properly designed. For this reason, the design 
of magnetic apparatus is not so simple as many of the computations for the 
conducting circuit. 

Magnetic problems are influenced in complexity by several factors. The most 
important, perhaps, is the nonlinear relation between flux density and mag¬ 
net iring force for magnetic materials. Design must use the magnetization 
curves as they stand, usually through a step-by-step process, or one that re¬ 
quires cut-and-try methods, or that is to some measure graphical. Other com¬ 
plexities involve the calculation of leakage fluxes and the evaluation of fringing 
at gaps and pole faces. In addition, magnetic fields are three dimensional. The 
equations given in this appendix that can be applied to practical devices that use 
magnetic materials are, to some degree, approximations. How good they may 
be in any particular case depends primarily upon the geometry of the circuit. 
It must be remembered that good design merely has its start in written material. 
The rest comes later by way of actual practice in which experience and sound 
judgment enhance the art of the good designer. 

Problems 

1 . A thin-walled cylindrical conductor is \ in. in diameter and carries 10 amp d-c. 
Sketch the field intensity from the axis of the conductor to a point 1 meter ra dially dis- 
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tant from the axis. Calculate the intensity on the axis and at the surface of the con¬ 
ductor. 

2. Repeat problem 1 for a solid conductor £ in. in diameter. Calculate the total 
flux out to a distance of 1 meter for 1 meter length of conductor. What percentage of 
the total flux is within the conductor? 

3. Two £-in. thin-walled cylindrical conductors form a parallel-wire transmission line 
with a separation of 1 meter between centers. For the line carrying 10 amp d-e, sketch 
the field intensity in the plane of the two conductors. The principle of superposition can 
be used in determining the net field from the two conductors. Calculate the value of the 
field midway between the two conductors and at a distance of 1 meter from the nearest 
conductor. Calculate the inductance per meter length of line. 

4. A concentric transmission line consists of two thin-walled conductors of £ in. and 
1 in. diameters. Sketch the field intensity as a function of the distance from the axis of 
the conductors. For the line carrying 1 amp, calculate the total flux in the space between 
the conductors for 1 meter length of line. 

5. The conductor of problem 2 is located in a uniform field of 1.2 webcrs per square 
meter and is at right angles to the field. Calculate the force per foot of length of con¬ 
ductor. For in lines per square inch, I in inches, and 1 in amperes, show that equation 
Al.l becomes 

, m ,, 

1 11.3 X 10 6 

6. Two conductors, 0.375 in. in diameter, are spaced horizontally 3 ft between centers. 
For a 60-cycle current of 75 amp rms flowing in opposite directions in the wires, calculate 
the maximum flux between the conductors per mile of line. What is the rins induced 
voltage per mile due to this flux? What is the maximum force between the conductors 
per meter length of line? 

7. A 60-cycle power line and an open-wire telephone line parallel each other. The 
power line uses Xo. 00 ware with 2£-ft spacing, and the telephone line uses Xo. 10 wire 
with 1-ft spacing. For 200 amp in the power line, calculate the mutual inductance and 
the 60-cycle voltage induced in the telephone line per mile of line for the configurations 
shown in (a) and in (b). 


|<—2§-ft—>| —i ft — 
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h— 2* h 

' I • 
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8 . Develop the expression for the magnetic field intensity at a point on the axis of a 
circular loop of wire carrying 1 amperes. 

9. Show that the ampere turns required for an air gap are 

NI = 0.313 # 

where <3 is in lines per sq in. and l is in inches. 

10. From the magnetization curve for cast iron, calculate the relative permeability 
of the iron for a flux density of 40,000 lines per sq in. 

11. A magnetic circuit 20 cm in length and 1 sq cm in cross-sectional area has a relative 
permeability of 200. Compute the flux carried by the bar for 1,500 amp turns. 
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12. A cast-iron ring of 1.5 sq in. cross-sectional area has a mean length of 30 in. For a 
total flux of 50,000 lines in the ring, how many ampere turns are required? What is the 
relative permeability of the iron under these conditions? 

13. What is the permeance of 2 meters of sheet steel having 40 sq cm cross-sectional 
area for a flux density of 1.4 webers per sq meter? 

14. What is the over-all reluctance of two bars, 0.5 in. in diameter, one of cast iron and 
the oth^r of cast steel, both 3 in. long, placed end to end, and carrying 6,500 lines of flux? 

15. An 800-turn coil carrying I amperes drives flux through a series magnetic circuit 
of 15 in. iron and an air gap in. The core section is 0.75 sq in. and the relath e permea¬ 
bility of the iron is 1,200. Neglecting fringing at the gap, what current must be carried 
by the coil for a flux density of 1.3 webers per metor? 

16. An air-core solenoid of ^00 closely wound turns has a mean length of 25 cm and a 
cross-sectional diameter of 2 cm. The reluctance of the magnetic path outside of this 
long solenoid can be neglected. How many amperes are required in the coil for a flux 
density of 10“ 2 weber per sq meter at the center of the flux path? Show that the field 
inside the solenoid is approximately uniform. Calculate the approximate self inductance. 

17. A coil of 276 turns is wrapped uniformly around a wood toroid. The coil has a 
diameter of 4 cm and the core diameter is 16.5 cm. Compute the reluctance of the core 
and calculate the flux through the coil for a current of 3 amp. What is the mutual 
inductance between this coil and a second one of 276 turns wrapped closely on top of 
the first? 

18. For the magnetic circuits shown, draw the analogous electric circuits showing 

correct polarities. ^_._ 



(a) (b) (c) 


19. A cast-iron ring has a mean diameter of 15 in. and a section area of 1.5 sq in. Calcu¬ 
late the flux in the ring produced by a 1,500-turn coil carrying 1.75 amp. What is the 
relative permeability of the iron under this condition? Now assume the ring to be cut 
so as to provide an air gap of 0.20 in. What is the relative permeability of the iron for 
this condition? 

20. A rectangular core, 8 in. by 6 in. outside dimensions, with 1 in. by 1 in. cross- 
section dimensions, is made of sheet steel. Stacking factor is 0.9. How many ampere 
turns are required for a flux density of 100,000 lines persqin.? If a gap of 0.25 in. in length 
is cut in one side, what will be the new flux density in the circuit for the same number of 
ampere turns? Neglect fringing at the gap. 

21. The cross-section of the magnetic circuit shown is 0.75 in. X 0.75 in. The material 
is cast iron. Path 1 is 14 in., path 2 is 4 in., and path 3 is 11 in. including the air gap of 
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0.0125 in. Neglect leakage flux and fringing at the gap. For an air-gap flux of 6,000 lines, 
calculate the required ampere turns. Calculate the force between the faces of the air gap. 

22. For the circuit of problem 21 and an mmf of 2,000 ampere turns, calculate the flux 
densities and the flux of each branch. 

23. Sketch the cross-section of a 6-pole machine (d-c or a-c) and show the flux paths 
for normal mmf of the field coils. 

24. The figure shows the cross-section of a 2-pole d-c machine having the dimensions 
for path length L and path area A as given below. Each pole carries a 1,200-turn coil. 



An air-gap flux of 0.0165 weber gives rise to a generated armature voltage of 230 volts 
at rated speed. Plot the magnetization curve for the machine, that is, generated voltage 
as a function of field current. The field coils are connected in series. All magnetic mate¬ 
rial is of sheet steel except the yoke Tran o' wmeh is cast steel. Stacking factor of sheet 
steel is 0.9. 

L A 


Air gaps 
Teeth and core 
Poles 

Yoke (frame) 


0.125 in. each 
6 in. total 
4 in. each 

25 in. (half section) 


25 sq in. 
28 sq in. 
16.5 sq in, 
10 sq in. 


25. Refer to Section A1.5 and Figure Al.3. The initial dimensions of the air gap are 
10 sq cm by 0.3 cm and the flux density is 0.8 weber per sq meter The air gap is increased 
by 0.1 cm, and during the process the current is varied to maintain the flux constant. 
Calculate the mechanical work done. Show that this work is equal to the increase of 
energy stored in the air gap and that it is also equal to the increase in \Li 2 of the circuit. 

26. The air-gap flux density of a lecording head consists of two components, a con¬ 
stant value of 0.5 w T eber per sq meter, and a periodic value of 0.02 sin 3,142/ webers per 
sq meter. What three components of force act upon the armature and what are their 
relative magnitudes? 

27. If the cast-iron ring of problem 19 has no gap but is cut completely through on a 
diameter of the ring, what is the force in pounds holding the two semicircular halves of the 
ring together? What total force is exerted between the halves of the ring if they are 
separated 0.1 in. at both cuts? 

28. A lifting magnet such as shown has equal core and shell areas. The core diameter 
is 6 in. What steel-plate load can it lift for a flu\ density of 1.1 w T ebers per sq meter? 



coa 


29. A horseshoe magnet of cast steel has a path length of 20 in. through the steel. Its 
sectional area is 0.65 sq in. A 2,000-turn coil on the magnet carries 2.3 amp. Neglecting 
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fringing, what is the pull of the magnet on a keeper placed 0.1 in. from the pole faces? 
The distance between centers of the pole faces is 5 in. Keeper and horseshoe have the 
same area and are of the same material. 

30. The figure shows a magnetic circuit for a multi-switch motor starter. The total 
path length of iron is 10 in., and its sectional dimensions are 0.25 by 0.25 in. For a 



relative permeability of 750, what number of ampere turns are required to give a holding 
force of 4 lb? 
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Application op the Operator j in Circuit Analysis 

A2.1. The Operator j. In general, voltages, currents, and impedances, when 
shown graplncallv. will have two components, one along the horizontal axis and 
the other along the vertical axis. Any such quantity then can be located by a 
point on a two-dimensional plane by giving its horizontal and vertical displace¬ 
ments measured lrom some chosen origin. Suppose that in the same sense that 
+1 and — 1 are associated w ith horizontal displacements to the right and to the 
left, respectively, of the origin, wo agree to let +j and —j indicate vertical dis¬ 
placements above and below the horizontal axis. Such a notation at this time is 
purely for convenience and to toll us the direction we are to take in going from 
the starting point of a vectoi to the other end of it. 

Thus, for example, in Figure A2.1, there is shown the voltage E , = -{-80 -}- jOO 
volts in the first quadrant, and the voltage E 2 = -50 - J85 volts in the thir d 



Fig. A2.1. j indicates vertical displacement. 


quadrant. Note that in both cases the t\\ o components of each voltage are 
merely the sides of a right triangle, the hypotenuse of which is the actual mag¬ 
nitude of the voltage. That is, 

| Ei | (magnitude) = V80 7 + 60 2 = 100 volts 

A current or an impedance would be shown in the same way in terms of hori¬ 
zontal and vertical components, and the magnitude calculated as we have 
for Ei. 

Now observe also, as shown by Figure A2.2, that the voltage E x is located by 
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laying off both +80 and +60 consecutively along the horizontal axis and then 
rotating the second component 90° in the counterclockwise direction. This idea 
immediately suggests the interpretation of +j as an operator that rotates any 
line segment 90° in the usual positive direction, and —j as the operator that ro¬ 
tates a line segment 90° in the negative, or clockwise, direction. Further, j 2 
(= —1) is a 180° operator involving two steps of 90° each. 

Whereas j was introduced initially to show direction along the vertical axis, 
at this point it has taken on a more pronounced significance—that of an operator 
that rotates any radius vector forward through one right angle. In engineering 
it is usually so defined and applied. Since j now is identified with a rotation of 



Fig. A2.2. j indicates positive rotation of 90°. 


90° iii the positive direction, and j 2 means movement through 180°, successive 
application of the operator means that j i (= —j) is rotation through 270°, and 
that j i (— 1) is a complete rotation of 360°. In this same sen&e, Vj' is a forward 
movement of 45°, met in problems on communication networks. The scheme 
can be extended to any root or power of j, integral or fractional. Observe also 
that (+j)(-j) = 1. 

A2.2. Ways of Expressing Electrical Quantities. Comparisons of the expan¬ 
sions of e +l9 , e~ l9 , cos 6, and sin 6 in Madaurin’s series show that 

e ±ld = cos 9 ± j sin 9 

whence, for example, a voltage E having a horizontal component H and a ver¬ 
tical component V may be written in the following ways, with Ei of Figure A2.2 
used for illustration: 

E — II ± jT Ei — 80 + j60 

= j E j(cos 6 ± j sin 6) 

= | E \e ±j9 
= | E |L±g 


= 100(cos 36.9° + j sin 36.9°) 

= 100e ;3G ' 9 ° = lOOe-' 0 ' 64 rad 

= 100 |36.9° 
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The first equation of the group expresses the voltage in rectangular coordinates 
as a complex number, so-called, in which the horizontal component is called a 
real number and tne ^rtical component an imaginary number. It should be 
fully evident that the terminologies real, imaginary , and complex are purely 
technical. They simply are names given arbitrarily to these respective quan¬ 
tities by way of definition, and they carry no literal interpretation. The words 
imaginary and complex are perhaps unfortunate, but nevertheless they have been 
accepted in all scientific work and are used universally. 

The second equation above shows the trigonometric form from which, in a 
great number of instances, the first form is obtained. Two electrical quantities 
of the same kind cannot be added to, or subtracted from, each other without first 
displaying them in the recta, gular form, perhaps obtained from the trigonometric 
relation. The third manner of expression is exponential, or polar. The angle 0 
is to be given in radians for manv computations and algebraic manipulations, 
although for convenience it ofU n is shown in degrees. 

The last form also is said to be polar and is read “E volts at angle 0.” It is 
very useful, both in revealing quickh to the eye the magnitude and position of a 
quantity, and in calculation involving multiplication and division. 

A2.3. Algebraic Operations. Flcctrn \l quantities involving the operator j 
follow all the fundamental operation of algebra in addition, subtraction, mul¬ 
tiplication, and division, and in obtaining power*, rootb, and logarithms. One 
should not forget that in any problem the algebraic solution and the geometric 
solution, b} way of the associated vector diagram, are merely complementary. 
Applied to electrical circuits, algebra that includes the operator j often is called 
vector algebra. The basic algebraic steps that follow are described mainly by 
specific example. The procedures are general, should be self-evident, and are 
given without proof. 

а . Equality of Quantities . Two quantities are equal only when their respective 

horizontal and vertical components are equal. For example, two impedances 
Zi = Ri + jXi and Z 2 = + jX 2 are equal only when R x = R 2 and X x = 

X 2 . This simply means that a horizontal component cannot represent a vertical 
component. Note that the signs before the respective components also must be 
alike. In the polar form, two quantities are equal only when their respective 
magnitudes and angles are equal. Any quantity is zero only when both of its 
components are zero or when, in the polar form, the magnitude is zero. 

б. Addition and Subtraction. In these two operation^, after first expressing 
quantities in the rectangular form, respective horizontal and vertical com¬ 
ponents are added and subtracted independently. The final result then may be 
shown in the polar manner if desired. Thus, if I x = 6 — j5 amperes, I 2 = 7 + 
j2 amperes, and Z 3 = 4 — j9 amperes, 

h — h = (0 - 4) + (—j5 + ft) = 2 + ji = 4.47|63.4° 

and 


h - I 2 + h = {6 - 7 + 4) + ( -j5 - j2 - j'9) = 3 - jl6 = 16.28 |-79.4°. 
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c. Multiplication and Division. In rectangular components, multiplication 
of two quantities is straightforward in that each term of the first is multiplied 
by each term of the second and like components then collected. If several quan¬ 
tities are to be multiplied together, they are taken two at a time. Division re¬ 
quires rationalization in order to remove the operator j from the denominator of 
the expression and leave it as a so-called real number only which then can be 
divided into each separate term of the numerator. 

As an illustration, suppose that two impedances 

Z x = 8 r jG = 10 1+36.9° 

and 

Z 2 = 5 — j5 = 7.07 j-45° 

are in parallel. The equivalent impedance of the combination then is 

_ ZiZ 2 _ (8 + j'G)(5 —jo) _ 70 - j'10 
eq ~ zT+ Z ~2 ~ 13 + jl ~ 13 + jl 

_ (70 - jl0)(13 - jl) _ 900 - j'200 
~ (13 +jl)(13 - jl) _ 170 

= 5.29 - jl.lS = 5.42 -12.5° 


Observe that rationalizing simply means multiplying and dividing by the con¬ 
jugate of the denominator, the conjugate of (x+ji/) being (x — jy). The 
equality of the entire expression is not changed, because the ratio of the con¬ 
jugate to itself is unity. 

When multiplying in the polar form, the direct product is taken of the mag¬ 
nitudes, and the angles are added. Conversely, in division, the magnitude of the 
numerator is divided by the magnitude of the denominator, and the angle of the 
denominator is subtracted from that of the numerator. For the above example 
in polar form, 


Z 


eq 


10[3G.9° X 7.07[—45° 70.7'-8.1° 70.7 (-8.1° 
10 130.9° + 7.07 [—45° = 13 + jl = 13.03 ,+4.4° 


= 5.42 |-12,5° = 5.29 - jl.lS 


Observe that in the polar form addition and subtraction of quantities require 
the intervening step of expressing them in rectangular coordinates so as to ob¬ 
tain a single horizontal and a single vertical component, upon vhieh one ther 
may revert to the polar form. The final results, secured by either approach, 
must be exactly equal, and either type of solution can be converted readily to 
the other as shown by this example. 
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d. Powers and Roots. From DeMoivre's Theorem met in college algebra, the 
quantity A [0 raised to the nth power is 

(A\±9) n = A n \±nB = A r e ±jn9 
— A n (cos nd ± j sin u9) 

If the power is fractional, that is, 1 / n , then 

(A[±0) 1/)l = [A |±(fl + 2m I ) ] lln = A 1 % [±;(e+2m " )] 71 

n /— ( 9 + 2n?ir 9 + 2mir 

= V A ( tos-± J sin- 

\ n n 

where m = 0, 1, 2, 3, • • • (n — 1 i. Thus for each succeeding root 9 is increased 
by 2ir, and is done so (>, — 1 1 + imes to obtain all the n distinct nth roots. All 
complex numbers have n roots equal in magnitude and evenly spaced by angle 
2 ir/n around the circle of radius A on the complex plane. The three cube 
roots of 1, for example, are 1 J0^ = 1-(-JO, 1 1 320° = —0.5 + JO.806, and 
1 [240° = -0.5 - J0.866. 

e. Logarithms of Comphx A iimbr-s. As with powers and roots, this section is 
given only for completeness in the brief treatment on complex numbers. In 
obtaining logarithms of such numbers it is convenient to use the exponential 
form. Thus. 

y 

log A ft = log A d e = log A + jd — log A + J arctan - 

x 

where x and y are the horizontal and vertical components of A. As an example, 
log (4 — J3) = log 5 4- J arctan (—0.75) = log 5 + J1.796ir. 

/. Power in Symbolic Form. The application of symbolic notation to circuit 
problems at times requires special interpretation when results are to have par¬ 
ticular physical significance. The illustration given here lies in the calculation 
of power. For example, a voltage E = 120 )60° = GO + J103.91 volts will force 
a current I = 12 )23.1° = 11.04 -+- J4.71 amperes through an impedance Z — 
10 |36.9° = 8 + JO ohms. The power taken bj r the circuit is 1,152 watts, with 
864 reactive volt-amperes lagging, obtained from I’R and I 2 X L , or from El cos 
9 and El sin 9 where 6 is the impedance angle. 

In order to obtain these power components through a product of voltage and 
current in complex notation, it is necessary to multiply the current by the con¬ 
jugate of the voltage. Thus, 

(conjugate of E)(I> = (00 - J103.91)(ll.04 + J4.71) 

— 1,152 — J864 volt-amperes 
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the so-called vector power for the circuit. This step has been known for many 
years and the development of it is given in Section 18 of Chapter IV. 

Problems on the Operator j 

1. Evaluate the product (+j) (—j 3 ) (—j) (\/+i) and express the result in 5 ways. 

2. Evaluate a and b in the equation 

10 1-36.9° = (a+j&)(2+j3). 

3. Rotate the current 7 = 7— j3 mpero^ forward through 35° and express the 
result in both rectangular and polar form. If this forward rotation yields a voltage of 
magnitude 115 volts as the product of the current and an impedance, calculate the im¬ 
pedance and show it in both rectangular and polar form. 

4. Express the impedances Z\ = 3 — fi and Zi = 6 + j2 ohms in polar form. Calcu¬ 
late the resultant impe<lance of the circuit if they are in series if they are in parallel. 

5. The currents in 3 parallel branches* of a network are I x = 12)20°, J 2 = 8 | — 35 °, 
and Iz — 15 j40° amperes. Calculate the r^ultant current. If the driving voltage is 
118.2 + j20.8 volts, calculate the equivalent impedance of the network. Calculate the 
vector power taken by each branch, and by the entire circuit. 

6. A current 7 = 3 + j2 amperes flows through 2 impedances, Z x = 20 (30° and 
Z 2 = 35 )15° ohms, connected m series. Calculate the voltage across each impedance, 
and the voltage applied to tin* combination. Calculate the vector power taken by the 
circuit. 

7. Calculate the current and vector power of a series-parallel circuit having a voltage 
ll. V—30 ° volts applied. The series impedance is 20 -f- J15 ohms and the 2 in parallel 
have the values 35 - j20 ohms and 25 + ./30 ohms, respectively. 

8 . A circuit takes a vector power of 500 -+- J200 volt-amperes with a current of 5 |15° 
amperes. Calculate the circuit voltage and impedance, and state the character of the 
impedance. 

9. Express the 3 cube roots of \/— in both polar and rectangular form. Locate the 
6 sixth roots of A = —32 — j55.42 on the complex plane. 

10. Express the voltage e — E m sin (ut 4- a 4 - 6) and the current i = I m sin (c of + a) 
in exponential form. Show that each component of voltage involves the conjugate of 
the other and is true also for the current. From the expression p = ci for power, show 
that the average power is 

n (conjugate of EHl) + (E)(con jugate of 1^ „ T A 
i a\g —--- 1 - = LI COS 0 

where E and 7 are effective values. Show, also, that the average power is the in-phase 
component of (conjugate of E)(I) or (E )(conjugate of 7b What interpretation would 
you place on this second product, so as to differentiate it from the first? 
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A. Units, Dimensions, Conversion Factors 

Newton: The unit of force in the MKS system of units. One newton gives a 
mass of one kilogram an acceleration of one meter per second per second. 
One newton = UP dynes. 

Joule: The unit of work r- energy in the MKS system of units. One joule is 
the work done by one newton of force acting through a distance of one 
meter. One joule = one watt-second = 10 7 ergs. 1,000 joules = one kilo¬ 
watt-second. 3.6 X 10 6 joules = one kilowatt-hour. 

Watt: The unit of power in the MKS system of units. One watt is the power 
required to do work at the rate of one joule per second. One kilowatt = 
1,000 watts. 

Dielectric constant € in the rationalized system of MKS units: 

« = € r €o farads per meter 
€q = dielectric constant of free space 

= 8.854 X 10 -12 ~-X 10 -9 farads per meter 

3Gir 

e r = relative dielectric constant (a numeric) 

Permeability p in rationalized system of MKS units: 

M = p-rtM) henries per meter 
Mo = permeability of free space 
= 4ir X 10 — ' henries per meter 
Mr = relative permeability (a numeric) 

Velocity c of electromagnetic waves in free space: 

c = / — = 2 998 X 10 s motets pet second 

"V 

Charge q e on the electron: 

q e = 1.602 X 10 Itf coulombs 

Mass m e of the electron: 

m e — 9.107 X 10" 11 kilograms 
448 
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B. Dimensions of Electromagnetic Quantities 


The quantities are expressed in terms of mass M, length L, time T, and charge 


Quantity 

Symbol 

Dimensions 

MRS Unit 

Capacitance. 

C 

M- l L- 2 T*Q 2 

farad 

Charge. 

h Q 

Q 

coulomb 

Current. 

i,I 

T -i Q 

ampere 

Dielectric constant. 

€ 

M- l L- 2 T 2 Q 2 

farads per meter 

Electric displacement. . . 

1) 

L~ 2 Q 

coulombs per square meter 

Electric field intensity.. 

s 

MLT~ 2 Q~ X 

volts per meter 

Energy. 

w 

ml 2 t~ 2 

joule, or watt-second 

Flux density. 

0 

MT~ x Q~ l 

weber per square meter 

Force.. 

F 

}.1LT~ 2 

newton 

Frequency. 

f 

T -1 

cycles per second 

Inductance.. 

L 

ML 2 Q~ 2 

henry 

Magnetic field intensity. 

II 

L-'T-'Q 

ampere turns per meter 

Magnetic flux. 


MltT-'Q- 1 

weber 

Magnetomotive force... 

mmf 

T -lQ 

ampere turn 

Permeability. 


MLQ~ 2 

henries per meter 

Potential difference.... 

e, E 

ML 2 T~ 2 Q~ l 

volt 

Power. 

V, P 

ML 2 T~ 3 

watt 

Reluctance. 

(ft 

\r l L~ 2 Q 2 

ampere turns per weber 

Resistance. ... 

r , R 

ML 2 T~ l Q~ 2 

ohm 


C. Sllected Conversion Factors 

To Convert 


To 

Multiply by 

Length: 

meters 

feet 


3.281 

inches 

centimeters 


2.54 

Angstroms 

centimeters 


icr 8 

Angular: 

radians 

degrees 


57.30 

Area: 

acres 

square feet 


43,560 

square inches 

circular mils 


1.273 X 10 6 

square meters 

square feet 


10.76 

square meters 

square inches 

1,550 

Volume: 

cubic feet 

gallons 


7.481 

cubic feet of water 

pounds 


62.43 

gallons of water 

pounds 


8.345 

Mass: 

kilograms 

pounds 


2.205 

pounds 

kilograms 


0.454 

Force: 

newtons 

pounds 


0.2248 

newtons 

dynes 


10 6 

pounds 

newtons 


4.45 

Energy: 

watt-seconds 

joules 


1 

watt-seconds 

newton-meters 

1 

watt-seconds 

ergs 


10 7 

kilowatt-hours 

British thermal units 

3,413 

kilowatt-hours 

horsepower-hours 

1.341 

British thermal units 

foot-pounds 


778 
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ELECTRIC CIRCUITS AND MACHINES 


To Convert 

To 

Multiply by 

Power: 

kilowatts 

horsepower 

1.341 

kilowatts 

British thermal units per minute 

56.89 

kilowatts 

kilogram-calorie per minute 

14.33 

watt 

newton-meter per second 

1 

watts 

foot-pounds per minute 

44.26 

horsepower 

watts 

746 

horsepower 

foot-pounds per second 

550 

horsepower 

foot-pounds per minute 

33,000 

Magnetic: 

webers 

lines, or maxwells 

10 8 

webers per square meter 

gauss, or lines per square centimeter 
lines per square inch 

10 4 

webers per square meter 

6.452 X 1 
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Alternating-current, ampere, 27 
average \ alue, 26 
volt, 28 
Alternation, 23 
Alternator, 21 
armature reaction, 216 
equivalent circuit, 222 
impedance, 219 
open-circuit test, 220 
parallel operation, 229 
reactance, 219 
regulation. 223 
short-circuit test, 220 
vector diagram, 222, 224 
Ammeter, a-c, 406, 410 
d-e, 403 
shunt, 405 

Amorti^eur winding, 233 
Ampere, 7, 27 
Ampere’** law, 429 
Amplification factoi, 337, 341 
Amplifier, audio-frequency, 357 
class A, 358, 370 
B, AB, and C, 358 
direct-current, 357 
distortion effects, 373 
employing transformers, 365 
equivalent circuit, 342-340 
negative-feedback, 375 
plate-circuit efficiency, 359, 373 
power, 370 
push-pull, 366, 373 
radio-frequency, 357, 367 
resistance-coupled, 359, 364 
video-frequency, 357 
Angle, phase (power factor), 65, 70 
torque, 190, 197, 223, 224 
Angstrom, 330 
Armature, 186, 196 
leakage reactance, 216, 246 
reaction, 216, 275 
resistance, 217, 219, 282 
windings (see Windings) 
Automatic volume control, 350 


Autostarter, 178 
Autotransformer, 125 178 

Balance coil, 287 
Balancer set, 287 
Beam-power tube, 348 
Blocked-rotor test, 253, 255 
Breakdown torque, 192 
Brush-shifting motor (BTA), 261 

Capacitance, 54 

Capacitive reactance, 68 
Capacitor motor, 270 
Cathode, mercurv-pool, 400 
oxide-coated, 328 
thoriated-tung>ten, 328 
tungsten, 328 

Cathode-rav oscilloscope, 320, 418 
Characteristic curves of the pentc le, 348 
of the phototube, 353 
of the tetrode, 347 
of the triode, 338 
Circle diagram, 253 
Circular mil, 39 
-foot, 38 

Clamp-on ammeter, 416 
Coefficient of coupling, 49 
Commutating poles, 278 
Commutation, 277 
Commutator, 27. 194, 201 
Compensating windings, 280 
Compensator (starting), 178 
Complex numbers, 88, 442 
Compound-wound generator, 284 
motor, 295 
Condenser, 54 
synchronous, 230 
Conversion factors, 449, 450 
Converters, mercury-arc, 308, 400, 402 
synchronous, 305 

Core (iron) loss, 115, 244, 296, 431 
Coulomb, 8, 55 
Critical field resistance, 283 
Critical grid voltage, 398 
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Crystal diodes, 381 
Cumulative compounding, 285 
Current transformer, 127 411 
Cycle, 23, 25 
Cyclotron, 324 

Damping windings, 233 
D-c generator, 27, 281-290 
applications, 289 
compound, 284 
parallel operation, 287 
self-excited, 2S2 
separately excited, 281 
series, 284 
three-wire, 286 
voltage regulation, 282 
D-c motor, 291-305 
applications, 302 
braking, 302 
compound, 295 
efficiency, 296 
losses, 296 
series, 294 
shunt, 292 
speed control, 300 
speed regulation, 292 
starting, 299 
Deciboi, 362 
Deionization time, 390 
Delta, balanced circuit, 144 
connection, 138 
-delta bank, 170 
equivalent Y, 146, 161 
-Y bank, 172 
unbalanced circuit, 156 
Dielectric constant, 56, 448 
Differential compounding, 285 
Dimensions of units, 449 
Diode, 315, 333, 381, 389, 390 
Direct axis, 218 
synchronous impedance, 219 
synchronous reactance, 219 
Distortion, in amplifiers, 373 
Distribution factor, 209 
Diverter, 285 
Duty cycles, 29 
Dynamic braking, 302 

Eddy-current losses, 41, 51, 115, 219, 296 
Effective ampere, 27 
resistance, 41, 51, 116 
volt, 28 


Efficiency, d-c machines, 296 
induction motors, 245, 260 
synchronous machines, 235 
transformers, 118 
vacuum tubes, 359, 370 
Electrical degree, 25 
radian, 23 

Electric field intensitj', 7, 315 
Electrodynamometer movement, 406 
Electromotive force, 7 
Electron, acceleration in electric field, 
314 

charge, 314, 448 
emission, 325 
focusing, 317 
lens, 318 
mass, 314, 448 

motion in magnetic field, 323 
multiplier, 330 
volt, 326 

Emission, current, 327 
field, 330 
of electrons, 325 
photoelectric, 329 
secondary, 330 
thermionic, 327 

Energy storage, in electric fiel 1, 58 
in magnetic field, 51, 430 
Equalizer. 288 

Equivalent circuit, of pentode 348 
of tetrode, 345 
of triode, 343 
delta-Y, 146, 161 
Exciting current, 185 
induction motor, 247 
transformer, 112 

Farad, 55 

Field, compound, 284 
critical resistance, 283 
electric, 55 
emission, 330 
excitation, 186, 280 
revolving, 186 
separately excited, 281 
series, 284 
shunt, 282 
windings, 185 
Filter circuits, 393 
Flat-compound generator, 285, 290 
Flux, density, 45, 430 
leakage, 50 
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Flux, linkages, 20 
residual, 283 

Focusing, of electrons, 317 
Force, magnetic, 431 
on a conductor, 17, 428 
on a current element, 428 
on electron in electric field. 7, 314 
on electron in magnetic field, 323 
Form factor, 30 
Frequency, 23, 25 
meter, 415 

Gas-filled, diode, 389 
triode, 398 

Generated voltage (see Voltage equations) 
Generator (see Alternator and D-c genera¬ 
tor) 

Glow-discharge diode, 390 
Grid-plate characteristics, 338 

Harmonics, transformer, 11G, 170 
vacuum tubes, 373 
Henry, 45 
Horsepower, 6, 9 
equation, 6 
Hunting, 233 

Hysteresis losses, 51, 115, 296, 431 
Ignitrons, 401 

Impedance, single-phase circuit, 70 
synchronous, 219 

Induced emf (see Voltage equations) 
Inductance, mutual, 44 
self-, 45, 434 
Induction, 14, 15 
generator, 257 
motor, 191 
applications, 258 
circle diagram, 253 
efficiency, 244 
equivalent circuit, 246 
exciting current, 246 
losses, 244 

power-flow diagram, 245 
single-phase, 268 
slip, 192, 243 
squirrel-cage, 192, 243 
speed control, 257 
starting, 255 
torque, 249 

wound-rotor, 193, 243, 250 
regulator, 125 


Inductive reactance, 68 
Interpoles, 278 
Inverter, 400 

Iron losses, 115, 244, 296, 431 
Iron-vane instruments, 410 

j operator, 89, 442 
Joule, 9, 448 
Joule's law, 36, 37 

Kilo-volt-ampere, 10 

watt, 9 
watt-hour, 9 

Lap windings, 205 
Leakage flux, 50 
reactance, 118 
Linkages, 20 

Load line, vacuum tubes, 339 
Losses, core (iron), 115, 244, 296, 431 
d-c machines, 296 
eddy-current, 41, 51, 115, 219, 296 
fixed, 245 

hysteresis, 51, 115, 296, 431 
induction motor, 244 
rotor, 244 
stator, 245 
stray power, 296 
transformer, 115 

windage and friction, 197, 244, 255, 296 
Lumen, 351 

Magnetic circuit, 45, 51, 428-437 
analogous electric circuit, 432 
energy, 51, 430 

Magnetic field intensity, 45, 428 
Magnetic force, 431 

Magnetization curve, 48, 53, 220, 281, 435 
Mass spectrograph, 323 
Meggers, 417 

Mercury-arc rectifiers, 308, 400 
Mercury-vapor tubes, 389, 398 
Microfarad, 55 
Millivoltmeter, 404, 405 
MKS units, 5, 448 
Multiple-unit tubes, 350 
Multipliers, 405 

Mutual conductance (see Transconduct¬ 
ance) 

Mutual induction, 43 
Networks, four-terminal, 100 



454 


INDEX 


Networks, general, 94, 96 
T and 7 r, 100 
Newton, 6, 448 

Notation for voltage and current, 95, 135 
Ohm, 37 

Ohm’s law, 37, 46 
Open-circuit test, 116, 197, 220 
Open-delta transformer bank, 171 
Operator j, 89, 442 
Oscillators, 377 

Oscillograph, cathode-ray, 320, 418 
magnetic, 417 

Over-compound generator, 285, 290 
Oxide-coated cathodes, 328 

Parallel, circuits, 79 

operation, alternators, 229 
d-c generators, 287 
transformers, 124, 178 
resonance, 83 
Pentode, 347 
equivalent circuit, 348 
Per cent impedance, 118, 121 
reactance, 121, 219, 223 
resistance, 118, 121, 219, 223 
Permeability, 46, 430, 448 
Phase angle, 65, 70 
sequence, 136, 137, 148, 159 
sequence indicator, 148 
-shift control, 398 
transformation, 177 
Photoelectric, emission, 329 
tubes, 351 
Pitch factor, 208 
Plate, characteristics, 338 
-circuit efficiency, 359, 370 
current, diode, 333 
tetrode, 344 
triode, 336 
resistance, 340 

Polarity markings, circuits, 95 
transformer, 123, 128 
Potential, difference, 6 
transformers, 127 
Power, 9 

active, 76, 86, 91 
amplifiers, 370 

angle, 190, 197, 223, 224, 227 
apparent, 76, 86 
average, 74 
diagram, 86 


Power, factor, 10, 76, 86, 150 
correction, 86, 230 
meter, 415 
instantaneous, 19 
reactive, 76, 86, 91, 149 
single-phase, 74, 91 
three-phase, 142, 144 
vector, 91, 446 
Proton, 326 

Pull-out torque. 192, 228, 234 

Q, of a coil, 51 
Quadrature axis, 218 

synchronous impedance, 219 
synchronous reactance, 219 
Quarter-phase system, 162 

Reactance, capacitive, 68 
inductive, 68 
leakage, 118, 216 
synchronous, 219 
Reaction, armature, 216, 275 
Reactive power, 76, 86, 91, 149 
Reciprocity theorem, 99 
Recording meters, 414 
Rectifier circuits, ignitrons, 401 
mercury-arc, 400 
polyphase, 397 
single-phase, 391-395 
Rectifier instruments, 411 
Regenerative braking, 302 
Regulated power supplies, 395 
Regulation, speed, 259, 292 
voltage, 118, 223, 282 
Regulator, induction, 125 
Repulsion motor, 270 
Residual flux, 281, 2S3, 435 
Resistance, 36 
armature, 217, 219, 282 
-coupled amplifier, 359, 364 
critical field, 283 
effective, 41, 51, 116 
table, 40 

temperature coefficients, 39 
Resistivity, 38 
Resonance, parallel, 83 
series, 73 

Revolving field, 186 
Richardson’s equation, 327 
Right-hand rule, 16 
Root-mean-square (rms) values, 28 
Rotary converter, 305 
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Salient poles, 214 

Saturation curves, 48, 53, 220, 281, 435 
Scott connection, 176 
Screen grid, 343 
Secondary emission, 330 
Self-excited generator, 282 
Self-induction, 44 
Separately excited generator. 281 
Sequence, voltage, 136, 137, 148, 159 
Series, generator, 284 
motor, 272 
-parallel circuits, 84 
resonance, 73 
Shaded-pole motor, 273 
Short-circuit test, 197 
synchronous machines, 220 
transformers, 118 
Shunt, generator, 282 
motor, 292 

Shunts, instruments, 405 
Sine wave, 22, 65 
average value, 26 
cycle, 23, 25 

Sine wave, effective (rms) value, 27, 28 
form factor, 30 
frequency, 23, 25 
Single-pha^e motors, 195, 267 
Slip, induction motor, 243 
Space charge, 333 
Speed, control, d-c motors, 300 
induction motors, 257 
regulation, d-c motors, 292 
induction motors, 259 
Split-phase motor, 269 
Squirrel-case motor (see Induction motor) 
Starting, boxes, 299 
d-c motors, 299 
induction motors, 255 
single-phase motors, 268 
synchronous motors, 232 
Strain gage, 419 
factor, 420 
bridge circuit, 421 
Stray-power loss, 296 
Superposition theorem, 98 
S^eep circuit, of oscillograph, 322 
Synchronizing, alternators, 229 
Synchronous, condenser, 230 
converter, 305 
generator, 189 


Synchronous, impedance, 219 
motor, 189 
applications, 233 
hunting, 233 
pull-out torque, 228 
single-phase, 273 
starting, 232 
V-curves, 231 
Synchroscope, 416 

T-connection, 173 

Temperature coefficient, resistance, 39 
Tetrode, 343 
equivalent circuit, 345 
Thermionic emission, 327 
Thcvenin s theorem, 99 
Third-harmonics, 116, 170 
Thoriated tungsten, 328 
Three-uire, circuit, 94, 286 
generator, 286 
Threshold, frequency, 329 
wavelength, 329 
Thvratrons, 398 
Time constants, 54, 59 
Torque, angle, 190, 197, 223, 224 
breakdown, 192 
compound motor, 295 
Torque, d-c motors, 292, 303 
induction motors, 192, 244, 249, 254, 259 
pull-out, 228, 234 
series motor, 292 
shunt motor, 293 
synchronous motor, 190, 232, 234 
Transconductance, 340 
Transducers, 419 

Transformer, connections, delta-delta, 170 
miscellaneous, 177 
open-delta, 171 
Scott, 176 
Y-delta, 172 
Y-Y, 172 

exciting current, 112 
impedance transformation, 126 
instrument, 127 
losses, copper, 116 
iron (core), 115 
open-circuit test, 116 
parallel operation, 124, 178 
polarity markings, 123, 128 
regulation, 118, 121 
short-circuit test, 118 
third-harmonic, 170 
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Transistor, 383 
characteristics, 384 
equivalent circuit, 384 
Triode, 330 
equivalent circuit, 343 
Tubes, beam-power, 348 
coefficients, 340 
diode, 315, 333 
gas-filled diode, 348 
ignitron, 401 
pentode, 347 
photoelectric, 351 
tetrode, 343 
thyratrons, 398 
triode, 336 
variable-mu, 349 
Tungsten filaments. 328 
Two-phase systems, 162 
Two-wattmeter power measurement, 14 
153, 158 

Unbalanced, Y, 151 
delta, 156 

Units, MKS, 5, 448 
Universal motor, 272 

Vacuum-tube voltmeter, 412 

Vacuum tubes {sec Tubes) 

Variable-mu tube, 349 
Vector, power, 91, 446 
representation, 65 

Velocitv, of electron in electric field, 
316 

Volt, 6 
-ampere, 9 

Voltage, amplifiers (see Amplifiers) 
average, 21, 26 
effective (rms), 28, 31 
equations, average, 21, 26, 209 
d-c machines, 210, 282, 290 
effective (rms), 28, 31 
induction motor, 210, 249 
instantaneous, 16, 19, 23, 26, 65, 70 
mutual induction, 44, 49 
networks, 96 
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Voltage, equations, self-induction, 44 
single-phase circuits, 69, 72 
synchronous machines, 210 
transformers, 112, 119 
vector, 71, 90 
gradient, 7 
notation, 95, 135 
regulation, alternators, 224 
d-c generators, 282 
transformers, 118, 121 
-regulator tube, 390 
sequence, 136. 137, 148, 159 
Voltmeter, a-c, 406, 410, 411 
d-c, 404, 405 
multipliers, 405 
vacuum-tube, 412 

Ward-Leonard speed control, 301 
2, | Watt, 6, 9, 448 

-hour meter, 413 
-second, 9, 448 
Wattmeter, 407 

connections, 408, 415 
Weber, 20 

Windings, amrrtisseur, 233 
circuits, 204 
compensating, 280 
definitions, 202 
distribution factor, 209 
induction motors, 200, 242 
lap (multiple). 205 
pitch factor, 208 
synchronous machines, 203 
wave (series), 207 
Wire table, 40, 41 
Work function, 326 

Wound-rotor motor, 193, 243, 250, 2ot 
Wye (Y), connection, 138 
balanced 3-phase, 139 
-delta connection, 172 
equivalent delta, 161 
unbalanced 3-phase, 151 
-wye (Y-Y) connection, 172 

Y circuits and connections (see Wye) 




